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Abstract. This paper studies the estimation of large precision matrices and Cholesky factors obtained by
observing a Gaussian process at many locations. Under general assumptions on the precision and
the observations, we show that the sample complexity scales poly-logarithmically with the size of
the precision matrix and its Cholesky factor. The key challenge in these estimation tasks is the
polynomial growth of the condition number of the target matrices with their size. For precision
estimation, our theory hinges on an intuitive local regression technique on the lattice graph which
exploits the approximate sparsity implied by the screening effect. For Cholesky factor estimation,
we leverage a block-Cholesky decomposition recently used to establish complexity bounds for sparse
Cholesky factorization.
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1. Introduction. This paper studies nonparametric estimation of large precision matrices
obtained by observing a Gaussian process at many scattered locations. Under general as-
sumptions on the precision and the observations, we show that the sample complexity scales
poly-logarithmically with the size of the precision matrix. The key challenge in this estimation
task is the polynomial growth of the precision’s condition number with its size. Our theory
hinges on an intuitive local regression technique on the lattice graph to exploit the approx-
imate sparsity implied by the screening effect [47], along with a novel reduction argument
based on Hall’s marriage theorem [19] to lift the results from the lattice graph to scattered
observation locations. In addition, we study the estimation of the precision’s upper-triangular
Cholesky factor, building on a block-Cholesky decomposition recently used to establish com-
plexity bounds for sparse Cholesky factorization [46, 45].

Although precision estimation under structural assumptions is a central problem in statis-
tics [15, 6,42, 7, 8, 23, 32], the question of estimating ill-conditioned precision matrices remains
largely unexplored. This limitation of the existing theory is surprising, given that precision
matrices arising from graphical models on a path, Brownian motion, Brownian bridge, Matérn
processes, and many other natural models are ill-conditioned in high dimension [27, 28]. In
addition, the authors of [27] point out that well-conditioning is a fragile assumption, since it
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fails even under benign operations such as rescaling the variables. Consistent estimation gen-
erally requires that the sample size scales linearly with the condition number of the precision
matrix [42, section 5.2]. In our setting, where the condition number grows polynomially, re-
sults as those in [42] would imply the need for impractical sample sizes. Fortunately, precision
matrices arising from observing Gaussian processes at scattered locations naturally satisfy
approximate sparsity due to the screening effect, which enables us to show that the sample
complexity scales poly-logarithmically with the size of the precision matrix. Thus, our the-
ory reveals an interesting tension between the challenge of ill-conditioning and the benefit of
approximate sparsity.

Motivated by applications in sampling and transport where it is often preferable to work
with the precision’s Cholesky factor rather than the precision itself [43, 35, 29, 26], this paper
additionally studies Cholesky factor estimation. Here, the issue of ill-conditioning again plays
an important role. Perturbation bounds for the Cholesky factorization generally depend on
the condition number of the matrices [13, 14]. Therefore, the naive approach of using the
upper-triangular Cholesky factor of the estimated precision is inadequate unless additional
structure of the precision is exploited. We will show that operator-adapted wavelets (also
known as gamblets) [37, 38, 39, 40] provide a natural framework to address this challenge.

1.1. Related work. To the best of our knowledge, only a few studies have explored preci-
sion learning and estimation without imposing condition number bounds [36, 27]. These works
focus primarily on recovering the graph structure of Gaussian graphical models (GGMs),
rather than directly estimating the precision. Misra, Vuffray, and Lokhov [36] derived the
information-theoretic lower bound on the sample size required to recover the dependency
graph in sparse GGMs. Kelner et al. [27] proposed polynomial-time algorithms for learn-
ing attractive GGMs and walk-summable GGMs with a logarithmic number of samples. In
contrast, our estimation task extends beyond these two classes and focuses on addressing the
challenges in the estimation of ill-conditioned precision matrices. In our problem setting, for-
malized in section 2, the condition number of the precision matrix grows polynomially with its
size. Quantitative bounds on the largest and smallest eigenvalues of the precision were derived
in [39, Lemma 15.43] using a Poincaré inequality closely related to the accuracy of numerical
homogenization basis functions [34, 41, 22] and an inverse Sobolev inequality related to the
regularity of the discretization of the precision operator. We refer to Lemma 3.1 in this paper
for a formal statement and to [39, 46] for proofs and additional references.

An important feature of precision matrices arising from observing Gaussian processes is
their approximate sparsity, which stems from the screening effect—an important phenomenon
in spatial statistics by which the value of a process at a given location becomes nearly indepen-
dent of values at distant locations when conditioned on values at nearby locations [47, 48, 12].
It is well known that the zero patterns of the precision matrix encode the conditional inde-
pendence structure due to the Markov property [43, Theorem 2.2]. Similarly, approximate
conditional independence for smooth Gaussian processes yields approximate sparsity of their
precision matrices. Quantitative results on the exponential decay of the conditional correlation
have been established in [37, 38, 39]; see Lemma 3.3 in this paper for a formal statement.

As mentioned above, our study of Cholesky factor estimation builds on the framework
of operator-adapted wavelets [37, 38, 39, 40]. This line of work identifies wavelets adapted
to the precision operator, in the sense that the matrix representation of the precision in the
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basis formed by these wavelets is block-diagonal with uniformly well conditioned and sparse
blocks. These wavelets exhibit three key properties: (i) orthogonality across scales in the
energy scalar product; (ii) uniform boundedness of the condition numbers of the operator
within each sub-band (i.e., uniform Riesz stability in the energy norm); and (iii) exponential
decay. As noted in [46], Cholesky factorization under the maximin ordering of observation
locations formalized in Assumption 2.6 below is intimately related to computing operator-
adapted wavelets. For details, we refer the reader to [46, section 3.3]. Additional references
include the expository paper [40] and the monograph [39]. Leveraging this connection, the
authors of [46] established a block-Cholesky factorization formula (see Lemma 4.2 in this paper
for a statement), provided quantitative estimates on the spectrum of the stiffness matrices
B®) on the diagonal (see Lemma 4.3), and demonstrated the accuracy of approximations in
sparse Cholesky factorization. Building on these rich structures and theoretical foundations,
we focus, from a statistical perspective, on estimating the Cholesky factor of the precision
under the maximin ordering.

1.2. Outline and main contributions.

e Section 2 presents and discusses the main results of this paper. Theorem 2.3, The-
orem 2.7, and Theorem 2.8 establish high-probability error bounds for three key
problems: precision estimation for Gaussian processes with homogeneously scattered
observations, Cholesky factor estimation under the maximin ordering of observation
locations, and precision operator estimation on the lattice graph. These results demon-
strate that, under general assumptions on the precision operator and observation
locations, the sample complexity scales poly-logarithmically with the size of the sys-
tem. For precision estimation on the lattice graph, Theorem 2.8 bounds the error of
an estimator explicitly defined in subsection 2.3. In contrast, Theorems 2.3 and 2.7
establish the existence of an estimator with the aforementioned sample complexity.

e Section 3 contains the proof of Theorem 2.3. Our proof technique leverages that
scattered observation locations are close to points on a slightly larger regular lattice.
This intuitive insight, which we formalize using Hall’s marriage theorem, allows us
to relate the sample complexity of precision estimation with scattered observation
locations to that of precision estimation on a lattice graph. Consequently, while the
lattice setting in Theorem 2.8 facilitates the description and analysis of our local
estimation procedure, it ultimately suffices to also capture the sample complexity of
the problem with scattered observations in Theorem 2.3. Our reduction argument
based on Hall’s marriage theorem may be of independent interest in analyzing other
problems involving homogeneously scattered points in a physical domain.

e Section 4 is devoted to the proof of Theorem 2.7, which builds upon a block-Cholesky
decomposition recently used to establish complexity bounds for sparse Cholesky fac-
torization [46]. A central idea in the analysis is to integrate the information across all
scales within the hierarchical structure induced by the maximin ordering of observation
locations.

e Section 5 investigates precision operator estimation on the lattice graph and proves
Theorem 2.8. A key focus is on establishing the explicit dependence of the estimation
error on the condition number, which is essential in our proof of Theorem 2.3.

e Section 6 closes with conclusions, discussion, and future directions.
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1.3. Notation. For positive integer s, we denote by Hj(D) the Sobolev space of functions
in D = [0,1]¢ with order s derivatives in L? and zero traces and by H~*(D) the dual space
of H§(D). We assume s > d/2 throughout the paper. Then, Sobolev’s embedding theorem
ensures that H§(D) C C(D), where C (D) is the space of continuous functions on D. Since in
most scientific applications the dimension d of the physical space is not large (typically d < 3),
we treat it as a constant in our analysis. For positive sequences {ay}, {b,}, we write a,, < by,
to denote that, for some constant ¢ > 0, a,, < ¢b,. If both a, < b, and b, < a, hold, we write
apn, < by,. For real numbers a and b, we use the notation a V b:=max{a,b}. For vector x € R™,
we denote by ||z|| its Euclidean norm. For matrix A € R™ *™2 we denote by ||A]| its spectral
norm, and for nonsingular A € R™*™ we denote by x(A) = || A||[|A™!]| its condition number.

2. Main results. This section states and discusses the main results of the paper. In
subsection 2.1, we study precision estimation for Gaussian processes and establish a high-
probability estimation error bound in Theorem 2.3. Subsection 2.2 focuses on estimating
the upper Cholesky factor of the precision, with Theorem 2.7 providing a high-probability
error bound. Finally, in subsection 2.3 we study precision operator estimation on the lattice
graph and show in Theorem 2.8 an error bound with an explicit dependence on the condition
number; this result is of independent interest and also facilitates the proof of Theorem 2.3.

2.1. Precision estimation for Gaussian processes. Let {u,}"_; be N independent copies
of a real-valued, centered, continuous Gaussian process on D = |0, 1]d with precision opera-
tor £. We observe data {Z,}2Y_; consisting of local measurements of the random functions

{un }NV_4 big (0,£71) at M distinct observation locations {x;}}£, C D:
Zn o= (un(@1),un(x2), ..., un(z2r)) €RM, 1<n<N.

Consider the covariance and precision matrices given by

(2.1) 2:=ElZnZ,]= (G(2i,24))1<; j<nr > Q=%

where G(-,) is the covariance function of the process, given by the Green’s function of £. Our
goal is to estimate  from the data {Z,}Y_;.

Motivated by recent work on Gaussian process regression, numerical approximation, and
elliptic PDE solvers [39], we consider the class of Gaussian processes whose precision operator
L satisfies the following general assumption [39, section 2.2]. Here, we denote by [f,v] the
duality pairing between f € H™*(D) and v € H§(D); we refer the reader to [39] for a formal
definition.

Assumption 2.1. Let s > d/2. The following conditions hold for £: Hj(D) — H~*(D):
(i) Symmetry: [Lu,v] = [u, Lv] for all u,v € H§(D);

(ii) Positive definiteness: [Lu,u] >0 for v € H{(D);

(iii) Boundedness:

| Lull -+ (D) |ull 75 (D)

IL]|:= sup —F——<oo, [L7':= sup Tl
wers) |ullms o) wers (D) |1Lull -+ (p)

I

(iv) Locality: [u, Lv] =0 if u € Hj(D) and v € H§(D) have disjoint supports in D.
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As noted in [39, 46], a simple example of a precision operator satisfying Assumption 2.1
is £L=(—A)% s €N, s> d/2; here, we use the zero Dirichlet boundary condition to define
L£71. Assumption 2.1 also includes a broad class of precision operators of Gaussian processes
widely used in practice, such as Matérn kernels with the smoothness parameter satisfying
s=v+d/2eN for v >0 [51, 31, 49]. Since we assume throughout that s > d/2, Sobolev’s
embedding theorem ensures that the Green’s function G of £ (with zero Dirichlet boundary
condition) is a well-defined, continuous, symmetric, and positive definite kernel. Thus, we can
consider centered Gaussian processes with covariance function G [39], and their covariance
matrix ¥ = (G(x,%;));; j<) is invertible since the observation locations {x;}M, are assumed
to be distinct. We will further assume the following.

Assumption 2.2. The observation locations {xz}fi 1 € D are homogeneously scattered in
the sense that for h,0 € (0,1), the following conditions hold:

(1) sup,epmini<i<ar ||z — x| <h;

(2) miny<j<prinfreop ||x — 4| > 6h;

(3) mini<icj<nr [lzi — 2] = oh.

The parameter § >0 quantifies the homogeneity of the point cloud {z;}}, and is treated
as a fixed constant throughout the paper. An alternative way to define ¢ is (see, e.g., [46, 11])

min;; dist (z;, {x;} UOD)
sup,cp dist (ac, {z M U 8@)

0=

The parameter h represents the observation mesh-size, which indicates the resolution of our
discrete observations of the underlying continuous Gaussian processes. A volume argument
shows thatM = h~%; see, e.g., [39, Proposition 4.3]. As will be discussed below, Assump-
tions 2.1 and 2.2 guarantee approximate sparsity of the precision Q = X!, which facilitates
its estimation. However, these assumptions also imply that € is ill-conditioned as h — 0,
posing a significant and largely unexplored challenge.

Our first main result establishes a high-probability, spectral-norm bound on the estimation
error in terms of the sample size N and the observation mesh-size h. We prove Theorem 2.3
in section 3.

Theorem 2.3. Suppose that Assumptions 2.1 and 2.2 hold. For any r > 0, there are three
constants C1,C2,Cs > 0 depending only on r,d,d, s, || L], ||L7Y| such that if

N > Clog?(N/h),

then there exists an estimator Q) = Q(Zl,Zg, ...y ZN) which satisfies with probability at least
1 — Cy(hlog(N/h))¥ exp(—(r + 1)(log N)¢) that

N

—~ 2
18- 9] log?(N/h)\
ol =l N )

To the best of our knowledge, Theorem 2.3 is the first result in the literature to consider
precision estimation of Gaussian processes under the general Assumption 2.1 on the precision
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operator, which includes many Gaussian process models used in practice [52, 31, 49]. Under
general assumptions, Theorem 2.3 shows that one can construct an efficient estimator which
only needs N > log?(1/h) = (log M)% samples to control the relative error under the spectral
norm. This contrasts with the fact that precision matrix estimation typically requires the
sample size to grow linearly with the matrix size to achieve a small error, i.e., N > M =<h~%,
since the sample covariance matrix is not invertible if N < M =< h™¢. Such exponential
improvement of the sample complexity becomes crucial as the observation mesh-size h — 0,
which is the challenging regime in practice.

Remark 2.4. While the ill-conditioning of {2 poses a significant challenge for our estimation,
it will be shown in Lemma 3.3 that €2 satisfies approximate sparsity due to the screening effect
[47, 48]. Among the various forms of sparsity studied in the literature, the one most closely
related to our setup is the banded assumption proposed and analyzed in [3, 10, 23, 1]. However,
we emphasize that precision matrices for Gaussian processes in spatial dimension d > 2 are,
in general, not bandable, setting apart our work apart from existing high-dimensional results
for precision estimation. Specifically, there does not exist any permutation matrix P such
that PTQP becomes a banded matrix with bandwidth at most polylog(M). We provide a
heuristic argument for this claim. Recall that the dependency graph of N'(0,X) is defined as
the graph whose adjacency matrix corresponds to the support of Q =%~ [43]. If PTQP were
a banded matrix with bandwidth polylog(M), the dependency graph would necessarily have
a separator of size polylog(M), dividing the vertices into two subsets, each containing at least
O(M) vertices. However, this contradicts the properties of precision matrices €2 in our setting.
Due to the locality of £ in the physical space, the dependency graph of {2 resembles a grid
graph, which has a large treewidth of order O(M@=1/d) [28]. Consequently, estimating  in
high-dimensional physical spaces (d > 1) cannot be reduced to the estimation of a bandable
precision matrix simply by reordering the points. Therefore, the minimax rates derived for
estimating bandable precision matrices in [23] are not directly applicable to our context.

In light of the dependency graph structure of €2, the proof of Theorem 2.3 relies on precision
operator estimation on the lattice graph developed in subsection 2.3 and section 5. Moreover,
as will become clear in subsection 2.3, our estimation procedure circumvents the technically
complicated tapering methods commonly used for estimating banded covariance or precision
matrices [10, 23, 32, 1]. Additionally, it provides a clearer interpretation through its connection
to local regression; see Remark 2.10 for further details.

Remark 2.5. In the context of Assumption 2.1 and Theorem 2.3, we impose a zero Dirichlet
boundary condition to define the covariance operator £~!, which requires working in H{(D)
rather than H*(D). This corresponds to the Matérn covariance under conditioning on bound-
ary values, a standard setup in the literature [39, 46, 45, 24]. However, as discussed in [24],
the validity of this boundary conditioning assumption remains an open question in various
applications, including geostatistics and computer-model emulation. For instance, as noted in
[46], when D = R%, the Matérn family of kernels is widely used and is equivalent to employing
the whole-space Green’s function of an elliptic PDE as the covariance function. Let D be a
bounded domain containing the measurement points {xz}f‘il In this case, the screening effect
weakens near the boundary of D due to the absence of measurement points outside D, lead-
ing to stronger conditional correlations between distant points near the boundary compared
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to similarly distant points in the interior. For a more detailed discussion on the impact of
missing boundary conditioning in practical Matérn models, as well as numerical verification
of the screening effect, we refer the reader to [46, section 4.2], [45, section 3.3.3], and [24,
section 3.2].

2.2. Cholesky factor estimation. Our second main result, Theorem 2.7 below, shows that
under the maximum minimum distance (maximin) ordering [18, 46] of the observation loca~
tions outlined in Assumption 2.6, there exists an estimator for the upper-triangular Cholesky
factor of 2 which achieves nearly optimal convergence rate.

Assumption 2.6. The observation locations {z;}}, are sorted according to the maximin
ordering: It holds that

x1 € argmax dist (z;,9D)
1<i<M

and, for 2 <i< M,

x; € argmax dist(z,{z1,...,2i_1}UID).
z€{zi,..Tm}

The following result will be proved in section 4.

Theorem 2.7. Suppose that Assumptions 2.1, 2.2, and 2.6 hold. Let Q=UU" be the upper-
triangular Cholesky factorization of Q). For any r > 0, there are three constants C1,Ca,C5 >0
depending only on r,6,d,s,||L||, |L71|| such that if

N > Cylog?(1/h)log?(N/h),

then there exists an estimator U = fj(Zl,ZQ,...,ZN) which satisfies with probability at least
1 — Cyexp(—r(log N)9) that

T -l

log?(v/h) ) *
B |

< Cslog(1/h) ( N

Similar to Theorem 2.3, Theorem 2.7 shows that only N > log?t2(1/h) =< (log(M))?+?
samples are needed to accurately estimate the upper-triangular Cholesky factor of the precision
matrix Q € RM*M  This represents a significant improvement compared to the general sample
size requirement N > M =< h~%. To the best of our knowledge, Theorem 2.7 is the first result in
the literature to address Cholesky factor estimation for Gaussian processes under the general
Assumption 2.1 on the precision operator, while employing the natural maximin ordering of
discrete observation locations as specified by Assumptions 2.2 and 2.6.

Notice that the upper bound in Theorem 2.7 contains a factor log(1/h) not present in
Theorem 2.3. This additional factor arises from a logarithmic term in the perturbation bound
for Cholesky factorization in Lemma 4.6, where the logarithmic dependence on the matrix
size is intrinsic and cannot be eliminated in general [14, section 3]. However, we shall see
in Remark 4.7 that the additional logarithmic factor in Theorem 2.7 can be avoided when
estimating instead a modified block Cholesky factor.
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2.3. Precision operator estimation on the lattice graph. To streamline our analysis of
precision estimation in the setting of subsection 2.1, here we consider the simplified problem
of precision operator estimation on a lattice graph. Our setup and main result retain the
essential features of subsection 2.1: For sparse precision operators on a lattice, Theorem 2.8
below establishes an estimation bound with an explicit dependence on the condition number.

Let Ggp = [p] X [p] X - - - x [p] be a d-dimensional lattice where [p] = {1,2,...,p}, and denote
the number of variables by M = p?. (Points in the lattice can be interpreted as observation
locations in the setup of the two previous subsections.) Let Z = (Z(t): t € Gg,,) be a centered
Gaussian process on the lattice graph Gy, with covariance operator ¥ = (o(t,t'))svcg, ,, where
o(t,t') = Cov(Z(t),Z(t')). Note that the covariance operator ¥ is defined over the Cartesian
product space Ggp, X Gg p, that is, ¥ € RY4»*Yar  We denote the precision operator, the inverse
of 3, by Q= (w(t,t))treg,,- Given data {Z,}) | consisting of N independent copies of Z, we
are interested in estimating the precision operator 2 € R9»*9%» under the £5(Gg) — £2(Ga,p)
operator norm. We will study estimation in the following precision operator class:

Fip=49:050, 3 |w(t,t)| < Qe V k>0 and teGay ;.
ot —t] >k

where ||t —t'||; = Zle |t — ti|. As will become clear in section 3, our motivation to consider
the class Fy,, is that the precision matrix introduced in (2.1) belongs to this class, provided
that the precision operator £ satisfies Assumption 2.1 and the observation locations {z;},
satisfy Assumption 2.2.

We next construct an estimator of the precision operator on the lattice graph. We describe
the construction in three steps: (1) partitioning the lattice into blocks; (2) defining local
estimators in each block; and (3) combining the local estimators to define the global estimator.

Partition. We follow the partition scheme in [9]. We start by dividing the lattice G4, into
blocks of size bx - - - x b for some b to be determined. Let I; ={(j —1)b+1,(j —1)b+2,...,5b}
for j=1,2,...,S—1and Ig={(S—1)b+1,...,p} where S=[p/b]. For j= (j1,72,--,Jd) €
[S] x [S] x -+ x [S], we define the block indexed by j as

Bj:Ijl X Ij2 Xoee Xde.
For a linear operator A:/l2(Gqp) —+ ¢2(Gayp), we define its restriction to B x By as
Ajy = Apxp, = (a(t,t'))teB, veB, -

Local estimators. For indices j and j’ satisfying ||j — j'||cc <1, we aim to construct a local
estimator Tjj for the sub-block €2;; of the precision operator.
For any j € [S] x [S] x -+ x [S], we define its A-neighborhood as

Njp:={i" €[S]x [S] x - x [S]:]lif —jlle <A}, Wjri=StEGqy:te U By ¢ .
J'ENj A

We consider the local covariance operator on Wj \

E]Vj.)\ = (U(t, t/))tGWi,)\vt/EVVJ,)\

Copyright (© by SIAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 11/04/25 to 38.124.35.159 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

PRECISION AND CHOLESKY FACTOR ESTIMATION 1093

and its sample counterpart
1 N
ENJ‘,)\ = (8(t7t/))tem/j,>\,t’€m,w /U\(tv t/) = N Z Zn(t)Zn(t,)

n=1

For j,j’ satisfying ||j — j'|loc <1, we define the local estimator of 5 as

Ty o= (S "),
i
Note that here we take A = 2 and recall that ((iNN)*l)-j, is the restriction of (ij\/ﬁ)f1 to

J ~
Bj x By. As part of our analysis, we will show that, for a suitable choice of block-size b, Y, ,

is indeed invertible with high probability.
Global estimator. Based on the local estimators for all j,j’ satisfying [j — j'l[[oc < 1, we
define 2 as

iy’ 0 otherwise.

Finally, we define the estimator for {2 as the symmetrized version of Q:
~ 1/~ ~
(2.2) Qo= (Q + QT).

We are now ready to state our main result concerning precision operator estimation on
the lattice graph, which provides a high-probability, spectral-norm bound on the estimation
error with an explicit dependence on the condition number x(Q2) = ||Q||||27!|| of the precision.
The proof can be found in section 5.

Theorem 2.8. For any ) € Fq, and any constant r >0, there are two constants C1,C2 >0
depending only on r,d such that if

N> ((1og N)? +logp + (log £(©2))*) ,  p>log(Nk(2)),

then the estimator Q in (2.2) with b = [log(Nk(Q))] satisfies with probability at least 1 —
2(10g(]\;’€(9)))rdef(rJrl)(logN)d that

I — Q| (logN)¢  [logp = [(log ()
1l S(’5(\/ N +\/N+\/ N >

Remark 2.9. If p < log(Nk(Q)), we define Q := (£)~1. By the argument used in display
(5.2) in the proof of Proposition 5.1, there exists a constant C' > 1 such that if N > 4C?p?,
then for all ¢ > 1, it holds with probability at least 1 — e~ V/4¢* — ¢~ that

- ()" -9 [t [t
= <2C — V= ].
1€ )] N'VN
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For any 7 > 0, taking t = (r + 1)(log N)? yields that

-l (\/(logN)d N \/(logfe(ﬂ))d )] < 9e—(r1)(log N

€211 N N B

rd
<9 (W“(Q))> o~ (r+D)log N)*.
p

provided that N > Cj ((log N)? + (log £(£2))?), where Cy,C3 > 0 are two constants depending
only on r and d. Therefore, when p < log(Nk(2)), the inverse of the sample covariance
achieves the same high-probability bound as stated in Theorem 2.8.

Remark 2.10. In this remark, we offer a regression-based interpretation of the local esti-
mator Tj; and heuristically explain why it is expected to perform well.

For a vector Z and index i, we use the notation Z.; = ((Z;) : j # i). Let Z be drawn
from the Gaussian distribution with zero mean and precision matrix 2 € RP*P, Then, for
any i, Z; | Z~i = z~; is distributed as N((w(i),zwi%l/ﬁii) where w® is the vector with
wj(z) = _Qij/Qiia i.e.,

Qi 1
(2.3) Zi_—ggiiZ]—i—e, ENN<0,QM>.

This establishes a basic connection between precision matrix estimation and linear regression.
Suppose we observe Z € RV*P where each row is independently drawn from A (0,Q71). We
use the notation Z; and Z.; to denote the ith column of Z and the matrix obtained by
removing the ith column from Z, respectively. Consider

Zi=Z.iB+e, Z;eRV Z_,cRV*P-D) gcRP-Dx1 ocRNxI

If we perform ordinary least squares (OLS) regression, the regression coefficient and residue
read as

B=(Zi'Zi) 2 Zs, |elP=1Zi — ZiBIP = 2; Zi — Zi" Zesi(Zmi Zoi) " 20" Zs.

Given 3 and |le||?, from the relation (2.3), the natural plug-in estimators for §2;; and €; ~; are
— T —
N/|le||? and —NB /|le]||?, respectively.
On the other hand, by Lemma 5.2, the entries in the ith row of the inverse of sample
covariance matrix are
-1

z'z T T T -1 Tz -1 -2
N ZN(Zi Z,; — Zi Z~i<ZNi ZN,;) ZNi Zz) ZN/Hé’H
1,1

)

and

VAN
N

—1

-1
) —_N (zﬁzi_ziTzNi<zNiTzNi)*1zNiTzi) Zi'Zi(Zoi" Zi) !
7,~1

AT ——
=-NB /el
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In other words, for estimating the ith row of the precision matrix, €2; ., the ith row of the inverse
sample covariance provides the same estimate as the OLS 4+ plug-in method. Thanks to this
relation, we give a regression-based interpretation for the local estimator Tj; = ((i Nm)*l) i
as follows. For each t € Bj, we perform a local OLS regression of Z(t) against the variables
in its neighborhood, (Z(t') : t' € W;2\{t}), obtaining the regression coefficient and residue.
Then, we construct the natural plug-in estimator for the slice ((Xn;,) '(¢,t') : ¢’ € Wj ) based
on (2.3). Equivalently, this gives ((f)Nj_yz)*l(t,t’) 1t € Wjz2). Finally, Tj; is defined as the
sub-matrix of (i Nj,z)_l corresponding to indices in Bj x By, serving as our estimate for (2.
The following two-step approximation is expected to hold:

Ty = <(2Nj,2)_1>.., g ((ENj,z)_l).., (;’) Q-

Jj Jj
The first approximation (i) follows from the relatively small size of Xy, ,, which allows the
population covariance to be well approximated by its sample counterpart. The second ap-
proximation (ii) is expected to hold because, when conditioned on the variables in Z(t)’s
neighborhood, Z(t) and the remaining variables are approximately uncorrelated due to the
exponential decay property of Q € Fy,,. As a result, the regression of Z(t) on its neighborhood
or on all other variables would yield similar results. Since {2 can be interpreted through OLS
regression, as previously discussed, this supports the validity of (ii). The rigorous proof is
provided in section 5.

The idea of using nearest neighbor conditioning sets and assuming conditional indepen-
dence outside these sets is known as the Vecchia approximation [50] in spatial statistics. More
specifically, the Vecchia approximation expresses the joint density as a product of conditional
densities with reduced conditioning sets, thereby enhancing computational efficiency. This
method has been widely applied in Gaussian process regression [16, 17]. Furthermore, the
works [46, 45] implicitly form a Vecchia approximation by virtue of sparsity. For recent de-
velopments on this topic, we refer the reader to [25, 24]. Our local regression approach for
estimating the precision operator on the lattice graph can be viewed as an application of Vec-
chia’s idea, specifically tailored to statistical estimation problems. Beyond its computational
benefits, our results in this paper demonstrate that Vecchia’s idea also plays a crucial role in
constructing efficient statistical estimators with favorable sample complexity.

3. Precision estimation for Gaussian processes. This section studies precision estimation
for Gaussian processes in the general setting of Assumptions 2.1 and 2.2. We first present
two lemmas that characterize the essential properties of the precision matrix being estimated.
These properties were established through a series of works by H. Owhadi and C. Scovel in the
context of operator-adapted wavelets, fast solvers, and numerical homogenization [37, 38, 39].
Leveraging these results, we proceed to prove our first main result, Theorem 2.3.

Lemma 3.1 (Lemma 15.43 in [39], Proposition E.1 in [11]). Suppose that Assumptions 2.1
and 2.2 hold. There exists a constant C' depending only on || L], | E_IH ,d,s, and 0 such that
C—lhd—25 < )\max(Q) < Chd_QS,
Cilhd < Amin((2>7
C Thi 25 < <Ch¥2%, 1<i<M.
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Remark 3.2. In our notation, Q = h?A, where A is the stiffness matrix in [39, Lemma
15.43]; see [39, Example 4.5].

Lemma 3.3 (screening effect, Theorem 9.6 in [39]). Suppose that Assumptions 2.1 and 2.2
hold. Let w~N(0,L7Y). For i< j, the conditional correlation between u(x;) and u(z;) given

u(zxy) for L#1,j satisfies

Cor(u(ar), u(z)luee), £ #1,5)| = —ol_ < gem¢ =il

Vit
where the constant C depends only on |L||,||£L71||,d, s, and 6.

We are now ready to prove Theorem 2.3. The core idea of the proof is to relate the homo-
geneously scattered observation locations {J:Z-}i]\il, as described in Assumption 2.2, to a regular
lattice in the domain D = [0,1]¢ by using Hall’s marriage theorem [19]. This formalizes the
heuristic that “homogeneously scattered points” can be treated as approximately equivalent
to “points on a regular lattice.” Specifically, we apply Hall’s marriage theorem to establish
Claim I below in the proof of Theorem 2.3, which shows that each scattered observation
location can be matched to a nearby point on a slightly larger regular lattice with minimal
geometric distortion.

This geometric matching preserves key structural properties, i.e., the exponential decay of
correlations, ensuring that the original problem retains its essential statistical features under
this transformation. As a result, we are able to reduce the original estimation problem to that
of estimating a slightly enlarged precision operator {2 on the lattice. We then verify that the
estimation of  falls into the framework of precision operator estimation on the lattice graph,
as developed in subsection 2.3 and section 5. Finally, we apply Theorem 2.8 and Remark 2.9
to complete the proof.

We first recall the graph-theoretic formulation of Hall’s marriage theorem [19]. Let G =
(X,Y,E) be a finite bipartite graph with bipartite sets X and Y and edge set E. For any subset
W C X, let Ng(W) denote its neighborhood in G, i.e., the set of all vertices in Y that are
adjacent to at least one vertex in W. An X-perfect matching is a matching (a set of disjoint
edges) which covers every vertex in X. Hall’s marriage theorem provides a necessary and
sufficient condition for the existence of an X-perfect matching in the bipartite graph G.

Lemma 3.4 (Hall's marriage theorem [19]). There is an X-perfect matching in G = (X,Y,E)
if and only if for every subset W C X, Card(W) < Card(Ng(W)).

Proof of Theorem 2.3. Let p be a positive integer to be determined later. Following the

notation in subsection 2.3, let Gg, = [p] x [p] X --- x [p|] be a d-dimensional lattice where
[p] ={1,2,...,p}. For every t = (t1,ta,...,tq) € Gqp, we define
t t t t
Yt 1= :( ! s 2 geeey d >€D:[0,1]d
p+1 p+1 p+1 p+1

We claim that the following holds.
Claim I: There is a constant ¢; > 0 depending only on d and § such that if p > C%h, then
there exists A C G4, with Card(A) = M, and a bijection 7: A — {1,2,..., M} such that

. — <h.
(3.1) max [[Tx(z) — ye| <h
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We prove Claim I by applying Hall’s marriage theorem (Lemma 3.4). We construct a
bipartite graph G = (X,Y, E) with bipartite sets X={1,2,...,M} and Y =G;,. The edge set
E of the graph is defined as

(i,t) EE <= |lx; —ye]| <h, ieX teY.
Observe that in our setup, if h > [ﬁ, then for every subset W C X, it holds that
h )/ h
(3.2) Card(Ng(W)) 24 Card(W) <1> / <5h> = Card(W) (6h(p + 1))d,
p+1

where in the first inequality we used two facts: (I) a volume argument shows that the degree

of i € X is roughly (--)¢, provided h > ﬁ; (IT) by Assumption 2.2(3), the degree of

p+1

t € Y is bounded above by (%)d up to a constant depending on d. From (3.2), if we take
p= [C%h} for a sufficiently small ¢; € (0,1) which depends only on ¢ and d, then h > ﬁ
and Card(Ng(W)) > Card(W) for every subset W C X. By Hall’s marriage theorem, there is
an X-perfect matching. From our construction, every vertex ¢ € X is only connected to t € Y
satisfying ||y; — ;|| < h. The X-perfect matching gives the desired subset A C'Y = G4, and
bijection 7 between A and X, and so Claim I follows.

We denote by A¢ the complement of A in G4,,. Based on the set A C G4, and the bijection

m, we define a precision operator Q = (@(t,t)); pegap) on the lattice Gg, by

Qw(t)w(t’), t,t, 6 A,
Ot t') = Lyeyy, 1€ A
0, tcAt'cAcortec A5, t' € A,

where 1g denotes the indicator function of the set S.

We denote by | 4 the restriction of Q to the Cartesian product space A x A. Observe that
Q|4 can be interpreted as a permuted version of 2, while  can be viewed as |4 extended
by padding with an identity operator on A¢. Given A and 7, estimating € is equivalent to
estimating Q4. Next, we show that estimation of { aligns with the framework of precision
operator estimation on the lattice graph, as established in subsection 2.3 and section 5. We
then apply Theorem 2.8 and Remark 2.9 to complete the proof of Theorem 2.3.

We first verify the exponential decay property of the precision operator 2 on the lattice.
For any ¢t € A°, it holds that 3, ;s 55 [@0(¢,1')| =0 for k> 1. For any t € A and k > 8vVd/cy,

it holds that
_ @
> et = > |ty ()]

vl =t >k vy —yilh> -5

(ii)
Z 12 (ym ey

. Kk
t'EA-Hyw—ytHzm

(iif)
< > () ()

tleA:HIw(t’)_Jfﬂ'(t) (1> va

INE:
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where (i) follows from the definition y, = ¢/(p + 1),yp = t'/(p + 1), W(t,¥') = Qr(yr(ey for
t,t' € A, and @(t,t') =0 for t € A, ' € A% (ii) follows by ||ye — yell1 < Vd|lye — vel|; (iii) follows
by applying triangle inequality and (3.1):

|Zx(ry — el 2 Ny — yell = l|2ry — well = |y — v
k k C1 > (Clk ) Clk

UL, T L — T A
~ Vdp+1) (\/& L+cih ~\2vd S

We then apply Lemma 3.3 and use the fact that Qr()rq) < ||| for all £ € A to obtain
that

> 1 (ym(er)|

VEA |z~ |2 T leh
_ Z ‘Q (t)m(t") ‘ \/Q Q

- &) ()2 em(t)m(t)

VEA T r oy =T (o) |2 S5 \/Qﬂ(t)ﬂ Qw(tl ()

<l > CeC ™ Iwmwn=axl/h

clkh

tleA ”IE.A.(J,I) (E,((f) H>

<ClQ] Z Z e~ C @ ==/

_ . c1th ey (£41)h
¢ kt’EA-Hmﬂ(t/)*xw(t)HE(41¢g, 12\/5) ]

<cloy et > 1
l=k

. c1th cp(£+1)h
t €A |2 r ey~ |€( 5, o]

o0
—C1 a2 pd—
Sl e et
Slfe*,

where ¢ > 0 is a constant depending only on || £||,||[£7}|,s,d, and §. Therefore, we have so far
shown that for any t € A and k > 8\/&/01,

(3.3) > @t SlQle* = 19Qlalle < [|Qfje*
|t =t >k

For the condition number of 2, we have from Lemma 3.1

(34)  w(@ =212 = (120l v 1) (1@ VL) = (12l v ) (Jo ) v L) Sh=>.

To estimate €, we additionally draw N samples {WW,, })\_ 1'351 "N(0, Icard(a<)) and concate-
nate them with the original data {Zn}n | to form new samples {Z Y, where Z,, = (Zy,, Wy,)
for 1 <n < N. Consequently, {Z,}N_, S0, Recall that p = [z 1= 1/h. Combin-
ing the exponential decay property of the precision operator (3.3) and the polynomial growth
of its condition number (3.4), a straightforward application of Theorem 2.8 and Remark 2.9
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implies that there are three constants C1,Cs,C3 > 0 depending only on r,6,d, s, ||L]], ||£7!]]
such that if

N > Cqlog?(N/h),
then there exists an estimator 6 = 62(21,22,...,21\/) such that with probability at least
1 — Cy(hlog(N/h))9" exp(—(r + 1)(log N)?

= _ 1/2
20y _, (log'v/m))"
[ A

which implies

. . tog?(v/m) | tog?(v/m) |
1@)a - 2Ll <10 - QY < )2 (N) S <N> ,

where in the last step we used that ||| = ||Q]a]| V 1< ||| 4] = ||2]|. Since Q|4 is a permuted
version of 2, and so estimating 2|4 is equivalent to estimating €2, the proof is complete. M

Remark 3.5. When applying Theorem 2.8 in the context of Theorem 2.3, we set the block-
size parameter b = [log(Nk(£2))] < log(N/h). For practical implementation, b can be set as
b= [colog(N/h)], where ¢y may be taken as a fixed constant or chosen empirically through
cross-validation [2, 5].

Remark 3.6. Besides its statistical advantage, our estimation procedure is also efficient
from a computational perspective, because it is defined by combining local estimators. In
particular, for the estimator constructed in section 2.3—which estimates the precision operator
on the lattice graph—each local estimator Tj; involves computing the matrix Yy, , and taking
its inverse. A naive implementation of this step incurs a computational cost of

O(N (b2 + (b%)3) = O(Nlog?d(N/h) 4 log3(N/h)) = O(N log??(N/h)) = O(N log?(MN))

under the setting of Theorem 2.3. Here, we have used the assumption N > C} log?(N/h) and
the relation M =< h=%. Aggregated over all M such local estimators, the total computational
cost is approximately O(MNlog??(MN)). For comparison, constructing a full sample co-
variance matrix of size M x M from N samples incurs a cost of O(M?N), and inverting the
matrix requires an additional O(M?3), leading to a total cost of O(M2N + M?). While our
O(MN log?*(MN)) may not be the optimal computational complexity, we believe it remains
practical in many scenarios, particularly due to its localized nature and potential for parallel
implementation.

Remark 3.7. Hall’s marriage theorem provides a rigorous and elegant way to crystallize the
intuition that “homogeneously scattered points” are approximately equivalent to “points on
a regular lattice.” This matching idea may also be useful to analyze other problems involving
homogeneously scattered points. In many cases, the analysis is more tractable when the
points are arranged on a regular lattice. Our matching technique provides a geometric bridge
between the scattered and lattice settings, potentially enabling a reduction of the scattered
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case to the lattice case. This strategy is employed in our proof of Theorem 2.3 for estimating
precision matrices. We conjecture that this approach may help simplify certain arguments in
the literature —for example, in establishing exponential decay of correlations— and we regard
this as an interesting direction for future research.

4. Cholesky factor estimation. In the general setting of Assumptions 2.1 and 2.2, this
section focuses on estimating the Cholesky factor of {2 under the maximin ordering of obser-
vation locations formalized in Assumption 2.6. We begin by reviewing the background on the
hierarchical structure induced by the maximin ordering, as described in [46]. Next, we pres-
ent a block-Cholesky decomposition formula in Lemma 4.2 and a bounded condition number
property for the diagonal block matrices in Lemma 4.3, both of which were established in [46].
With these results, we construct estimators for each block in the Cholesky factorization. By
invoking Theorem 2.3 and combining information across all scales in the hierarchical structure,
we establish our second main result, Theorem 2.7.

As illustrated in [46, section 5.2, Figure 3.5], the maximin ordering has a hidden hierar-
chical structure: the successive points in the maximin ordering can be grouped into levels, so
that the Cholesky factorization in the maximin ordering falls in the following setting.

Ezample 4.1 (Example 5.1 in [46]). Let ¢ € N. For h,d € (0,1), let {z;};c;00 C{i}ieren C
-+ C {Zi};cp@ be a nested hierarchy of points in D that are homogeneously distributed at
each scale in the sense that, for k € {1,...,q}, the following hold:

(1) sup,ep minge e ||z — ;]| < h¥;

(2) mingeyw infreop ||z — 4| > Sh;

(3) min; jerwinj | — x| > oh*.

Throughout this section, we set the parameter h = 1/2. Let JU .= 1MW and JW .=
TWNTHR=D) for k € {2,...,q}; then we get a partition of I = {1,...,M}, ie., I = I =
Ulgkgq J*) . Note that IH) = Ur<w <k J) . We represent M x M matrices as ¢ x g block
matrices according to this partition. Given an M x M matrix W, we write Wj; for the
(k,0)th block of W and Wy, .k, 1,1, for the sub-matrix of W defined by blocks ranging from k;
to ko and Iy to ls. We interpret the {J(k)}1<k<q as labeling a hierarchy of scales with J
representing the coarsest and J(@ the finest. The finest scale h = h? = 277 is determined by
the observational scale, so that ¢ < log(1/h). We emphasize that the hierarchical structure
in Example 4.1 follows directly from Assumptions 2.2 and 2.6, along with the relation ¢ =<
log(1/h), rather than from introducing an additional assumption.

Under the nested hierarchy presented in Example 4.1, we define

W =Sy, QW =nET for 1<k <g,

where X(5):=1 denotes the inverse of ¥*). For any A € I, we set |A| := & if and only if A € J*),
To relate our setting to [46], we define

(4.1) 6:=D7'2D!, D:=diag (h_d‘WQ:)\EI)
and
0w .= D=1k p)~1 B .— Jiag (hfdw/z e I(kz)) 7

(4.2) AR —e®—t gl .— A o 1< k<.

)
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The following block-Cholesky decomposition of © plays a crucial role in establishing the
exponential decay of Cholesky factors and proving rigorous complexity bounds for sparse
Cholesky factorization in [46]. It also serves as the foundation for our statistical estimation
of the upper-triangular Cholesky factor of 2.

Lemma 4.2 (Lemma 5.3 in [46]). We have © = LDL", with L and D defined by
-1

B(l),fl 0 0 Id 0
. . — 2 . :
Do 0 B@.-1 . : I B®@:, ‘1A;7% - 0
: . . ',71 ,—'1 (9) ' —1 4(a) '
0 0 ... BW B@=A% ... B Aq b1 Id

In particular, if L is the lower-triangular Cholesky factor of D, then the lower-triangular
Cholesky factor L of © is given by L = LL.

Notice that for k>2, B®)~1 can be interpreted as conditional covariance [46, (5.21)]:

_ _ -1 k k k -1
Bk = <(@(k)’ 1)k,k> = @gﬂl)g - @l(c,%:k—l (95;12—1,1;/&—1) @g:lz—uc

k k k 1k
= % (Eii El(cik 1 <2§:13;—1,1:k—1> 2§:13;-1,k;)

= h¥* Cov (u(:r:l),z e J®) | u(zy),ie I(k_1)> :

One of the key properties of block Cholesky factorization in Lemma 4.2 is that B*)—1 ig

well-conditioned, as stated in the following lemma. We recall that » =1/2 in this section.

Lemma 4.3 (Theorem 5.8 in [46], Theorem 5.18 in [39]). There exists a constant C' depending
only on || L], HE 1“ d,s, and é such that the following hold:
C-1h-20-Ds1d < B0 < k1,
2. n;( (k)) = cond(B®)) < Ch=2s,
Before proving Theorem 2.7, the next proposition constructs estimators for B¥) and its
lower-triangular Cholesky factor and establishes high-probability bounds on the estimation
error. We defer the proof of Proposition 4.4 to the end of this section.

Proposition 4.4. For 1 <k < q and any r > 0, there are three constants C1,Co,C35 > 0
depending only on r,0,d,s, || L], |L7Y| such that if

N > Cyk*log?(N/h"),

then there exists an estimator B(*) such that with probability at least
1 — Co(hFlog(N/h*)) ¥ exp(—(r + 1)(log N)9),

B(*) s positive definite and

= 1/2 . _ 1/2
|B® —B®)| _ ., (log"(V/h") |(B®) - B®Y . (log!(N/hF)
[B® =7 N ’ G T
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=5 1/2 ol T 1/2
|28 LB <oy k?log(N/h") I(LW) = LW e k?log(N/h*)
HL(’“ [ N ’ IZE-=1] - N ’

where L(k) L(k) are the lower—tmangular Cholesky factors of B):—1, (é(?))*l, respectively; i.e.,
Bk),—1 L(k)( LONT and (B(k)) Lk )(L(k)) )
Now we are ready to prove Theorem 2.7.

Proof of Theorem 2.7. From Lemma 4.2 and our definition (4.1),
Q=x"1=D'e D '=D 'L "D LD =D LT L L D = UUT,

where U = ( -11-1pD- 1T is the upper-triangular Cholesky factor of (2. Further, let z(k)
be the lower-triangular Cholesky factor of B*):=1 je., Bk):—1 — L(k)(L(’C))T. Then, L =
diag(L®) : 1 < k < q) is the lower-triangular Cholesky factor of D. From Lemma 4.2, U
admits the form

hs L1 0
Ul —I-1[-1D-1— hg(f@))TAg% RET2)-1 0
h%(f(q;)TA(q) e 1)4( ” ))TA(q) s L.( -
q71 cee o .
B L1 ;
h—E(E(2))TQ$) RET(2)-1 0
h_q?(L(q))TQfﬂ h_%(L(Q))TQEﬂ;—l T (@)1

where in the last step we used A®) = DEQE DF) for 2 < k < ¢ by (4.2), so the (k,{)th
(2<k<ql<i<k-1) block of U is equal to

d(k+l)

(UT)k’,l = h%(z(k))TAl(c]fl) = h%(z(k)) h™ Q(k) h_%(z(k))TQl(c]?l)a
which can be expressed compactly as
(U )k =h"F(EM) T, |, 2<k<q

Here, Q) is the precision matrix with observation resolution h = h¥. By Theorem 2.3,
Remark 2.9, and Proposition 4.4, for 1 < k < ¢ and any r > 0, there are three constants
C1,Cy,Cs >0 depending only on r,8,d, s, ||£]|,||£7|| such that if

N > C1k*log(N/hF),

then there exist estimators Q(’“),E(k) such that it holds with probability at least

1 — Cy(h*log(N/hF)¥ exp(—(r + 1) (log N)%)
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that
— _ d w\ Y2 d o\ 1/2
@3) 20 - oW <Gyl (W) s (W) ,
— . 2100l (N /YN Y2 21 dy sk V2
(@) JZ0 - IO <G IW) <’”ngN/’”> < Cun (“ngN/hU |
(4.5)
= 2 d k 1/2 _ 2 d k 1/2
(W)~ Z® 1H<O\L’f>1u<‘”0gNW’”) gcws(klogN(N/h)) |

where we used || Q®) || < B¥(d=29) by Lemma 3.1 and ||L®)|| = /|| B®-—1|| < h¥s and | L*F)—1|| =

VIIB® || < b= by Lemma 4.3.

Now we define our estimator U for U in a blockwise manner:

(UT)klk 1 —h_i( (k)) QW) 11, 2<k<gq,
(UM =h% (IT0), 1<k<q.

By the triangle inequality, we have that
N0kt — (U ]l B NEE) T @) 11 — T TQE,
_kd ~ k =
#(1E9YTI (), - O+ IED)T = E) I EP )il

<% (IEWIAD - a®)+ 10 - IO (150 - a®] + 1901 )

1/2
(4'3)%(4'4) h—— hks hk(d 2s) <k21(ygd(]\f/hk)> 2+ (kﬂogi&;\m)

N

1/2
~ k*log®(N/h*
(4.6) < Cshha2=) <Og ](V / )> .

For the block matrix on the diagonal (1 <k <gq), we have

/
= kd, <1 ~on 4 (45) o L L2 logd N/hk
(A7) O s — (U il = B (L)~ — L1 < Cyn@/2 )<](V/) '

We are now ready to bound H(}-:r —U'"|. We will repeatedly use the following spectral
norm inequalities for block matrices:
X
Y

(4.8) X YII< X[+ 1Y, ‘ < [1X [+ 1Y
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Since |[UT || = /[|Q] =< h?(@/2=5) we have

Ur—uT —
HHUTIIHth —42)uT —UT|
A 7 T
< bt S IO kaw = (Ul
k=1
(4.8)

q — —
< RIS (1O kot = U D4 10 s = O i)

.~ < k2log?(N/hF) Y
pa(s—d/2) ;(04 + C5)hFd/2=9) —

< (Gy+Cs) (q IOgJE[N/hq)) (i h(qk)(sd/?))
=1

1/2
_ (Lo v\
~ N *

(4.6)+(4.7)
<

The probability that all of the above inequalities hold (at all scales k € [1,¢q]) is at least

£S

1= Co(hFlog(N/h™))* exp(—(r +1)(log N)?)
k=1

q
=1— Cyexp(—(r+1)(log N)%) Z RM" (log N 4+ klog 2)%"
k=1
~ q
>1— Cyexp(—(r +1)(log N)%) Z R*4r((210g N)¥ + (2k1og 2)9T)
k=1
>1— Cyexp(—r(log N)9),

where in the last line we used that >.¢_ p*" < C(d,r), > 1_, h*rkd" < C(d,r), and
exp(—(log N)4)(log N)9" < C(d,r), where C(d,r) is a constant depending only on d and 7.
Recall that h=h?=2719i.e., ¢ <log(1/h), and so the proof is complete. [ |

Proof of Proposition 4.4. First, for 1 <k < g, we have

B(k)ZAgfl)g:(@)(k)’_l)k,k ( DEO®p (k))k Zh_de;(f;)g-

)

Since Q) _is the precision matrix at observational scale h = h¥, Theorem 2.3 provides
an estimator Q%) such that if N > C log?(N/h¥), then it holds with probability at least
1 — Cy(h*1log(N/hF))¥ exp(—(r + 1)(log N)?) that

— 1/2
120 — ®) _ = (g (/)
Q@ = N '
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We define
BH —h (Q )kk
Then,
1B® = B®|  [(Q®)ex = _ Io® —®)|
k - k — k
IB®] [[3A 12
1/2 1/2
<& 19®)]] (log?(N/LF) <& log?(N/h*) ..
iy 3 (k;) N = 4 N - B(k)a
1€, &

where the last step follows by Lemma 3.1 and the diagonal entries of Q*) are of order (h*)4-23,
k _
so [l 2 ()2 < a®).
Suppose N > 4x%(B®)(Cy v C3)log?(N/h*). Then, x(B®)epu <1/2 and
— — 1
)‘min(B(k)) 2 )‘min(B(k)) - HB(k) - B(k)H 2 )\min(B(k))(l - “(B(k))5B<k>) 2 5)‘min(B(k)) >0,
and hence E(;) is positive definite. By Lemma 4.5,

——

- - 1/2
I(B®) ! = BO _ k(BWepw o gy, (log /D) T
IBO S 1= a(B®)epe N

—

Since B*):~1 and (B®))~! are positive definite, we consider their Cholesky factorization

—

Bk),—1 _ T.(k) (E(k))T and (B®)~1 = Z<k>(Z(’<))T. By Lemma 4.6,

0] (5 -y (BB = B0
W < (2 log, (size(BY)) + 4) k(B ) [BR—1|
- (10gd(v/nt)\
<4 (logQ(size(B(k))) + 2) K*(BM)Cy N

l

1/2
k21log?(N/h¥) /
<Cs N =lET

where in the last step we used h = 1/2, size(Bjk))) = hkd k(B®) < h=? =< O(1) by
Lemma 4.3. Again, suppose N > 4x2(L"0))(C; v C2)k? log?(N/h¥). Then, n(L(k))si(k) <1/2
and by Lemma 4.5,

——

_ B _ 1/2
@@ =IO s(EW)eza, = (’W)/

— — < 2k(LM N
||L(k)’71” 1 _“(L(k))gim = 2l )G N

To conclude the proof, notice that the constants

Cr = (4&2(3(]“))(6'1 v 52)) v (4&2(z(k))(51 v 552)) , Cyi=Ch,
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Oy = (%(BW)@) v (zn(ﬂk))@)
depend only on 7,8,d, s, ||L]|,||[£7!]|, as desired. [ ]

We now state two matrix perturbation bounds used in the proof of Proposition 4.4. The
proofs can be found in Appendix A.

R Lemma 4.5 (perturbation bound for matrix inverse). Suppose B and B are invertible and
I|IB— B| <||Bl|lep with k(B)ep < 1. Then,

I(B)" ~ B~ _ _n(B)es
| B—1| ~1—k(B)eg’

Lemma 4.6 (perturbation bound for Cholesky factorization [13, 14]). Let B,B € RMxM p,
positive definite matrices, and let B = LLT,B=LL" be their Cholesky factorization. Suppose
that |B — B|| <||Bllep. Then,

IL— L]

M < (2logy M + 4)k(B)ep.

Remark 4.7. In this remark, we discuss how the factor log(1/h) which appears in our bound
for Cholesky factor estimation in Theorem 2.7 can be removed when estimating instead a
modified block Cholesky factor. Recall from Lemma 4.2 that © = L*(L*) T, where L* = LD'/?
is a block lower-triangular matrix. Since € is a rescaled version of ©7!, it follows that Q =
U*(U*)T, where U* is a block upper-triangular matrix. We claim that the estimation rate for
U* does not include the extra logarithmic factor. The key observation is that the perturbation
bound for the matrix square root does not involve any logarithmic factor, contrasting with
the perturbation bound for Cholesky factorization in Lemma 4.6. Applying a Lipschitz-type
estimate for the matrix square root [44, Lemma 2.2] gives that

5 1 = 1 ~ ~
IVB-VB| < ——— 1B =Bl < ———|B - B = V[BT|B - B].
)\min(B) + \ Amin(-B) min )

which implies

(49) IVB-VBI _ VIBTB =Bl _ /-sIB - Bl
[2Z] — 1B 1B
Based on_this perturbation bound, a snrnple modification of the proof of Theorem 2.7 shows

that if L( ) and (L®)~1 are replaced by (B B ))—1/2 and (B B))1/2  respectively, and (4.9) is
used in place of Lemma 4.6, the resulting estimator U* for U* satisfies

— . J 1/2
|U* = U] _ (log®(N/h)
o=~ N

with high probability. Thus, we have derived a bound for estimating U* which agrees with the
bound for estimating the precision matrix €2 in Theorem 2.3 and improves upon the bound
for estimating U in Theorem 2.7.
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5. Precision operator estimation on the lattice graph. This section contains the proof
of Theorem 2.8. Before presenting the proof, the next result establishes a high-probability
bound on the local estimation error || T — Q|-

Proposition 5.1. Under the setting in section 2.3, for any j,j’ € [S]x [S] % ---x[S] satisfying
i — i lloo <1, there exists some universal constant C > 1 such that if N > 4C%5%%, then for

all t > 1, it holds with probability at least 1 — e~ N/4C* — =t that

||TJJ Q| /5dbd / o 3b.
<20
142]]

Proof. First, by the triangle inequality,

~ -1
T35 — iyl = H((EN> ) — Oy
3y’

<(§NJ’2> 1>jj' - ((ENJ ) _1>jj'

The first term in (5.1) can be bounded by

(5.1)

+ ” ((ENJ-,2)_1)J.J., -y

(E52)7), - (@) = E0) -
= ||(n,.) ((z]—v}/@%ﬂz;f)l —I> (Sn,.) 2
o CRN| [CreIe
<uﬂ||H zrvjfzzvj,zzfvif )],

where the last inequality follows from [|(Zn,,) | = 1/Amin(En;,) < 1/Amin(E) = [|€2].
Note that 2]—\61222]\[”2&122 has the same distribution as £YY T, where Y € RCd(Ws2)xN

and Yj; R N(0,1). By [30, Corollary 2], there exists a constant C' > 1 such that, for all ¢ > 1,
it holds with probability at least 1 —e~* that

2;,1 < © J Vi) —V —
H 125 SR/ IH C( ard](vwg) Card(W-) ¢ t)

N'N
( 5dpd 5dbd ¢ )
<C\ % Vil v

where the last inequality follows since Card(Wj2) < 5. Suppose that N > 4C?5%%. Then,
with probability at least 1 — e~ V/4C

_ dpd 54l t 1
Am(EleZ 21/2 >1-— <\/5 v5—v,/ ) 5
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and hence with probability at least 1 — e=N/4C* — ¢~ it holds that

H ((iNj'2>_1>jj/ B ((ENj'Z)_l)J

a1
<t |(=38m.507) -

<l H —1/22N 2—1/2) &iézimzz_lﬂ _ IH

5dpd  pdpd t ot
<200 = —V =
eflfe]] (\/ VSV v Y R
5dpd t
(5.2) = 2019 (‘/N V‘/N> .

To bound the second term in (5.1), we consider the following partition of ¥ and €
5 < UNe NN ) 0 ( Oy, Doy, )
EwaNM ENJ'CJ , QNJ‘iQ’Nj’Q QNfz ’

([S] < [S] x -+ x [S])\NNj 2. Applying the formula
leads to

where we use the shorthand notation N €=
for the inverse of block matrix (Lemma 2)

—1 -1
(ENL2) = QNj,z - QijNf,z (QNf,z) QNjC,mNJ 2

Therefore,
H((ENJ.,Z)l) L~ || = (2 = g, (QNj32)*1QNjf2,Nj,2)jj/_ij,
= | (200055, ) e )
=l (s, @)™ (O )J,H
o), »mwx (o >_,J.,H
(53) <107 (i), || (225 |

where the last step follows by H(QN;?)—lH = 1/Amin(ny,) < 1/ Amin(2) = 1274, Next,
Al < | All ]| Alloo,

applying the matrix norm inequality |

2
(5.4) H QN,z,N SH(QN,-,Q,NJSQ). (QNJQ,N ) H
Js 1 .]7: 00
2
< tt <[19|2e=
< | max Yoot ] <l
82| [t—t |, >2b
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2
(55) H(QNJ 27N ) e S H QNJ 2’N (QNJ2’N ) 9
5 1 S oo
2
< tt/ <10 2 _—2b
< | mnax Yool <),
t:||t—t||1 >b

where the second inequality in (5.4) follows since for any j” € N7, it holds by definition that
Ili —3i"llc > 3, and hence only w(t,t') with ||t — |1 > 2b appears in the rectangular matrix
(O, similarly, (5.5) Tollows since for any §' € Ny, [ = loe > 15— — 3 -
Voo > 3-1= 2, and hence only w(t,t’) with ||t — /|| > b appears in the rectangular matrix
(2n¢,,N;2). - Then, it follows from (5.3), (5.4), and (5.5) that

(5.6 (= <ot e = |2l r(@)e .

Combining (5.1), (5.2), and (5.6) together gives that, for any ¢ > 1, it holds with probability
at least 1 — e N/4C" — ¢t that

T35 — Sy /5% [t 3

We are now ready to prove Theorem 2.8.

Proof of Theorem 2.8. By the definition of ﬁ,

_ — || = _ < Z _ - _ — _
12—l H2(9+Q) QH_2HQ Qf + 3187 -l =12 -l

where the last equality follows since 2 =Q7. Now it suffices to bound || — €.
Define Q1 = (w1 (t,t))s,rreg,, such that wy (t,t") =w(t,t') if t € By, t' € By and [|j—j'||oo < 1,
and 0 otherwise. Let 29 = — ;. Then,
192 = QI <12 = 2l + [[22]-
First, Q € F4, implies that

1€22]] < [[€22]l, e, < max > Jwtt) S 9l
=t >b

To bound ||Q — Q1]], we notice that for any u,v € l3(Gap) with [Ju = |jv|| =1,

[(u, (2= Q)| < > s, (Thy — Yy )vs,)|

li—i"ll<1

< > lluslllvs Ty —

li—i'llee<1
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< ((mac_imy-ogl) < [ 3|
li—i"ll<1 .o
li—i"llc<1
1
< (e 1T =0l ) < (5 30 (sl + o, )
li—i <1 2 c Y
li—i"ll<1
3d 2 2
< ”_Hal‘cllquliﬁj/—%'\\ oy > usllP+ D> sl
T e je[S]xx[S] je[S]xx[S]
=37 max_ Ty -yl

i—=i’llee <1

where we use the notation ap := (a(t))icp for any a € £5(G4,), and the prefactor 3¢ follows
from the fact that Card({j’ : [|j’ — jlloo <1}) < 3% for any j € [S] x [S] x --- x [S] Therefore,

R-ul= s [ @-00n <3 max Ty
u, €L (Ga,p ) [|ul|=|v]|=1 =il <1
and hence
6 -0 < - 0l el <3¢ (| max 1Ty - ) + e

By Proposition 5.1, if N > 4Cg5dbd, then for any t > 1, it holds with probability at least
1— e N/ACE _ o=t that

Hjjj/ Szjj/H 5bd t —3b
. < -
(5.8) il 2Co [ 1/ +,/N + Kk(Q)e 3,

where Cj is an absolute constant. Given r > 0, we set

t, :=2C) <\/5j\l;d + \/(T 1) Uog(8757)  (log N)d)> + K(Q)e .

N

Then, taking a union bound and applying (5.8) leads to

755 — el }
p | >
2 { 1€2]]

13=3" 1l <1
< gidgd (e—N/4C’§ T e—(r+1)(1og(sd3d)+(1ogN)d))

P{ e ”Tﬁ'—%'>t*]<
li-ile<t QI = 7]~

Y 5 5i3de—(r+1)log(53) +(1og N)*)
(5.9) <2(573%) T (rHDles M),

where (i) follows by assuming N > 4C3(r + 1) (log(S%3%) + (log N)9).
Combining (5.7) and (5.9) gives that if N > 4CZ (5% + (r + 1) (log(593%) + (log N)?)),
then

12 - 2

HQ” ||T].] .].] H >t, <2(Sd3d) r *(T‘Fl)(lOgN)

>34, +eb gp[ max Tl
li-ille<t [l

P
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Recall that S = [p/b]. If p >log(Nk(Q2)), by taking b= [log(Nk(f2))], we have

12— Q| (logN)?  [logp | [(logr())?
19| ZCQ(\/ N +\/N+\/ N >]

rd
<2 <10g(NK(Q))) e~ (r+1)(log N)?
p

P

)

provided that N > Cj ((log N)? +logp + (log£(2))?), where C1,C > 0 are two constants
depending only on r and d. Since ||2 — Q|| < || — ||, the proof is complete. |

We conclude this section with a lemma that was used in the proof of Theorem 2.8, which
concerns the inverse of a block matrix.

Lemma 5.2 (see [33]). For a positive definite matriz ¥ € RM*M in the block form
Y X2
¥ = ,
< Yo1 Yoo >
it holds that

_ ~1 _ _ —1
-1 (Z11 — 2122221221) P (92 — 201577 T12)
= _ - 1 _ -1 .
. W (211 — E122221221) (Zg2 — Z3212111212)

6. Conclusions, discussion, and future directions. This paper has studied estimation of
large precision matrices and Cholesky factors obtained by observing a Gaussian process at
many locations. We have shown that, under general assumptions on the precision operator and
the observations, the sample complexity scales poly-logarithmically with the size of the target
matrix. To address the challenge posed by the ill-conditioning of the precision matrix, we
proposed an intuitive local regression technique on the lattice graph to exploit the approximate
sparsity induced by the screening effect. For Cholesky factor estimation, we leveraged a block-
Cholesky decomposition recently used to establish complexity bounds for sparse Cholesky
factorization.

Several questions arise from this work. As mentioned in the discussion of Theorem 2.7,
the upper bound in Theorem 2.7 includes a logarithmic factor log(1/h) not present in Theo-
rem 2.3. While this additional factor can be avoided when estimating instead a modified block
Cholesky factor (Remark 4.7), a natural question is whether it can be eliminated directly in
Theorem 2.7. We conjecture that this could be achieved by integrating into our estimator a
more efficient grouping procedure based on geometric information. The concept of supernode
from computational perspectives [46, 45] may offer valuable insights in this direction.

In this paper, we focused on the case where data consist of Dirac-type measurements of
Gaussian processes (i.e., pointwise observations), but our estimation procedure readily extends
to other types of local measurements, such as local averages [39, Example 4.4]. Throughout
the paper, we assumed s > d/2 to ensure that the elements of HS(D) are continuous and
that pointwise evaluations of the Green’s function are well defined. For s < d/2, our es-
timation framework can be adapted by replacing pointwise evaluations with local averages,
accommodating cases where data consist of local averages of random fields.
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Our estimation theory crucially relies on the exponential decay properties of the precision
matrices established in [37, 38, 39] for integer s. For non-integer values of s (e.g., when £
is a fractional Laplacian), numerical experiments in [46] suggest that the exponential decay
property still holds; see also [39, Remark 24.1]. The recent work [4] establishes localization
results for fractional partial differential operators using the Caffarelli-Silvestre extension, sup-
porting this hypothesis for s = 1/2. These results immediately facilitate statistical estimation
of precision matrices and Cholesky factors in such cases.

An important avenue for future research is to investigate precision operator estimation
under continuous functional norms, beyond the operator norm on the lattice graph we con-
sidered. As noted in [1], the infinite-dimensional operator estimation problem lends itself
naturally to consider norms that account for the smoothness of Gaussian process data. An-
other direction for future work concerns fast simulation of Gaussian processes. While our focus
has been on studying the sample complexity of estimating precision and Cholesky factors, the
proposed local regression estimator is also expected to significantly enhance computational ef-
ficiency in downstream tasks, including sampling, transport, and other numerical simulations
[35, 21, 20, 29, 26].

Appendix A. Proofs in section 4.
Proof of Lemma 4.5. Note that

z, . IB) - BT _ (BB~ BB
1B~ 1B

<IB)~MIB = Bl < I(B)~ | Blles

and
IB) M <IB7H+(B) " =B =IIB[(1+25).
Combining the two inequalities gives
2 < |B7U(1 +25)Bles = w(B)ep(1 +E5),
and therefore

- k(B)ep
< ———MF——
°B = 1—k(B)ep u

Proof of Lemma 4.6. Let B := B — B and 6L := L — L. Then,
B+6B=(L+06L)(L+6L) =L(I+W)L",
where W = L™ (§B)L ™" satisfies the “normalized” equation
T+W=(I+LL)(I+L10)".
It follows that

W=L1'L+ (L L)" + (L7 'L)(L76L)T,
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and (L™*6L);; = (L™ L — 1) > —1 for all 1 <i < M. By [14, Theorem 3.1],

lL-tor |25 ow M s
W~ [L76L+ (L-16L) T + (L ToL)(L-1sL) | ~ %2 '
Consequently,
IL—L[ _ |I6L]

7 T

8] T

[10] T
]y

[12] N

[13] Z.

[14] A

[15] J.

[16] R.

17 R

[18] J.

[19] P.

<|LTHOLI| < (2logy M+ 4)[|W | < (21ogy M +4) | L7 |?[|6B]|

[
= (2logy M +4)|| B |[|6B|| < (2logy M + 4)k(B)ep. M
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