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where the dimension d is often large. Quasi-Monte Carlo (QMC) methods [12,7,20] can be implemented
in this setting in the hope to improve upon the naive Monte Carlo (MC) method by replacing the ran-
dom samples in the sample mean approximation, ft, with low-discrepancy point sets and sequences.
The convergence rates of QMC methods are captured by one of several variants of the Koksma-Hlawka
inequalities [15,13], which bounds the integration error as

lfin — | < DURi}_y) - Vi (), (1)
where Vyk(f) is the variation of f in the sense of Hardy and Krause [23], and D(-) defined as

1 n
DX} == sup |- 1{x; €[0,a)} —vol ([0, @)) (2)
aefo, 1 | i

measures the uniformity of the sampling nodes with respect to axis-aligned origin-anchored test
boxes, and is referred to as the star discrepancy.

For a given low-discrepancy point set {x;}]_,, one can bound its star discrepancy by C (logn)4=1/n
for some constant C depending on the specific construction. This implies a deterministic integration
error of the same order whenever Vyk(f) is finite. Compared with the MC error rate O (n~1/2), the
dependence on n is asymptotically superior provided the dimension d is not too large.

1.1. Beyond Hardy-Krause via combinatorial discrepancy

In practice, the variation Vyk(f) can be orders of magnitude larger than o (f), especially for func-
tions with oscillatory or high-frequency components. Worse, the classical Koksma-Hlawka (1) bound
ties QMC performance to Vyk(f), which is typically infinite for discontinuous integrands, so even
implementing a low-discrepancy sampling node may yield a pessimistic bound. Furthermore, classical
QMC—in the sense of requiring a deterministic node construction—cannot be readily applied when
only random samples are available.

To address these issues, recent work by N. Bansal and H. Jiang [3] gives a randomized QMC con-
struction that offers significantly tighter error bounds—they replace Vyk(f) in (1) with a “smoothed-
out variation”, oso(f), which is substantially smaller for many practical integrands, especially those
with substantial high-frequency components. Their QMC method is based on the notion of combinato-
rial discrepancy, that quantifies the necessary imbalance in any +1 coloring of a finite point set with
respect to a family of subsets 7 < 2[", and is formally defined as

D x@)
ieF

Heuristically, combinatorial discrepancy measures how evenly a finite point set can be split into
two halves across a prescribed family of test sets. Indeed, if one colors the points by signs +1, then a
small value of

> x @)

ieF

disc({x;}{_,, F) == min max
xH{xY, —{£1) FeF

max
FeF

means that, for every test set F € F, the numbers of positively and negatively colored points inside F
are nearly the same. In this sense, low combinatorial discrepancy provides a way to partition a point
set into two subsets that remain similarly distributed with respect to the family F. Repeating such
nearly balanced splittings is the basic mechanism behind the QMC constructions studied in [3].

Despite the different-looking definition, combinatorial discrepancy is known to be closely con-
nected to star discrepancy through the transference principle; see [21,1], which, in the QMC context,
states that low-discrepancy point sets can be obtained from colorings with small combinatorial dis-
crepancy with respect to anchored boxes (see Lemma 4, Appendix A.1.1). Leveraging the latest algo-
rithmic developments in combinatorial discrepancy theory and the transference principle, [3] obtained
their novel QMC construction with the improved error bounds.
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Fig. 1. 64-element point sets in [0, 1]%. (Left) Uniform IID points (Right) Points Ar resulting from algorithm SubgTrans with a
Sobol’ initialization.

1.2. Quasi-Monte Carlo in high dimension

The discussion so far has assumed fixed dimension d and sufficiently large n, where QMC is known
to outperform MC in convergence rate. In high dimensions, however, classical discrepancy bounds of
order (logn)d/n deteriorate rapidly with d, and can become substantially worse than the MC rate
0(n~1/2); see [12, Section 5.3]. Taken at face value, this appears to undermine the usefulness of QMC
for high-dimensional integration, yet, this pessimistic conclusion is often contradicted in practice. To
explain the observed empirical success of QMC in high-dimensional problems, the notion of effective
dimension emerged [26,4,27], reflecting the fact that many integrands depend strongly only on a small
subset of variables or on low-order interactions. (Interestingly, the first paper to mention “quasi-
Monte Carlo” [28] considered a precursor to this idea [25].) These ideas were later formalized through
two notions of effective dimension in the truncation and superposition sense (see Section 3 for formal
definitions).

A complementary rigorous framework arose through weighted function spaces [31], in which
variable importance is incorporated directly into the analysis. In this setting, one often assigns co-
ordinate weights y; > 0 for 1 < j <d, typically satisfying y1 > y» >--- > ¥4 >0, and for subsets
uc[d]:={1,2,...,d} defines product weights y, := I—[jeu yj. Under suitable decay conditions on the
weights, tractability theory shows that QMC can achieve dimension-independent convergence rates
[29]. This framework has led to a large literature on high-dimensional QMC including the popular
component-by-component construction [16,30,22,18]. On the other hand, it is worth mentioning that
several recent works circumvent the difficulty of choosing weights by proposing ‘universal’ algorithms
based on median-of-means estimators [11,10].

In any case, all approaches proposed above assume that one is free to design the sampling nodes.
In many modern applications, one instead has access only to a population of random samples. This
raises the motivating question for our work: can one transform such random samples into point sets
with QMC-type error guarantees in high dimensions?

1.3. Our contributions

Following the work of Bansal and Jiang [3], we study new constructions of high dimensional QMC
sets via combinatorial discrepancy theory. In particular, we adapt their constructions for integrands
belonging to weighted function spaces and for functions with low effective dimension.

For a fixed choice of product weights ¥ = (y1, y2, ..., ¥4), the algorithm described in Section 2
constructs a QMC point set At = Ar(p); see Fig. 1. We prove the following error bound for weighted
function spaces.

Theorem 1 (Weighted subgaussian transference). For every square-integrable function f : [0,1]¢ — R with
finite weighted smoothed-out variation as defined in (3), the integration error satisfies
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dlog(dn) [Tjera (1 + y].z logn)
2

E[(err(Ar, f))*1< 0 ( 'Gwso(f)2> :

where the weighted smoothed-out variation

owso(N? =Y [Fao [ 3 1% (3)

k0 ¢#ucCld] jeu Vi

We can obtain similar error bounds for functions with low effective dimensions, but we defer the
formal statements to Section 3. We also remark that as in [3], the error rate of these QMC construc-
tions is at most that of the MC error (up to a logarithmic factor), thereby achieving the best of both
the error in Section 1 and the MC error.

Numerical Experiments. We also implement the subgaussian transference algorithm, providing
the first numerical evaluations of the QMC constructions in [3] and the weighted extensions intro-
duced here. Our experiments evaluate the irregularity of distribution of the resulting point sets and
integration tests in both truncation and superposition dimension settings. The results investigate the
robustness of subgaussian transference across different initializations, its consistent improvement over
using those random samples for MC integration.

Roadmap. The structure of this paper is as follows. Section 2 introduces the weighted subgaus-
sian transference algorithm, WSubgTrans, and establishes its theoretical properties. Section 3 develops
variants of the subgaussian transference algorithm tailored to functions with low effective dimension
and analyzes their theoretical guarantees. The proofs of the main results for the weighted setting
(Section 2) and the effective-dimension variants (Section 3) are provided in Appendix A.1 and Ap-
pendix A.2, respectively. Section 4 reports numerical experiments considering both irregularity of
distribution and high-dimensional integration approximation examples. Finally, Section 5 discusses
the implications of our findings and outlines directions for future work.

2. The QMC construction for weighted spaces

In this section, we present a variant of the subgaussian transference algorithm from [3], adapted
to weighted function spaces, and analyze its theoretical properties. We refer to this algorithm as
WSubgTrans throughout. Subsection 2.1 introduces the necessary notation, and Subsection 2.2 de-
scribes the algorithm in detail.

2.1. Notation

For integer d > 0, we write [d] :={1,...,d}. We use bold lowercase letters, e.g., z=(z1,...,2q), to
denote vectors, with z; denoting the j™ coordinate of z. For a collection of vectors, we denote the ith
vector by z;, and refer to its k" coordinate as Zi k- Given a function f : [0, 119 - R and a finite set of
points A C [0, 11%, we define the (signed) integration error with respect to point set A.

1
err(A,f)::WZf(x)— / fx)dx.

XA [0.1)4

Dyadic Intervals and Boxes. Let j € N, we denote by D; the set of all left-open dyadic intervals
in (0,1] of length 27/, ie, Dj:={(€¢/2/, (€ +1)/2)]:£=0,...,2/ — 1}, and call j the level of these
dyadic intervals. For h € N, define Dy := Ujﬁh Dj as the set of all dyadic intervals of level less
than or equal to h. In higher dimensions, D%‘f i={l1 x - xIg:1j € Dy for all je[d]} denotes all
d-dimensional dyadic boxes with level at most h in each dimension.

Product Weights. Let y; >y, > --- > y; > 0 be a sequence of positive weights assigned to each

coordinate direction as in Subsection 1.2. For any dyadic box B=B;1 x --- X By € D%‘j, we say B is

4
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trivial in dimension j if Bj = (0, 1]. The weight of B, denoted as y (B), is then defined as the product
of the weights corresponding to its nontrivial coordinate directions:

y® =[] v (4)

jeldl:Bj#(0,1]

with the convention that [] jeg Vi = 1. For nonempty subset u C [d], we slightly abuse notation and
write y (u) := ]_[jeu yj. Lastly, throughout, we assume without loss of generality that n is an integer
power of 2. Indeed, for arbitrary n, letting m = |log, n|, we have 2™ <n < 2™*+1, Thus 2™ and n differ
by at most a factor of 2, so restricting to dyadic n incurs only an absolute constant factor in the
relevant estimates.

2.2. WSubgTrans algorithm

The WSubgTrans algorithm aims to produce n point sets, each of size n, with small continuous
discrepancy, while accounting for product weights across coordinate directions.

High-level overview. The construction starts from n? independent random samples and recursively
halves the current point sets. At each stage, we assign a balanced {41}-coloring to the points so that,
across many weighted dyadic boxes simultaneously, the two color classes are as evenly distributed as
possible. Splitting according to this coloring yields smaller subsets that still approximate the target
volume well on those boxes. Repeating this procedure over log,n stages produces final point sets
with small continuous discrepancy. In this way, combinatorial discrepancy controls the imbalance in-
troduced at each halving step, while the transference principle converts these local imbalance bounds
into the final discrepancy bound.

To make this precise, each point is encoded by a vector whose coordinates record its membership
in the relevant weighted dyadic boxes. The resulting task is a vector balancing problem: we seek a
balanced coloring that keeps the signed sum of these vectors small in £, thereby ensuring that the
split is nearly balanced across all relevant boxes at once.

More concretely, the vector balancing problem underlying this procedure is as follows: given vec-
tors vi,..., vy € R™ of £3-norm at most 1, and the goal is to find a coloring ¢ = (c1, ..., cy) € {£1}"
to minimize the combinatorial discrepancy || Z'}Zl CjVjlleo. To address this, we first recall the Self-
Balancing Walk algorithm from [2], which solves the problem in an online manner by sequentially
assigning signs to the input vectors while ensuring small discrepancy with probability at least 1 — 8.

Algorithm 1 Self-Balancing Walk [2].
cwg<0
: A < 30log(mn/s)
for1<j<ndo
if (wj_1,vj)|>A or [|wj_1]le > A then
Fail > Algorithm terminates with failure
end if
pj < §— St
¢j <1 with probability pj, and c¢j < —1 with probability 1 — p;
Wj<—Wwj1+cjv;
: end for
: return coloring ¢ = (cy,...,cp) € {£1}"

TN RWN

—_ =

The idea behind Self-Balancing Walk is as follows. At step j, the algorithm maintains the partial
sum w;_; and decides the sign of v; probabilistically depending on (w;_q,v;). If wj_; and v;
are orthogonal, it chooses ¢; = £1 with equal probability. As the alignment (w;_1, v;) increases,
the probability of selecting c¢; = —1 increases, counteracting drift in that direction. The parameter
A =30log(mn/8) ensures that, with probability at least 1—4, [(Wj_1, vj)|, [Wj_1lloc <A, so the iter-
ations remain feasible with high probability. A formal performance guarantee is given in Theorem 6
(Appendix A.1).
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To ensure that the coloring ¢ = (cq, ..., cy) is balanced, i.e., has equal number of 1’s and —1’s, [3]
proposed a modified algorithm BalSubgDisc. For even n, this is achieved by pairing adjacent vectors
to form v{ — vy, v3 — v4,---, V4,1 — v, and then applying Self-Balancing Walk to the resulting set.
We will assume the balanced property henceforth.

Our WSubgTrans algorithm, which constructs product-weighted low discrepancy point sets, is for-
mally defined as follows:

Algorithm 2 WSubgTrans.

1: h < 0 (log(dn))

: Sample a random shift s ~ [0,1)¢ and shift the dyadic system Dfﬁ accordingly (fold coordinates exceeding 1 back into
[0, 1)). - ~ For exposition, take s =0

3: ng < n?, T <logyn

4: Ag)) < ng 1ID uniformly distributed samples from [0, 1]¢

5:fort=0to T —1 do

6

7

8

N

fori=0to 2' — 1 do
At < A;')
for each z; € A; do

9: Vi< (e?‘, (V(B)l(zjéﬁl)sepgg) > e?‘ € {0, 1}/4| with a single one in the jth coordinate
10: end for
11: ¢; < BalSubgDisc({v;}) > ¢; € {+1}4!: balanced coloring
12: APh —izjeAricj=—1)
13: AZHY zj e Acioey=+1)
14: end for
15: end for
16: return [A¥> 0<i<2l) > 2T (=n) final sets, each of size n

For the reader’s convenience, we repeat Theorem 1 here. It provides the theoretical guarantee for
the point sets At generated by the WSubgTrans algorithm, and its proof is given in Appendix A.1.

Theorem 1 (Weighted subgaussian transference). For every square-integrable function f : [0, 11 — R with
finite weighted smoothed-out variation as defined in (3), the integration error satisfies

dlog(dn) [Tjeiq)(1 + ¥} logn)
2

E[(err(Ar, f)?*1< 0 ( -Gwso(f)2> :

where the weighted smoothed-out variation

owso(f)? =) Gk o T1 |k—]2| - 3)

k=0 f#+uc[d] jeu y]

Remark 1. The WSubgTrans algorithm depends on the weights y; > y» > --- > 4 > 0 assigned to
coordinate directions. In the unweighted case (yj = 1), it reduces to the subgaussian transference
algorithm of [3], hereafter denoted SubgTrans. Under this specialization, Theorem 1 recovers [3, The-

orem 1.1], yielding the bound (logt’:—z)OWJSO( )2, where oso(f)? (“smoothed-out variation”) coincides

with owso(f)? when y;j = 1. This bound becomes vacuous in high dimensions due to the (logn)°@
factor. By contrast, for product weights y; = j~% with some o > 1/2,

logn
H 1+ yjz logn) = 1_[ (1 + %) < exp (Ca(logn)ﬁ),
jeld] Jjeld] ]

where Cy =20+ 1+ 2&1—_1 In particular, the right-hand side is dimension-independent and subpoly-

nomial in n: for any & > 0, exp (Ca(logn)ﬁ) =o0(nf) as n — oo.

6
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Remark 2 (Connection with the weighted Korobov space). The (periodic) weighted Korobov space of
smoothness « > 0 with product weights {y;} is defined (see, e.g., [32,8]) by

1%, = 2 If(k)|2]_[< )
[kl

keZd
d
wﬁmyﬁu@+§]ﬂmﬁljp+;q_l

k#0 j=1 J

In the special case o = 1/2, this becomes

Using the identity

d

= M5 =T10+55) -

¢P#uc[d] jeu j j=1

we can express our weighted smoothed-out variation as

d
mmﬁ=zmwzﬂﬁﬁfyn=wﬁmﬂwb

k0 j=1 j

Hence, the weighted smoothed-out variation coincides with the Korobov seminorm at smoothness
o = 1/2. We remark that the recent work [10] provides a universal algorithm for high-dimensional
integration for functions in weighted Korobov classes.

3. Constructions for functions with low effective dimension

As discussed in the Introduction, many high-dimensional functions encountered in practice can
be well-approximated by depending strongly on only a few coordinates, or on low-order interactions
between them. This motivates the notion of effective dimension, which captures the idea that the
function’s relevant dimensionality is much smaller than its nominal dimension d.

In this section, we introduce two variants of the WSubgTrans algorithm that explicitly incorpo-
rate effective dimension. These variants correspond to two standard measures: the superposition sense,
which quantifies the importance of variable interaction order, and the truncation sense, which quan-
tifies the importance of the earliest coordinates. We begin with a brief review of the analysis of
variance (ANOVA) decomposition and the associated definitions of effective dimension [24, Appendix
Al]. Subsection 3.1 addresses the superposition dimension, while Subsection 3.2 focuses on the trun-
cation dimension.

For a subset of coordinates u C [d], we denote its cardinality by |u|, and write u :=[d] \ u for its
complement. Given a vector ¥ € R? and a subset u C [d], we denote by x* € RI!! the restriction of x
to the coordinates indexed by u. In the analysis of variance (ANOVA) decomposition, a function f can
be expressed as

f@=" fu®),
ucld]

where each component f,(-) depends only on the variables x“. More precisely, for any subset u C [d],
the corresponding term is defined by

fu@®) = / (f(x) — Z fv(x)>dx”

(0,17 vGu
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The zero-order term fy(x) is a constant that is equal to the mean of f. The ANOVA decomposition is
orthogonal in L2, so that

o(f)?= Z o2, where 02 :=0(fy)%
ucld]

We now recall the definitions of two notions of effective dimension in the superposition sense and
in the truncation sense following [5].

Definition 3.1 (Effective dimension, superposition sense). The effective dimension of f, in the superposi-
tion sense, is the smallest integer ds such that Yo _, <4 0 (fu)? > 0.990 (f)2.

Definition 3.2 (Effective dimension, truncation sense). The effective dimension of f, in the truncation
sense, is the smallest integer dr that Y,y 410 (fu)? =0.990 ()2,

3.1. Effective superposition dimension

For he N and s € [d], let 5§§ be the collection of dyadic boxes of level at most h that involve at
most s non-trivial dimensions; this is a subset of the full dyadic collection Dg‘f defined in Subsection

2.1. For functions with small effective dimension in the superposition sense (Definition 3.1), we mod-
ify the WSubgTrans algorithm by forming the incidence vector of z; with respect to DE’; rather than

the full collection D‘fﬁ. Specifically, on line 9 of Algorithm 2, we define the vector v; as

A
vj= (ej[, (I{ZJEB})B@?E)’ .

where 1(z;cp) =1 if zj € B and 0 otherwise. All other steps of the WSubgTrans algorithm remain
unchanged. The modified algorithm outputs n sets of points, each of equal size n; we use At to
denote any one of these sets.

Our next result provides a performance guarantee for the point set At generated by the modified
WSubgTrans algorithm. The proof is given in Appendix A.2.

Theorem 2. For every square-integrable function f : [0, 1] — R, the integration error satisfies'

logn

d’ logdn s+l
_’_%
n 2

E[(err(AT,f»Z]sos(l)-f inf ( o(g)?

=g+h, heF;s

Uso(h)2>,

where the infimum is over all decompositions of f as the sum of two functions g, h:[0,1]¢ — R with g €
L2([0, 119) and h € Fs. The class Fs consists of functions involving interactions of order at most s, namely

Fs= { D fu®"): fu € 12(10, 1]d)}.
lul<s
The smoothed-out variation is defined as

oso(h)? 2=Z|/h\(k)|2< > H|kj|>~

k+0 ##uc[d] jeu

Remark 3. In particular, for any function f : [0, 1] — R with effective dimension s in the superposi-
tion sense, consider its ANOVA decomposition

1 04(1) denotes a constant that depends only on s.
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F@=Y fu®+ ) fu®=:fes+ fos.

lul<s lul>s

Then the integration error satisfies

l ds 1 d s+1
Ef(err(Ar. £))*] < os(%ams)z + %m(gs)z).

Since o (f<s)? > 0.990 (f)? and o (f-5)? < 0.010(f)?, the modified WSubgTrans algorithm is ex-
pected to perform well in high dimensions for functions with small effective superposition dimension.

Moreover, the number of nonzero entries in the vector v; is O5(d°h®) = Os((dlog(dn))*), leading
to significantly lower computational cost compared to the full WSubgTrans algorithm described in
Section 2. Specifically, the full WSubgTrans algorithm has an overall runtime of

T-1 _»
o(th hd) 0 (n?(log(dn))?),

t=0

while the modified algorithm tailored to superposition of order s achieves an overall runtime of

T-1 _»

n

O (Z o - (dlog(dn)) ) s(nz(d log(dn))®).
t=0

The corresponding amortized time per output point is O((log(dn))d) for the full algorithm and

0 s((d log(dn))s) for the modified version. When the dimension d is large and the effective super-
position dimension s remains moderate, this results in a substantial computational improvement.

3.2. Effective truncation dimension
In this subsection, we modify the WSubgTrans algorithm to accommodate functions with small

effective dimension in the truncation sense (Definition 3.2). This setting can be viewed as a special
case of the general WSubgTrans algorithm presented in Section 2, where the weights are chosen as

y1=---=ys=1and ys41 =---=y4 =0 for a fixed integer s € [d]. In this case,
lvil3=1+ [T +hy? =0 = 0(og(dn))*).
jeld]

The overall runtime of the algorithm with this specific choice of weights is 0 (n?(log(dn))®), yielding
an amortized time per output point of 0 ((log(dn))*).

Our next result provides a performance guarantee for the point set Ay generated by the modified
WSubgTrans algorithm. The proof is given in Appendix A.2.

Theorem 3. For every square-integrable function f : [0, 11¢ — R, the integration error satisfies

(mﬁ ’ (log(dn))maso(h)z),

El(err(Ar, f))*] < 05(1)-  inf o(g)”+ >
n n

f=g+h heFs
where the infimum is over all decompositions of f as the sum of two functions g, h : [0, 119 - R with g €
L2([0, 119) arbitrary and h € Fs. The class Fs consists of functions that depend only on the variables x(1:2-3),

Remark 4. For any function f: [0, 1] — R with effective dimension s in the truncation sense, con-
sider its ANOVA decomposition

fow= Y f@+ > fu@=f"+f2.
uc{1,2,...,s ug{1,2,....s)
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Table 1
Star discrepancy: Sobol’ and IID baseline and SubgTrans mean (ST) with different ini-
tializations of distribution and population size.

n Sobol’ 1D ST (IID) ST (Sobol’)
n? 16n n? 16n

8 0312500 0354866 0301768 0325006  0.305120 0.318114
16 0.171875 0.266701 0199798  0.190557 0.201280  0.206695
32 0.089844  0.182864  0.140638  0.149751 0.125465 0.120430
64 0.053711 0.148777  0.084015  0.093255  0.088080  0.084042
128  0.025146  0.106092 0.053085  0.059950  0.053417  0.051763
256 0.014587  0.082900  0.033081 0.034835  0.032951 0.032138

Then the integration error satisfies
logn (log(dn))S*1
El(err(Ar, f))z] = OS(TU(fs(2))2 + Tgso(fs(]))z .

Since o (f{")2 > 0.990 (f)2 and o (f{)? < 0.010(f)?, the modified WSubgTrans algorithm is ex-
pected to perform well in high dimensions for functions with small effective truncation dimension.

4. Numerical experiments

We evaluate four variants of the Subgaussian Transference algorithm: the original formulation from
[3], Algorithm 2 from Section 2, and the two variants from Section 3 designed to account for effec-
tive dimension in the truncation and superposition senses. Our numerical study examines both the
uniformity of the resulting point sets and their performance in integral approximation.

4.1. Implementation detail

To reduce the algorithm runtime, several practical modifications were introduced in our implemen-
tations. First, the parameter A was set sufficiently small (e.g., A ~ 1073) in Algorithm 1, and instead
of failing, the algorithm chooses the sign c; greedily when [(w;_1, v;)| > A. Second, instead of draw-
ing n? candidate points, we use a reduced population of size kn, with k a power of two (usually
k = 16). This lowers both time and memory complexity to O(n). When k =n, we recover the precise
oversampling procedure in the algorithm. When an effective dimension s is specified, the dyadic re-
finement parameter is set to h = [log,(sn)] rather than the nominal choice h = [log,(dn)], capping
the exponential growth of dyadic boxes in high dimensions. Lastly, we experiment with initializing
the algorithm with the first kn Sobol’ points, rather than uniform IID random points to investigate the
effect of the values of the starting set.

These cost-saving adjustments do come at the expense of some algorithmic precision—most no-
tably due to the coarser dyadic refinement and smaller oversampling initialization. However, as we
will see, they do not compromise performance enough to prevent improvements over MC methods.

4.2. Resulting star discrepancy

We implement the original SubgTrans algorithm from [3] (or equivalently, WSubgTrans with unit
weights) for each n € {8, 16, 32, 64, 128,256} and d = 2. We generate output sets from population
sizes of kn (i) k =16, and (ii) k =n to test the algorithm for robustness under the size of initialization
set. To assess the geometric uniformity of the resultant sets and to illustrate the transference principle
(see Lemma 4), we compute the star discrepancy (2) for each output set and report the mean for each
configuration. As reference, we also report the star discrepancy of the unscrambled Sobol’ set and the
average of 16 independent IID uniform point sets of the same n.

From the results contained in Table 1, Sobol’ generally attains the lowest star discrepancy for
n > 16. For example, at n = 128, the Sobol’ set reports a star discrepancy of 0.025, whereas SubgTrans
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Fig. 2. MAE with IQR for the approximation of the integral of function f using WSubgTrans (with IID and Sobol’ initializations),
Sobol’ and 1ID.

averages range from 0.052 to 0.060 depending on initialization. However, for n = 128, we found in
our investigation that the minimum star discrepancy reported was 0.040697 for Sobol’ initialization
and k =n, and 0.039367 for IID initialization and k = n. This brings us to our key point: initialization
matters; with Sobol’ starts, k = 16 tends to slightly beat the k =n start for n > 32; with uniform
starts, the k =n start tends to be better at larger n.

We also note that SubgTrans with IID initialization is always superior in comparison to IID. This
suggests that in applications where only IID samples are available (and thus Sobol’ is not applicable),
subgaussian transference provides a competitive alternative to MC.

4.3. Small truncation dimension

We now move to the high-dimensional integration setting, restricting attention to problems of low
effective dimension due to computational constraints. To test the truncation variant of WSubgTrans
introduced in Section 3.2, we consider the function

d i
f@ =Y =D']]x
j=1

i=1

which for nominal dimension d = 100 is known to have a truncation effective dimension of 2 [17].

The true integral value can be calculated analytically as % We approximate this integral
using sampling nodes generated by WSubgTrans with weight vector (1, 1,0, ..., 0), alongside IID and
scrambled Sobol’ baselines, and compute the absolute error to the known true value. The convergence
rates are also reported in the form O(n=%).

Fig. 2 shows that the Sobol’ sequence provides the strongest performance, with rapid decay of error
and low variability across replications. Nevertheless, WSubgTrans delivers a clear improvement over
IID sampling, achieving faster convergence (« =~ 0.65 vs. @ =~ 0.55 for 1ID) and consistently smaller
absolute errors. It seems initialization has little effect in this example: whether starting from IID or
Sobol’ inputs, the partitioned sets exhibit nearly identical accuracy, indicating that the algorithm ro-
bustly adapts to the effective dimension structure. This highlights the central benefit of WSubgTrans:
even in very high nominal dimension (d = 100), exploiting the effective dimension knowledge of a
problem and restricting the action to the important variables yields point sets that outperform IID by
imposing low-discrepancy structure where it matters.

11
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Fig. 3. Approximation error of an Asian call option pricing problem using WSubgTrans (with IID and Sobol’ initializations),
Sobol’, and IID.

4.4. Small superposition dimension

As a benchmark application with low effective dimension, we consider pricing an Asian call option
on a stock following geometric Brownian motion; see [33,19,9]. The option payoff depends on the
average of the asset price observed at monthly intervals over one year, leading to a d = 12 dimensional
integration problem. The present value is given by

+
d
1
Co=E|e'T aZS(uj)—K : (6)
j=1

where S(u) is the stock price at time u under the risk-neutral measure, K is the strike, T the matu-
rity, and r the risk-free rate. Assuming geometric Brownian motion with volatility o, this expectation
admits an integral representation over [0, 1] in terms of inverse normal transforms of uniform ran-
dom variables [9]. Using parameters S(0) =50, K =45, T =1, r =0.05, and o = 0.3, the true option
value is Co = 7.2110915, estimated in advance to high precision using 2M Sobol’ points.

Like many finance problems, this integral has a much lower effective dimension than its nom-
inal value: the superposition effective dimension is approximately 2, so most of the variance is
explained by one- and two-way interactions among inputs. To exploit this, we apply the WSubgTrans
algorithm with unit coordinate weights with s =2, i.e, the algorithm will only construct the in-
cidence vector with Dgﬁ, dyadic intervals up to and including order 2. We generate sets of size
n e {8,16,32,64, 128,256} from initial populations of size 16n. We again compare against IID and
scrambled Sobol’ points.

We see from Fig. 3 that as per the previous example, Sobol’ still provides the sharpest conver-
gence, but WSubgTrans tracks much more closely to Sobol’ for small and moderate n, narrowing the
gap substantially relative to IID. The shaded error bands reveal that WSubgTrans points also reduce
variability across repetitions, producing more stable estimates than IID even at coarse sample sizes.
Once again, we see that by partitioning the population set via subgaussian transference in a targeted
manner to obtain sampling nodes, when something is known about the problem, one can achieve
much better results than random sampling.

5. Discussion

In this work we extended the original subgaussian transference algorithm of [3] to the weighted
setting, as is standard in modern QMC methods, and introduced effective-dimension variants targeting
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both truncation and superposition structure. On the theoretical side, we extended the error analysis
in [3] to capture the weighted and low effective-dimension structure. This provides error guarantees
that depend explicitly on the chosen weights, and hence on the effective dimension of the integrand,
rather than on the full Hardy-Krause variation as in the classical Koksma-Hlawka inequality.

The algorithms developed here are also related to the subset selection problem [6], which seeks a
single subset minimizing star discrepancy. In contrast, subgaussian transference partitions a large pool
into many n-point sets, naturally providing replications that are useful in error approximation.

On the computational side, our modifications of reducing candidate pool size, adjusting refinement
depth, and setting A small, kept run-times tractable although paying a cost of accuracy at times. Gen-
erally speaking, scaling remains an issue: the exponential growth of dyadic boxes in the full algorithm
makes naive application infeasible in even moderate dimensions. The effective-dimension variants al-
leviate this to some degree by reducing the combinatorial complexity, but further work is needed to
bring the approach to genuinely high dimensional problems.

Overall, subgaussian transference provides theoretically grounded guarantees for integration in
weighted spaces, alongside an algorithmic framework that produces replicated QMC point sets
adapted to effective dimension. In all of the numerical experiments, subgaussian transference (with
IID initializations) outperforms MC, providing a more favorable alternative in situations where only
random samples are accessible. We have also seen that it does not yet outperform the standard Sobol’
QMC construction in practice and further work is required to make the algorithm competitive.
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Appendix A
A.1. Proofs of results in Section 2

Notation. For integer d > 0, we write [d] :={1,...,d}. We use bold lowercase letters, e.g., z =
(z1,...,24), to denote vectors, with z; denoting the j™ coordinate of z. For a collection of vectors, we

denote the jth vector by zj, and refer to its k™ coordinate as Zj . For a subset of coordinates u C [d],
we denote its cardinality by |u|, and write 7 := [d] \ u for its complement. Given a vector x € R¢ and
a subset u C [d], we denote by ¥* € RI!l the restriction of x to the coordinates indexed by u.

Dyadic Intervals. Let j € N, we denote by D; the set of all left-open dyadic intervals in (0, 1]
of length 27/, iie, Dj:={(¢/2/,(¢ +1)/21:¢=0,...,2) — 1}, and call j the level of these dyadic
intervals. For h € N, define D :=J;;, D; as the set of all dyadic intervals of level less than or equal
to h. In higher dimensions, Df’g i={l1 x--- xIqg:1j € Dy for all j e [d]} denotes all d-dimensional
dyadic boxes with level at most h in each dimension.

Prefix Intervals. For any x € [0, 1], we denote left-open prefix interval Cy := (0, x], with C1 = (0, 1].
For any z = (z1, ..., 2q) € [0, 119, we denote C; := (0, z1] x --- x (0, z4] the left-open corner at z. We
also denote C%:={C,:z € [0,1]%} the set of all left-open corners. For h € N, we use C; to denote
all left-open prefix intervals whose length is an integer multiple of 2~ (excluding? (0, 1]), i.e. Cp :=
{Cpppn 1 £= 0,...,2" —1}. We use C,‘lg’d i={l1 x--- xIg:1j €Cy for all je[d]} to denote all left-open
corners at grid points in 27"Z4 N[0, 1)4.

Dyadic Decomposition. Dyadic decomposition refers to decomposing sub-intervals of (0, 1] into a
minimal disjoint union of dyadic intervals. We only use dyadic decomposition for prefix intervals.
For any h € N, we define P, € {0, 1}/:/x(P=1=1) the dyadic decomposition matrix of Cy, where the

2 This is again due to the slight technicality caused by the boundary.
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number of columns is [D<p| — 1 because we have chosen to exclude the unused (0,1] € D<j in
the decomposition. In particular, for the ¢th prefix interval I, € Cp and the rth dyadic interval J; €
D<p \ {C1}, we have (Pp),,r =1 if J; is used in the dyadic decomposition of I, and 0 otherwise.

As each prefix in C<; is a sum of at most h dyadic intervals in D<p, each row of P, has at most
h ones. However, the columns of P, could be dense with Q(2") entries. For our analysis, we will in
fact crucially exploit the structure of the columns of Pj. For technical convenience and following [3,
Lemma 2.2], we actually work with a slight variant of P; that has more structured columns, which
we call the structured decomposition matrix and denote it as Py, € {0, 1}Ia!*(P=nl=1 In higher dimen-
sion, the dyadic decomposition of C,‘?d into dyadic boxes D‘E’ﬁ is given by P®! and the structured

decomposition tensor is given by (P;)®.

A.1.1. Combinatorial discrepancy, transference principle, and subgaussianity
Let us consider an iteration t € {0, ..., T — 1} of the WSubgTrans algorithm where A;; is produced
from A, by running BalSubgDisc. For any set C C [0, 1], let

disce (C) :=|{zj € CN Ay with¢; j =+1}| — [{zj € C N Ap with ¢ j = —1}] (A1)

denote the combinatorial discrepancy of C N A;. In particular, we denote disc;(z) := disc;(C;) for any
z €0, 174 For each t € {0,..., T}, we denote n; := |A¢| = 2 'ng. For any measurable set C < [0, 1]¢,
denote n¢(C) := |C N A¢|, and continuous discrepancy h;(C) := vol(C) — n:(C)/n;. We denote h¢(z) :=
h:(Cy) for any z € [0, 11%.

Let 7 := D(f,‘f \ {C1} be the collection of left-open dyadic boxes up to level h in dimension d,
excluding the box Cy. Define the (unweighted) combinatorial discrepancy vector d-P € ZZ! by

(d"P)p :=disc/(B), BeZ.

Define the weighted combinatorial discrepancy vector wd®? e RIZ! by
(wd' D)5 := wdisc;(B) := y (B) disc;(B),  BeZ,

where y(B) = Hje[dj:Bﬁé(O,lJ yj is the product weight defined in (4).

The continuous discrepancy and combinatorial discrepancy are tightly connected through the
transference principle, which enables the construction of low continuous discrepancy sets by recur-
sively applying colorings that minimize combinatorial discrepancy. This connection is made precise
in [3, Lemma 3.4]:

Lemma 4 (Transference principle, [3, Lemma 3.4]). For any measurable set C C [0, 1], we have

T-1 .
hr(©) =ho(C)+ 3 d'%i(c)
t=0

Remark 5 (Transference principle). The identity in Lemma 4 shows that the continuous discrepancy at
the final level is obtained by accumulating, across all levels, the normalized combinatorial discrep-
ancies produced by the successive colorings. At level t, the coloring splits the points in A; into two
classes, and A;yp is obtained by retaining one of them. Thus, whenever the coloring is imbalanced
inside a set C, the empirical mass of C after halving deviates from the ideal factor 1/2, and this
deviation is exactly measured by disc;(C)/n;. For completeness, we give a short proof of Lemma 4.
Since

he(C) = vol(C) — ”frfc),

t

we may write
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T-1 T-1

C C
hr(©) = ho(©) = 3 (he+1 () — h(©) =Z(”t( L e )>.

n
t=0 t=0 t+1
Using n; = 2n;1, we obtain

ne(©)  nep1(€)  [CNA=2|CN Ay

ne Ne4q ne

Since A¢4+1 is formed by keeping one color class from the coloring of A, the quantity

[C N A| = 2|C N Apyal
is exactly the signed imbalance of the coloring on C N A, namely disc;(C). Therefore,

T-1 .
hr(©) =ho(C)+ 3 d'%f(c)

t=0 t
Example 1 (One-dimensional illustration). Consider d =1 and C = [0, z) C [0, 1]. Suppose
Ar={x1,X2,X3,X4},  n =4,
with
X1,X2,X3 €C, x4 ¢ C.
Assume that the coloring on A; assigns signs
Ce1=+1, Ct2=—1, ct3=-—1,
to the three points in C, and that A;;q is formed by retaining the points colored —1. Then
disc;(C)=1-2=-1, nt(C) =3, ne41(C) =2.
Since ng41 = 2, we compute

(@ nea(© 3 2 1 dise(C)

ne Mg o 4 2 4 o neg

This shows concretely how the coloring imbalance at level t produces the increment in continuous
discrepancy between levels t and ¢ + 1.

By Lemma 4, we can control the integration error using the final point set Ay by bounding the
error at each intermediate step t € {0,..., T — 1}.

Moreover, the WSubgTrans algorithm ensures subgaussianity of both the coloring vector ¢; and the
weighted combinatorial discrepancy vector wd>? as follows:

Lemma 5 (Subgaussianity for dyadic boxes) Forany0<t<T -1, WSubgTrans satisfies (1) disc; ([0, 119) =
0, and (2) the random vector (c;, wd"? )is O (d log(dn) ]_[Je[d](l +v; logn)) -subgaussian.’

Proof. The first claim follows because BalSubgDisc always produces a balanced coloring.
The subgaussian property is based on the following result for the BalSubgDisc algorithm:

3 A random vector y € R™ is called o2-subgaussian if for all z€ R™, one has E[exp((y, 2))] < exp(c-2||z[|3/2).
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Theorem 6 ([2]). Given vectors v1, ..., v, € R™ with ||vj|2 < 1 online, the Self-Balancing Walk computes
a symmetric random coloring ¢ = (c1, ..., ¢p) € {£1}", such that ZS»:] cjvjis O (log(mn))-subgaussian for
all t € [n] whp. Moreover, the algorithm runs in O (Zje[n] nnz(v;)) time.*

For every point zj € A; and every subset u C [d], the point z; lies in exactly hlul dyadic boxes in
D‘fﬁ whose set of the nontrivial coordinate directions is precisely u. Thus

Ivil3 =1+ Y w?(B)lizep

BeD¥
=1+ 3 lgen [ ¥
BeD®! jeldl:Bj#(0,1]
=1+ L]
ucl[d] Jjeu
=1+ [[a+nyd).
jeld]

and the claim follows from Theorem 6 on the at most n? vectors vj, m = 0(2+Dd4) and h =
O(log(dn)). O

A.1.2. Proof of Theorem 1

As noted in [3, Remark 1.1], requiring that f has a Fourier series uses some (mild) smoothness
assumptions, and it also requires 1-periodicity, but this is without loss of generality via standard
folding. These can be removed by exploiting that our method uses random samples and that the
Fourier series of f converges to f in a ¢, sense. We ignore these technicalities as they are standard
and do not give any new insight.

Overview of proof of Theorem 1  Before turning to the details of the proof of Theorem 1, we briefly sum-
marize its main steps. We begin with the Hlawka-Zaremba formula, which expresses the integration
error in terms of the continuous discrepancy of the output point set. We then apply the transference
principle (Lemma 4) to decompose the final continuous discrepancy into the initial sampling error
and the discrepancy increments generated at each halving step of the algorithm. This reduces the
proof to controlling the contribution from each level t.

The initial term is simply the Monte Carlo error of the n? IID samples. For the discrepancy terms,
we combine the subgaussian control provided by the balanced coloring procedure with the dyadic
decomposition to reduce the problem to bounding a suitable weighted ¢, quantity; see (A.7). We
then estimate this quantity via a Fourier-analytic argument.

There are several additional technical points. First, while the Fourier basis is orthogonal, this or-

thogonality is no longer directly available after applying the operator F; (and its tensorized version).
To overcome this, we introduce a random shift of the dyadic system. This shift modifies the phases of
the Fourier coefficients without changing their magnitudes, and after averaging over the shift, orthog-
onality is restored so that the cross terms vanish; see Corollary 1. Second, in higher dimensions, we
exploit the natural tensor-product structure of the one-dimensional dyadic decomposition. The higher-
dimensional Hlawka-Zaremba formula also produces additional boundary terms, which are handled
by exploiting the joint subgaussianity on the corresponding boundaries and carrying out a similar
argument there.
We are now ready to prove Theorem 1.

4 nnz(z) denotes number of non-zero coordinates in a vector z.

16



J. Chen, H. Jiang and N. Kirk Journal of Complexity 96 (2026) 102053

Proof of Theorem 1. Fix an arbitrary 1-periodic function f e L2([0,1]%) with a continuous mixed
derivative. We can equivalently view WSubgTrans as fixing D‘f’g and applying a random shift s ~

[0, 1) to f which results in fs(z) = f(z + s). Denote Eg the expectation w.rt. random shift s. By
Hlawka-Zaremba formula, the integration error using point set At is

erar fo= Y 0" [h@-afi@z
pAucld &,

where hr(z) =vol(C;) — |C, N Ar|/nt is the (scaled) continuous discrepancy of the corner C,, Q, :=
{ze[0,17¢: zj=1forall j ¢ u} denotes the (shifted) |u|-dimensional cube in RY, and 8, fs(z) =

%. By Lemma 4, we can write
u

™ disc (2)
hr (@) =ho(2) + ) Ttt
t=0

Substituting this expression into the error representation yields

err(Ar, f= Y (=DM / hr(2) - 9y fs(2)dz

PF#uc(d] Qu
= ¥ 0 o) dufardz (A2)
PF#uc(d] Qu
! disc¢ (2)
+Z< > (—1)'”'—1/—;[ ~aufs<z)dz)
t=0 \P£uc[d] du
T-1 i
=:err(Ao, fs) + ) _ e (fs). (A3)
t=0

First, since Ag consists of n? independent random samples,

2
El(err(Ao, fs))*] < aij;) : (A4)

We next analyze the discrepancy error err;jiSC in (A.2). Observe that

err?isc(fs) _ Z (=11 / dl%tt(z) -0y fs(2)dz

pAuCd) S,

-y (_1)\u|_1/J/(U)disct(Z) ufs@
F£ucd] o, LG y ()

- (_UWl_l/wdisct(Cz) ufs@ )
A+uc(d] o, e y )

where y (u) = l_[jeu yj is the product weight.

At a high level, we analyze the contribution from each @ # u C [d] using tensorization, and then
exploit the joint subgaussianity of discrepancy on each Q, to combine them.

Let us fix ¥ # u C [d] and consider the integral in (A.5) for u. Let us assume wlog that the
combinatorial discrepancy disc;(z) on Q, is a step function with values changing only when any
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coordinate reaches 2~"Z N [0, 1). This way, we may view disc;(z) restricted to Q, as a vector’
decu ¢ Z\%™ with coordinates® dj‘c'” = disct(j/Zh) for all j e {0,...,2" — 1} corresponding to
corners C,‘?”. Similarly, we may view wdisc;(z) restricted to Q, as a vector wdi Gl ¢ Z‘C?” with
coordinates deF'C’” =wdisc; (j/2") for all j€ {0, ..., 2" — 1}* corresponding to corners C,‘?”.

Q!
We also define the vector y/s-* € RICk ‘I as

y= f ou fs(2", 1q) - d2",
/2", G+1u)/21]

for all j e {0,...,2" — 1}, It is possible to further express yjf"“ as a sum of function values at the

vertices of [j/2", (j + 1,)/2"] x 17 with mixed signs, but we do not need such a formula. Next, ob-
serve that the vector y/s-* takes a tensor form if the function fs is the product of functions of each
coordinate.

Observation 1 (Tensor form for product functions). If fs:[0,1]¢ — C has the form fs(z) = [Ticu 8i(zD)

fs.u

for all z € Q, then we have it = =Tlicu yﬁ" for any j € {0,...,2" — 1}¥, where y& is defined as in

[3]. Consequently, we have yfs = Qicuy®.

This observation is immediate from the definition of yfs'! above. Using dyadic decomposition, we
may now express err®s® as inner products

disct(Cz) Oy fs(2)
errdise( fo) = (== 1/W : dz
' ’ (ZI;EHXE:[d Qu it v

S Lo ot e 2
(A;éuc[d] (u)

_ Loy oyt e Pe e L (A6)
e y W)

where wd" Pt € ZIP<\CD®"| s the restriction of wd"? to dyadic boxes in Q, excluding those with
any dimension in u being (0, 1]. It follows that the vectors wd- P for different @ # u C [d] corre-
spond to disjoint coordinates of wd>P . Consequently, by Lemma 5, for any outcome of the random
shift s, enr®¢( f5) is also subgaussian with parameter

dlog(dn) [T e (1 + y2 logn) .
o = X aleneye:)
t p#uc|d]
dlog(dn) Hje[dj(l + )/]-2 logn)
0 : P, ) yfst ) A7
< ( . V#uzgd]ﬂ SI@D Y (A7)

for which we

Therefore, we are left to derive an upper bound on Z(A#ugd] ﬁ || (P, Y®U yfs.u | i
look at the Fourier transformation of fs.

5 We have ignored the 0-measure set of corners C C Q, with some dimension being (0, 1].

6 Strictly speaking, the index j here should really range over {0, ..., 2" — 1}* x {217 so that the coordinates in  of j/2" are
1. But to keep notation clear, even though we are working with d-dimensional vectors we only display the coordinates of j in u
which are the only ones that can vary. The same convention applies when we talk about corners C,?”, dyadic boxes Df}]‘, and
decomposition PE".
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Bounding the ¢, Norm via Fourier. We may write
fs@ =" fstle)- ™D = 3" Fi(k) - ex(2),
keZ4 kezd

where ey (2) := exp(2ri{k, z)). Again, by replacing fs with fg —7(0), we may assume wlog that
fs(O) =0. Then we may write yfst ZkeZd\O fs(k) ye-! Note that the vectors y°" are iden-

tical for all k whose u components coincide.

The following orthogonality property of the high dimensional Fourier coefficients is a simple corol-
lary of its one dimensional version in [3].

Corollary 1 (Fourier orthogonality). For any k # k' € Z4, we have Es[fs(k)*fs(k’)] =

Now we can compute the £; norm as follows.

Es| 2] = B[ | P (Zfs(k)ye'““) 2]

=S [Fawo -] Pay 12 <> [Fao* - T]iksl.

k+#0 jeu k+0 jeu

|(Py)SH -yl

where the expectation over s is removed in the second line since the modulus of the Fourier coeffi-
cients do not depend on the random shift, and the last step follows from the estimate in [3, Lemma
5.3].

Now summing over all ¥ # u C [d] gives the following ¢, bound

RN GAT N E Zlf(k)!< Y

)21_[| J|>

J#ucld] waéuqdl jeu
~ 2 L]
=Sl 3 T15)
k0 p£uc(d] jeu 7
=: owso(f)%. (A8)

Using the ¢;-norm bound (A.8) in (A.6) and (A.7), we obtain the bound

-t dlog(dn) [ crq1(1 + ¥ logn)
IE[( Z err?|sc(fs))2:| <0 ( jeld] J

n2

: Uwso(f)2>- (A.9)

Plugging (A.9) and (A.4) into (A.2), we obtain that

T-1
El(err(Ar. fs))*]1 < El(err(Ao. fs)*1+ E[( 3 errgisc(fs))z]
t=0
< o(f)? 10 <dlog(dn) l_[je[dj(l + )/]»2 logn)

~n

: Uwso(f)2>

n2

o <dlog(dn) [Tjeia)(1 + v} logn)
- 3

. Gwso(f)2>-

This is the error guaranteed by the algorithm in [3], applied for the weighted discrepancy. This com-
pletes the proof of the theorem. O
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A.2. Proofs of results in Section 3

Proof of Theorem 2. Let F; be the class of functions involving interactions of order at most s, i.e., F;
consists functions of the form Zlulss fu(Z"). Fix an arbitrary 1-periodic function

f@=) fu@)eF;
[u|<s

with a continuous mixed derivative. We can equivalently view WSubgTrans as fixing D?ﬁ and apply-
ing a random shift s ~ [0, 1)¢ to f which results in fs(z) = f(z+$) = ZMSS fu(@* +s*). Denote Eg
the expectation w.r.t. random shift s. By Hlawka-Zaremba formula, the integration error using point
set At is

err(Ar, f =Y (=DM / hr(2) - 9y fs(2)dz

P#uc(d] Qu

> <—1>'”'—1[hr<z>-au( > fu/(z“/+s”/))dz
P#uc[d] 0y [u'|<s

= ) (M- 1/h1(z)-au< > fu/(z“’+s”’)>dz.
O<|u|<s uucu’

u

By Lemma 4, we can write

err(Ar, f)= Y (=DM~ ]/hT(Z) au< Y fu@ +s ))dz

O<ul<s uucu’
= Y =Dk 1fho(z>-au< > fu/(z“’+s“/>)dz
O<lu|<s Qu uucu’
! disc (z)
+Z< > (=pk 1f ; ( Y fu@ +s ))d2>
t=0 “O0<ul<s " u':ucu’
T—1
=:err(Ao, fs) + ) e (fs). (A10)
t=0

First, since Ag consists of n? independent random samples,

2
E[(err(Ao, f$))*] < if) (A11)

We next analyze the discrepancy error err; rdse in (A.10). Using the same notation and argument as
in the proof of Theorem 1 in Appendix A.1, we further write

e (fo= Y Y (=DM ]/dISCt(Z) A fur (2* +5¥)dz

O<|ul<su’:ucu’ Qu

Z Z ( 1)|U| 1 dtCu yfuS )

0<|u|<su ucu’

LYY R oyt

O<|u|<su’:ucu’
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— l Z (_-l)lul—l _(dt,D,u, (PhT)®u( Z yfu’,s'u)), (A12)

n
t O<Ju|=s uucu’

where f, 5(2) := fu (2" +s%), and d"P# € ZIP=\D js the restriction of d"P to dyadic boxes
in Q, excluding those with any dimension in u being (0, 1]. It follows that the vectors d“P-¥ for
different u with 0 < |u| < s correspond to disjoint coordinates of the vector d[’Dlﬁ@;}sl. which is the
restriction of d°? to D%, )

Recall that in our modified WSubgTrans algorithm, the combinatorial discrepancy vector is defined

with respect to 5(23; rather than the full collection DE’,‘;. Moreover,

S
d
2 — — lul _ k _
lvillz =1 § Tzepy =1+ § R =1+ kE_O (,{)h = 05(d’h®)

BeDE; ucldl:u|<s
= Os((dlog(dn))*).

Analogous to Lemma 5, we conclude that for any 0 <t < T — 1, the random vector (c;, dt'D|5®z) is

0(d? (log(dn))**1)-subgaussian.
Consequently, for any outcome of the random shift s, err?isc(fs) in (A.12) is also subgaussian with
parameter

dsa d s+1
OS<M- Z H(pl;r)@’u( Z yfu/.s’u)”;>

1

O<|u|<s u:ucu’
d* (log(dn))**! T a2
sos<72- Do @EC D] yieen]s). (A13)
LA O<|u|<s vucu’

For a fixed subset u C [d] with 0 < |u| <, we have

E[|P® (Y plest 5] =Es[| @ (3 D Fustoyt)

]

u:ucu’ u':ucCu’ k#0
e[ (D (X Fastio)y™)|]
k#0 u’:ucu’
=1 Y Fut TTiP, ™12
k#0 u’:ucu’ jeu
<31 Y Feto Tkl
k#0 u':ucu’ jeu

where we have used the Fourier orthogonality (Corollary 1) and the estimate [3, Lemma 5.3], and the
expectation over s is removed in the third line since the modulus of the Fourier coefficients do not
depend on the random shift.

Now summing over all subsets u C [d] satisfying 0 < |u| < s gives the following ¢, bound

E[ 2 @0 yhesnls]= X0 31 Y ol [Tkl (A14)
O<|u|<s u:ucCu’ O<|u|<sk#0 u’:ucu’ jeu

For k = (kq, .. .,kd)Ae 74, we denote its support by supp(k) := {j € [d] : kj # 0}. By the definition
of Fourier transform, f,s(k) =0 if supp(k) is not a subset of u’. Therefore,

> 1Y Tl [Tkl
O<|u|<sk#0 u’:ucCu’ jeu
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=Y > | X futof [T

k#00<|u|<s u’:uCu’ jeu

=> X I X el Ik
k#00<|u|<s,uCsupp(k) u’:uCu’,supp(k)Cu’ jeu
=> X | X Rl Il
k#00<|u|<s,uCsupp(k) u’:supp(k)u’ jeu

D ST (N S 1 (%)

k#0 u’:supp(k)Cu’ O<|u|<s,uCsupp(k) jeu

O Fadwl ( > H"‘”)

k#0 u’:supp(k)Zu’ P#ucl[d] jeu

— 2
DTS 3 [7)
k#0 |u'|<s ##uc[d] jeu
=" [Fwo ( > ]'[|k]|>
k+#0 P#uc[d] jeu
=:0s0(f)% (A15)
where (x) follows because the sum over k # 0 effectively restricts to frequencies with |supp(k)| <s.
Hence,
2 Iwi= > TTki= > [Tk
0<|u|<s,uCsupp(k) jeu ##uCsupp(k) jeu P#ucld] jeu
Using the ¢;-norm bound (A.14) and the equality (A.15) in (A.12) and (A.13), we obtain the bound
T—1
: 2 d*(log(dn))**!
E[(Yen™(f0)’] < os<n72 -os0(f)? ). (A16)
t=0
Plugging (A.16) and (A.11) into (A.10), we obtain that for any f(z) = Z\U\SS fu(@") e F,
T-1 5
El(er(Ar, fo))] El(err(Ao, fo)21+E[ () en™(fy))’]
t=0
o (f)? d* (log(dn))**!
< —5—+0s( ——5——0s0(f)?
n n
d*(log(dn))s*!
= 05(72 ~0s0(f)? ). (A17)

A slight modification of [3, Lemma 4.3] yields that, for any f:[0,1]¢ - R,

ElterAr, 1712 0(“2E 0 (7). (A18)

For any decomposition f = g + h with g, h:[0,1]9 > R and h € F, we have err(Ar, f) =
err(At, g) + err(At, h). The theorem then follows directly from (A.17) and (A.18). O

Proof of Theorem 3. In this case, y1 =---=ys =1, ¥s41 =--- = Y4 =0, and thus
Ivil3 =1+ [] 1 +hy}) = 0(*) = 0((og(dn))*).
jeld]
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Analogous to Lemma 5, we conclude that for any 0 <t < T — 1, the random vector (c[,wdt'D) is
05((log(dn))S*t1)-subgaussian. The result follows from a slight modification of the arguments in the
proofs of Theorems 1 and 2; we omit the proof for brevity. O
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