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This paper establishes sharp concentration inequalities for simple random tensors. Our theory unveils a 
phenomenon that arises only for asymmetric tensors of order p ≥ 3: when the effective ranks of the 
covariances of the component random variables lie on both sides of a critical threshold, an additional 
logarithmic factor emerges that is not present in sharp bounds for symmetric tensors. To establish our 
results, we develop empirical process theory for products of p different function classes evaluated at p
different random variables, extending generic chaining techniques for quadratic and product empirical
processes to higher-order settings.
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1. Introduction 

This paper establishes sharp bounds for the operator-norm deviation of the sum of simple (rank-one) 
random tensors from its expectation. For integer p ≥ 2 and each 1 ≤ k ≤ p,  let  X(k), X(k) 

1 , .  .  .  , X(k) 
N be

i.i.d. centered sub-Gaussian random variables in a separable Hilbert space H(k) with covariance operator
Σ(k). Our first main result, Theorem 2.1, shows that, with a standard notation described below, 

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥ �p

( p∏
k=1

‖Σ(k)‖1/2
)

EN

(
(Σ(k) )

p 
k=1 

)
, 

where 

EN

(
(Σ(k) )

p 
k=1

)
:=
(∑p 

k=1 r(Σ
(k) ) 

N

)1/2 
+ 

1 
N 

p∏
k=1

(
r(Σ(k) ) + log N

)1/2 
, r(Σ(k) ) := 

Tr(Σ(k) )

‖Σ(k) ‖ . 

We also obtain corresponding qth moment bounds for q ≥ 1. In addition, Theorem 2.1 establishes 
a matching lower bound in the case of independent Gaussian data, demonstrating the sharpness of the 
result and showing that the logarithmic factors are, in general, unavoidable. When p = 2, our result yields
a sharp dimension-free concentration bound for the sample cross-covariance operator of sub-Gaussian
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2 J. CHEN AND D. SANZ-ALONSO

random variables X(1) and X(2), without imposing any assumptions on their correlation structure:

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ X(2) 

i − EX(1) ⊗ X(2)

∥∥∥∥
�
(‖Σ(1)‖‖Σ(2)‖)1/2

((
r(Σ(1) ) + r(Σ(2) ) 

N

)1/2 
+ 

(r(Σ( 1))r(Σ(2)))1/2

N

)
.

To prove Theorem 2.1, we introduce and develop the theory of multi-product empirical processes. In
our second main result, Theorem 2.2, we leverage generic chaining techniques to obtain a sharp in-
expectation bound on 

sup 
f (k)∈F (k),1≤k≤p

∣∣∣∣ 1 
N 

N∑
i=1 

p∏
k=1 

f (k) (X(k) 
i ) − E 

p∏
k=1 

f (k) (X(k) )

∣∣∣∣
in terms of quantities that reflect the geometric complexity of the function classes F (k), 1  ≤ k ≤ p ,
which are taken to contain bounded linear functionals on the corresponding Hilbert spaces H(k) in the
proof of Theorem 2.1. 

1.1 Main contributions and outline

This paper further develops the study of sharp concentration of simple random tensors initiated in [2]. 
While the analysis in [2] is limited to symmetric tensors, this paper generalizes the theory to asymmetric 
tensors. In so doing, we uncover a new phenomenon that only arises in the concentration of asymmetric 
tensors of order p ≥ 3. To establish our results, we investigate a more general type of empirical process
than [2], for products of p different function classes evaluated at p different random va riables. A key
technical contribution is Theorem 4.5, which establishes a sharp uniform bound on the �2-norm of the 
product of the coordinate projection vectors associated with the different function classes.

The proof of Theorem 4.5 is based on generic chaining across multiple function classes and builds
on ideas of Mendelson [25] for controlling multiplier and product processes. The main new difficulty is 
that we must handle heterogeneous classes F (1), .  .  .  ,F (p) evaluated at different random variables, and 
exploit the resulting multilinear structure to carry out a coordinated chaining argument across the classes. 
A crucial step in controlling the increments is to incorporate �∞-norm bounds on the relevant coordinate 
projection vectors at appropriate stages of the chaining argument; this introduces polylog(N) factors. 
While these terms may appear crude at first glance, they are in fact sharp and unavoidable in general. 
In particular, even if some class F (k) is ‘simple’ in a global complexity sense, its contribution t o the
overall bound must still include at least a term that reflects its largest coordinate fluctuation in �∞. This
viewpoint provides a principled way to understand the behavior of products of coordinate projection
vectors across heterogeneous classes (F (k))

p
k=1 and different underlying random variables—an effect

that is not captured by the approach in [2]. Remarks 2.1 and 2.3 further discuss how the results and 
techniques in this paper differ from those in [2]. 

In the special case p = 2, our results yield a new dimension-free concentration bound for the
sample cross-covariance operator; see Remark 2.1. Cross-covariances are a core building block in many 
procedures, including principal component methods, canonical correlation analysis and more broadly 
in the estimation of second-order structure in multivariate or functional data. Obtaining dimension-
independent deviation bounds is particularly valuable in high- or infinite-dimensional regimes, where
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 3 

classical bounds scale poorly with the ambient dimension and become uninformative. Our estimates 
provide a useful theoretical tool for such settings. More generally, we anticipate that Theorem 2.1 may 
have applications in various tensor-related statistical problems [4, 10, 21], including tensor estimation
[12, 17], tensor completion [37, 38], tensor regression [20], and tensor singular value decomposition [39, 
40]. Our results may also be useful for independent component analysis, where estimation of fourth-order 
moment tensors (kurtosis) plays a central role [5]. Beyond tensor methodology, our findings may inform 
work in ensemble Kalman methods for inverse problems and data assimilation [6, 11, 32], learning theory 
and empirical risk minimization [15], and the method of moments [33], with potential applications to 
cryo-EM and multi-reference alignment problems [7, 14, 29]. 

Section 2 states our two main results and discusses related work. We study the concentration of
simple random tensors and multi-product empirical processes in Sections 3 and 4, respectively .

1.2 Notation 

Given two positive sequences {an} and {bn}, we write an � bn to denote that an ≤ cbn for some absolute 
constant c > 0. If both an � bn and bn � an hold simultaneously, we write an 	 bn. If the constant c 
depends on some parameter τ , we use the notations an �τ bn, bn �τ an, and an 	τ bn to indicate this 
dependence. We denote the unit Euclidean sphere in Rd by Sd−1 := {u ∈ R

d : ‖u‖�2
= 1}. For a vector

x = (xi)
N
i=1 ∈ R

N , we denote by
(
x∗

i

)N
i=1 the non-increasing rearrangement of

(∣∣xi

∣∣)N
i=1.

2. Main re sults

Here we state the two main theorems of the paper and compare them with existing results. Subsection 2.1 
focuses on the concentration of simple random tensors and Subsection 2.2 focuses on multi-product 
empirical processes.

2.1 Concentration of simple r andom tensors

For integer p ≥ 2 and 1 ≤ k ≤ p,  let  (H(k), 〈·, ·〉H(k) , ‖ · ‖H(k) ) be a separable real Hilbert space, and let 
X(k) be a centered H(k)-valued random variable. Suppose that E|〈X(k), v〉H(k) |p < ∞ for all v ∈ UH(k) := 
{v ∈ H(k) : ‖v‖H(k) = 1} and let X(1) ⊗ · · · ⊗  X(p) be the m ultilinear form

(X(1) ⊗ · · · ⊗  X(p) )(v1, .  .  . , vp) := 〈X(1), v1〉H(1) · · · 〈X(p), vp〉H(p) , ∀ (v1, .  .  .  , vp) ∈ H(1) × · · · × H(p).

Thus, X(1) ⊗ · · · ⊗ X(p) is a random variable taking values in the tensor space H(1) ⊗ · · · ⊗ H(p). We
refer, for instance, to [30, Section II.4] for background on tensor products of Hilbert spaces. When p = 
2 and X(1) = X(2) = X ∈ H, the second-order moment tensor EX⊗2(v1, v2) = E〈X, v1〉H〈X, v2〉H , 
∀ (v1, v2) ∈ H ×H is called the covariance of X. By the Riesz representation theorem, this bilinear form
can be represented by the covariance operator Σ : H → H defined by

〈v1, Σv2〉H := EX⊗2(v1, v2), ∀ (v1, v2) ∈ H × H.

Given independent copies X(k) 
1 , .  .  . , X(k) 

N of X(k) for 1 ≤ k ≤ p, our goal is to establish concentration 
inequalities for the sum of simple (rank-one) random tensors 1

N

∑N
i=1 X(1)

i ⊗ · · ·⊗ X(p)

i . Specifically, we

D
ow

nloaded from
 https://academ

ic.oup.com
/im

aiai/article/15/2/iaag010/8658657 by guest on 18 April 2026



4 J. CHEN AND D. SANZ-ALONSO

seek to obtain upper bounds on the deviation

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥
= sup 

vk∈UH(k) ,1≤k≤p

∣∣∣∣ 1 
N 

N∑
i=1

〈X(1) 
i , v1〉H(1) · · · 〈X(p) 

i , vp〉H(p) − E〈X(1), v1〉H(1 ) · · · 〈X(p), vp〉H(p)

∣∣∣∣, ( 2.1)

where ‖ · ‖ denotes the norm in the tensor space H(1) ⊗ · · · ⊗  H(p). Notice that for p = 2 and X(1) = 
X(2) = X ∈ H, the operator norm of the covariance operator Σ : H → H agrees with the norm of the 
covariance EX⊗2 as a bilinear form in H⊗2. Consequently, we will slightly abuse notation and denote
by ‖Σ‖ the operator norm of the covariance operator. Furthermore, to simplify the notation, we will
henceforth omit the subscript H(k) in the inner-product 〈·, ·〉H(k) and norm ‖ · ‖H(k) .

We will focus on Gaussian and sub-Gaussian random variables. Recall that an H-valued random 
variable X is called (sub)-Gaussian iff all one-dimensional projections 〈X, v〉 for v ∈ H are (sub)-
Gaussian real-valued random variables. Furthermore, X is called pre-Gaussian iff there exists a centered
Gaussian random variable Y in H with the same covariance operator as that of X.

For a covariance operator Σ ,  the  effective rank is def ined as

r(Σ) := 
Tr(Σ)

‖Σ ‖ .

Our first main result, Theorem 2.1, provides a sharp dimension-free bound for the deviation (2.1)  in  
terms of the effective ranks r(Σ(1) ), .  .  . , r(Σ(p) ) of the covariance operators associated with the r andom
variables X(1), . . . , X(p). We prove Theorem 2.1 in Section 3. 

THEOREM 2.1. For any integer p ≥ 2 and 1 ≤ k ≤ p, let X(k), X(k) 
1 , .  .  . , X(k) 

N be i.i.d. centered sub-Gaussian 
and pre-Gaussian random variables in H(k) with covariance operator Σ(k). Then, for any q ≥ 1,

(
E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗ X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥q
)1/q

�p,q

( p∏
k=1

‖Σ(k)‖1/2
)

EN

(
(Σ (k) )p 

k=1 
)
,

where 

EN

(
(Σ(k) )

p 
k=1

)
:=
(∑p 

k=1 r(Σ
(k) ) 

N

)1/2 
+ 

1 
N 

p∏
k=1

(
r(Σ(k) ) + log N

)1/ 2 
.

Moreover, if X(1), .  .  . , X(p), (X(1)
i )N

i=1, . . . , (X(p)

i )N
i=1 are independent Gaussian, then

(
E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗ X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥q
)1/q

	p,q

( p∏
k=1

‖Σ(k)‖1/2
)

EN

(
(Σ(k))

p
k=1

)
.
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 5 

To the best of our knowledge, Theorem 2.1 is the first result in the literature to establish sharp 
dimension-free bounds for the deviation (2.1) under sub-Gaussian assumptions. Notably, the upper bound 
holds without requiring independence between the sequences (X(k) 

i )N 
i=1 and (X(k′) 

i )N 
i=1 for k �= k′; t hat is,

no assumptions are made on the correlation structure across components. Moreover, Theorem 2.1 shows 
that our expectation bound is sharp in t he case of independent Gaussian data.

The remainder of this subsection provides a detailed discussion of Theorem 2.1 and its connections to 
existing results. In Remark 2.1, we compare our result to existing concentration inequalities for sums of 
simple symmetric tensors and derive a straightforward corollary for finite-dimensional random tensors.
Remark 2.2 presents an additional consequence of our theory concerning isotropic, unconditional, log-
concave ensembles.

REMARK 2.1. For simplicity, in this remark we focus on the f irst-moment case q = 1. When p = 2,
Theorem 2.1 yields the following dimension-free concentration bound for the sample cross-covariance 
operator: 

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ X(2) 

i − EX(1) ⊗ X(2)

∥∥∥∥
�
(‖Σ(1)‖‖Σ(2)‖)1/2

((
r(Σ(1) ) + r(Σ(2) ) 

N

)1/2 
+ 

(r(Σ(1) ) + log N)1/2(r(Σ(2) ) + log N)1/2 

N

)

	 (‖Σ(1)‖‖Σ(2)‖)1/2

((
r(Σ(1) ) + r(Σ(2) ) 

N 

)1/2 
+ 

(r(Σ(1) )r(Σ(2) ))1/ 2 

N

)
,

which improves upon the earlier bound in [3, Lemma A3]. To our knowledge, this dimension-free 
concentration bound for the sample cross-covariance operator is new. It holds without any assumption 
on the dependence between the sequences (X(1) 

i )N 
i=1 and (X(2) 

i )N 
i=1, provided that both a re sub-Gaussian

and pre-Gaussian random variables. Moreover, it is sharp (up to constants) in view of the matching lower
bound in the independent case established in Theorem 2.1. 

When X(1) = · · · =  X(p) = X and X(1) 
i = · · · = X(p) 

i = Xi for all 1 ≤ i ≤ N, s o that Σ(1) = · · · =
Σ(p) = Σ , Theorem 2.1 yields 

E

∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i −EX⊗p

∥∥∥∥ �p ‖Σ‖p/2
(√

r(Σ) 
N 

+ 
(r(Σ) + log N)p/2 

N

)
	p ‖Σ‖p/2

(√
r(Σ) 

N 
+ r(Σ)p/2 

N

)
, 

(2.2) 

where the final equivalence follows from the bound (log N)p/2/N �p 1/
√

N. This recovers the s harp
concentration inequality for simple symmetric tensors established in [2, Theorem 2.1]. We refer the
reader to [2] for further references on the study of (2.2), as well as related literature on sample covariance 
operators and random tensors. 

Since the operator-norm deviation under consideration is invariant under permutations of the 
component random vectors, we may assume without loss of generality that the effective ranks satisfy 
r(Σ(1) ) ≥ r(Σ(2)) ≥ · · · ≥ r(Σ(p)). Suppose there exists an index t such that r(Σ(t)) ≥ log N ≥
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6 J. CHEN AND D. SANZ-ALONSO

r(Σ(t+1) ). Then, the upper bound in Theorem 2.1 simplifies to 

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥
�p

( p∏
k=1

‖Σ(k)‖1/2
)((

r(Σ(1) ) 
N

)1/2 
+ 

(log N)(p−t)/2 

N 

t∏
k=1 

r(Σ(k) )1/ 2
)

. 

As will be show n in Proposition 3.1, the upper bound can be reversed (up to a constant depending only 
on p) in the case of independent Gaussian data, indicating that the logarithmic factors in the upper bound 
are, in general, unavoidable. This new phenomenon arises only for asymmetric tensors of order p ≥ 3— 
specifically, when the effective ranks of the component covariances vary across the threshold log N, 
with some exceeding and others falling below it. The random variables in the tensor product whose 
covariances have effective ranks smaller than log N contribute logarithmic factors to the second term 
in the upper bound. Since this behavior only arises for asymmetric tensors of order p ≥ 3, it has not 
been observed in previous w ork on the concentration of simple symmetric tensors or sample covariance
operators.

A corresponding finite-dimensional corollary is as follows. For each 1 ≤ k ≤ p, let
X(k), X(k)

1 , . . . , X(k)
N be i.i.d. standard Gaussian random vectors in R

dk , so that Σ(k) = Idk
and

r(Σ(k)) = Tr(Σ(k))/‖Σ(k)‖ = dk. If

d1 ≥ · · · ≥ dt ≥ log N ≥ dt+1 ≥  · · · ≥ dp,

then

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥ �p

(
d1 
N

)1/2 
+ 

(log N)(p−t)/ 2

N

t∏
k=1

d1/2
k .

REMARK 2.2. A minor modification of our proof (see Subsection 4.4) yields the following result for 
isotropic, unconditional, log-concave ensembles. 

Recall that a probability measure ν on Rd is log-concave if, for any t ∈ [0, 1] and any nonempty 
Borel measurable sets A, B ⊂ Rd, the following inequality holds: 

ν(tA + (1 − t)B) ≥ ν(A)tν(B)1−t. 

For each 1 ≤ k ≤ p,  let  X(k) be a random vector in Rdk , distributed according to an isotropic, 
unconditional, log-concave measure. That is, for all v ∈ R

dk ,  we  have  E〈X, v〉2 = ‖v‖2
�2 

; the distribution

of X(k) is invariant under coordinate-wise sign changes; and the law of X(k) has a log-concave density.
Let X(k)

1 , . . . , X(k)
N be independent copies of X(k), for each 1 ≤ k ≤ p. Then, the following bound holds:

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥ �p

(∑p 
k=1 dk 
N

)1/2 
+ 

1 
N

p∏
k=1

(
d1/2

k + log N
)
.
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In particular, if 

d1 ≥ · · · ≥  dt ≥ (log N)2 ≥ dt+1 ≥ · · · ≥  dp , 

then 

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗ X(p)

∥∥∥∥ �p

(
d1 
N

)1/2 
+ 

(log N)p−t 

N 

t∏
k=1 

d1/ 2 
k .

We further remark that the corresponding qth moment bound can be derived by integrating the tail
estimate from Subsection 4.4. We omit the details for brevity and focus on the first-moment bound.

2.2 Multi-product empirical pr ocesses

This subsection contains the statement of our second main result, Theorem 2.2, which gives a general 
upper bound on the suprema of multi-product empirical processes. Theorem 2.2 will be key to 
establishing our upper bounds in Theorem 2.1.  For  1  ≤ k ≤ p,  let  X(k), X(k) 

1 , .  .  . , X(k) 
N 

i.i.d.∼ μ(k) be a 
sequence of random variables on a probability space (Ω(k), μ(k) ). We consider the multi-product centered 
empirical process indexed by p (potentially distinct) function classes F (1), .  .  . ,F ( p), where each F (k) is
defined on (Ω(k), μ(k)). The process is given by

(f (1), .  .  .  , f (p) ) �→ 
1 
N 

N∑
i=1 

p∏
k=1 

f (k) (X(k) 
i ) − E 

p∏
k=1 

f (k) (X(k) ) , f (k) ∈ F (k), 1 ≤ k ≤ p. (2.3)

In our proof of Theorem 2.1, the class F (k) will be taken to contain all linear functionals in H(k) with
norm one.

For p = 1, (2.3) recovers the standard empirical process [34, 35], and for p = 2 the quadratic 
and product empirical processes are extensively studied, e.g. in [1, 8, 9, 13, 16, 18, 19, 22, 25–27, 31]. 
Beyond their theoretical significance, quadratic and product empirical processes play a crucial role in 
various statistical applications, such as covariance estimation [19]. Our goal is to bound 

sup 
f (k)∈F (k),1≤k≤p

∣∣∣∣ 1 
N 

N∑
i=1 

p∏
k=1 

f (k) (X(k) 
i ) − E 

p∏
k=1 

f (k) (X(k) )

∣∣∣∣
for any p ≥ 2 in terms of quantities that reflect the geometric complexity of the indexing classes 
(F (k) )

p 
k=1. To that end, for any function f on (Ω , μ), we introduce the Orlicz ψ2-norm of f given by

‖f ‖ψ2 := inf

{
c > 0  :  EX∼μ

[
exp

( |f (X)|2 

c2

)]
≤ 2

}
,

with the convention inf ∅ = ∞. Our upper bound will depend on

dψ2 (F) := sup 
f ∈F

‖f ‖ψ2

and on Talagrand’s functional γ (F , ψ2), whose definition we now recall.
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8 J. CHEN AND D. SANZ-ALONSO

DEFINITION 2.1 (Talagrand’s γ functional). Let (F , d) be a metric space. An admissible sequence is an 
increasing sequence (Fs)s≥0 ⊂ F which satisfies Fs ⊂ Fs+1,

∣∣F0

∣∣ = 1,
∣∣Fs

∣∣ ≤ 22s 
for s ≥ 1, and⋃∞ 

s=0 Fs is dense in F .  Let  

γ  (F , d) := inf sup 
f ∈F

∑
s≥0 

2s/2d
(
f ,Fs

)
, 

where the infimum is taken over all admissible sequences. We write γ (F , ψ2) when the distance on F
is induced by the ψ2-norm.

We are ready to state our second main result. Its proof can be found in Section 4. 

THEOREM 2.2. For any integer p ≥ 2 and 1 ≤ k ≤ p,  let  X(k), X(k) 
1 , .  .  . , X(k) 

N 
i.i.d.∼ μ(k) be a sequence of 

random variables on the probability space (Ω(k), μ(k) ), and let F (k) be a class of functions defined on 
(Ω(k), μ(k)). Assume 0 ∈ F (k) or F (k) is symmetric (i.e. f (k) ∈ F (k) implies −f (k) ∈ F (k)). Then, for
any q ≥ 1,

(
E sup 

f (k)∈F (k),1≤k≤p

∣∣∣∣ 1 
N 

N∑
i=1 

p∏
k=1 

f (k) (X(k) 
i ) − E 

p∏
k=1 

f (k) (X(k) )

∣∣∣∣q
)1/q

�p,q

( p∏
k=1 

dψ2 (F
(k) ) 
)

EN

(
(F (k))

p
k=1

)
,

where

EN

(
(F (k) )

p 
k=1

)
:=

∑p 
k=1 γ̄  (F (k), ψ2)√

N
+
∏p 

k=1

(
γ̄  (F (k), ψ2)+(log N)1/2

)
N 

, γ̄  (F (k), ψ2) := 
γ  (  F (k), ψ2)

dψ2
(F (k))

.

REMARK 2.3. Here, for each 1 ≤ k ≤ p, the quantities γ  (F (k), ψ2) and dψ2 (F
(k) ) are defined with 

respect to the probability measure μ(k) on the probability space (Ω(k), μ(k) ). Moreover, the sequences(
X(k) 

i

)N 
i=1 and

(
X(k′)

i

)N
i=1 are not necessarily independent for k �= k′. This result generalizes the upper

bound established in [25, Theorem 1.13] for the supremum of product empirical processes indexed by 
function classes F and H, that is, 

(f , h) �→ 
1 
N 

N∑
i=1 

f (Xi)h(Xi) − Efh, f ∈ F , h ∈ H, 

extending it to higher-order settings, including the case where each factor in the product involves a 
different random variable. 

In the special case where Ω(1) = · · · =  Ω(p) = Ω , μ(1) = · · · = μ(p) = μ,F (1) = · · · =  F (p) = F
and X(1) = · · · = X(p) = X, with X(1)

i = · · · = X(p)

i = Xi for all 1 ≤ i ≤ N, Theorem 2.2 (with q = 1)
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implies 

E sup 
f ∈F

∣∣∣∣ 1 
N 

N∑
i=1 

f p(Xi) − Ef p(X)

∣∣∣∣ ≤ E sup 
f (k)∈F ,1≤k≤p

∣∣∣∣ 1 
N 

N∑
i=1 

p∏
k=1 

f (k) (Xi) − Ef p(X)

∣∣∣∣
�p d

p 
ψ2 

(F)

(
γ̄  (F , ψ2)√

N 
+
(
(γ̄  (F , ψ2) + (log N)1/2

)p 

N

)

	p 
γ  (F , ψ 2)d

p−1 
ψ2 

(F)√
N

+ 
γ p(F , ψ2 ) 

N 
, (2.4)

where the final equivalence follows from the bound (log N)p/2/N �p 1/
√

N and ¯ γ (F , ψ2) � 1 (see [2, 
Lemma 4.6]). This recovers the sharp expectation bound for t he supremum of Lp empirical processes
established in [2, Theorem 2.2]. We refer the reader to [2] for further discussion of (2.4), as well as 
additional references to related work concerning quadratic and product empirical processes.

Similar to the discussion in Remark 2.1, the logarithmic factors in the upper bound of Theorem 2.2 
are, in general, unavoidable. This new phenomenon arises only in multi-product empirical processes 
involving at least three components in the product (i.e. p ≥ 3), and when the complexity parameters 
γ̄  (F (k), ψ2) of the associated function classes vary significantly —specifically, when some exceed 
( log N)1/2 while others fall below this threshold. Consequently, such behavior has not been observed
in previous work on the theory of quadratic and product empirical processes.

3. Concentration of simple random tensors

This section contains the proof of our first main result, Theorem 2.1. The upper bound for sub-Gaussian 
data follows from an application of Theorem 2.2, where for each 1 ≤ k ≤ p, the class F (k) consists of 
all linear functionals in H(k) with norm one. To establish the matching lower bound for independent
Gaussian data, we adapt techniques from [19, Theorem 4] to the multi-product setting and make 
a key observation that precisely captures the logarithmic factors appearing in the upper bound; see
Proposition 3.1 for the proof and Remark 3.1 for further discussion.

Proof of Theor em 2.1.  We  have

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗ X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥
= sup

‖v1‖=···=‖vp‖=1

∣∣∣∣ 1 
N 

N∑
i=1 

p∏
k=1

〈X(k) 
i , vk〉 −  E 

p∏
k=1

〈X(k), vk〉
∣∣∣∣

= sup 
f (k)∈F (k),1≤k≤p

∣∣∣∣ 1 
N 

N∑
i=1 

p∏
k=1 

f (k) (X(k) 
i ) − E 

p∏
k=1 

f (k) (X(k) )

∣∣∣∣,
where F (k) :=  {〈·, v〉 : v ∈ UH(k)}, UH(k) :=  {v ∈ H(k) : ‖v‖ =  1} for each 1 ≤ k ≤ p. It is clear that 
F (k) is symmetric. Recall that for 1 ≤ k ≤ p, X(k), X(k)

1 , . . . , X(k)
N are i.i.d. centered sub-Gaussian and
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10 J. CHEN AND D. SANZ-ALONSO

pre-Gaussian random variables in H(k) with covariance operator Σ(k). Since X(k) is sub-Gaussian, the 
ψ2-norm of linear functionals is equivalent to the L2-norm. Hence, 

dψ2 (F
(k) ) = sup 

f (k)∈F (k)
‖f (k)‖ψ2

	 sup 
f (k)∈F (k)

‖f (k)‖L2 = sup
‖v‖=1

(
E〈X(k), v〉2)1/2 = ‖Σ(k)‖1/2. 

Moreover, since X(k) is pre-Gaussian, there exists a centered Gaussian random variable Y(k) in H(k) with 
the same covariance Σ(k). This means that, for u, v ∈ UH(k) , the canonical metric associated with Y(k)

satisfies

dY(k) (u, v) = (
E(〈Y(k), u〉 − 〈Y(k), v〉)2)1/2 = (〈u − v, Σ(k) (u − v)〉)1/2 = ‖〈·, u〉 − 〈·, v〉‖L 2(μ(k)),

where μ(k) is the law of X(k). Using Talagrand’s majorizing-measure theorem [34, Theorem 2.10.1], we 
deduce that 

γ  (F (k), ψ2)	γ  (F (k), L2)=γ
(
UH(k) , dY(k)

)	E sup 
v∈UH(k)

〈Y(k), v〉=E‖Y(k)‖	(E‖Y(k)‖2)1/2 =Tr(Σ( k) )1/ 2. 

Therefore, 

dψ2 (F
(k) ) 	 ‖Σ(k)‖1/2, γ  (F (k), ψ2) 	 Tr(Σ(k) )1/2, 1 ≤ k ≤ p. 

Consequently, the upper bound stated in Theorem 2.1 follows directly from Theorem 2.2. The matching 
lower bound for independent Gaussian data is proved in Proposition 3.1 below (the case q = 1). 
Moreover, for any q ≥ 1,

(
E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗ X(p)

∥∥∥∥q
)1/q 

≥ E
∥∥∥∥ 1 

N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − E X(1) ⊗ · · · ⊗  X(p)

∥∥∥∥,

so the first-moment lower bound immediately implies the same lower bound for all qth moments. �

PROPOSITION 3.1. For any integer p ≥ 2 and 1 ≤ k ≤ p,  let  X(k), X(k) 
1 , .  .  . , X(k) 

N be i.i.d. 
centered Gaussian random variables in H(k) with covariance operator Σ(k), and suppose that 
X(1) , . . . , X(p), (X(1)

i )N
i=1, . . . , (X(p)

i )N
i=1, are independent. Then,

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗ X(p)

∥∥∥∥ �p

( p∏
k=1

‖Σ(k)‖1/2
)

EN

(
(Σ(k))

p
k=1

)
,
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where 

EN

(
(Σ(k) )

p 
k=1

)
:=
(∑p 

k=1 r(Σ
(k) ) 

N

)1/2 
+ 

1 
N 

p∏
k=1

(
r(Σ(k ) ) + log N

)1/ 2
.

Proof of Proposition 3.1. First, we may assume without loss of generality that the effective ranks satisfy 
r(Σ(1) ) ≥ r(Σ(2) ) ≥ · · · ≥  r(Σ(p) ). It is straightforward to check that 

EN

(
(Σ(k) )

p 
k=1

)	p 

⎧⎪⎨⎪⎩
(∑p 

k=1 r(Σ
(k) ) 

N

)1/2 + (log N)(p−t)/2 

N

∏t 
k=1 r(Σ

(k) )1/2 if ∃ t : r(Σ(t) )≥ log N ≥r(Σ(t+1) ), (∑p 
k=1 r(Σ

(k) ) 
N 

)1/2 
otherwise. 

The conclusion follows directly from the following two claims: 
Claim I. It holds that 

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥ �p

( p∏
k=1

‖Σ(k)‖1/2
)(∑p 

k=1 r (Σ
(k) ) 

N

)1 /2 
. 

Claim II. If there exists an index t such that r(Σ(t) ) ≥ log N ≥ r(Σ(t+1)), then

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥ �p

( p∏
k=1

‖Σ(k)‖1/2
)

(log N)(p−t)/2 

N 

t∏
k=1

r(Σ(k))1/2.

Now we prove Claim I and Claim II.
Proof of Claim I: By the assumption of independence and the definition of the tensor norm, we obtain

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗ X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥ = E
∥∥∥∥ 1 

N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗ X(p) 

i

∥∥∥∥
= E sup

‖v1‖=···=‖vp‖=1

∣∣∣∣ 1 
N 

N∑
i=1

〈X(1) 
i , v1〉 · · · 〈X(p) 

i , vp〉
∣∣∣∣

= E sup
‖v2‖=···=‖vp‖=1

∥∥∥∥ 1 
N 

N∑
i=1

〈X(2) 
i , v2〉 · · · 〈X(p) 

i , vp〉X(1) 
i

∥∥∥∥
= E

(X(k) 
i )N 

i=1,2≤k≤p

[
E

(X(1) 
i )N 

i=1 
sup

‖v2‖=···=‖vp‖=1

∥∥∥∥ 1

N

N∑
i=1

〈X(2)
i , v2〉 · · · 〈X(p)

i , vp〉X(1)
i

∥∥∥∥
]

.
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12 J. CHEN AND D. SANZ-ALONSO 

Note that, conditionally on 〈X(k) 
i , vk〉, 1 ≤ i ≤ N, 2 ≤ k ≤ p, the distribution of the random variable 

1 
N 

N∑
i=1

〈X(2) 
i , v2〉 · · · 〈X(p) 

i , vp 〉X(1) 
i

is Gaussian and it coincides with the distribution of the random variable

(
1 
N 

N∑
i=1

〈X(2) 
i , v2〉2 · · · 〈X(p) 

i , vp〉2
)1/2 X( 1)

√
N

.

Therefore,

E
(X(k) 

i )N 
i=1,2≤k≤p

[
E

(X(1) 
i )N 

i=1 
sup

‖v2‖=···=‖vp‖=1

∥∥∥∥ 1 
N 

N∑
i=1

〈X(2) 
i , v2〉 · · · 〈X(p) 

i , vp〉X(1) 
i

∥∥∥∥
]

= E
(X(k) 

i )N 
i=1,2≤k≤p

[
sup

‖v2‖=···=‖vp‖=1

(
1 
N 

N∑
i=1

〈X(2) 
i , v2〉2 · · · 〈X(p) 

i , vp〉2
)1/2 

E‖X(1)‖√
N

]

= 
E‖X(1)‖√

N 
E

(X(k) 
i )N 

i=1,2≤k≤p

[
sup

‖v2‖=···=‖vp‖=1

(
1 
N 

N∑
i=1

〈X(2) 
i , v2〉2 · · · 〈X(p) 

i , vp〉2
)1/2

]

≥ 
E‖X(1)‖√

N 
sup

‖v2‖=···=‖vp‖=1 
E

(X(k) 
i )N 

i=1,2≤k≤p

(
1 
N 

N∑
i=1

〈X(2) 
i , v2〉2 · · · 〈X(p) 

i , vp〉2
)1/2 

= 
E‖X(1)‖√

N 
sup

‖v2‖=···=‖vp‖=1
〈Σ(2)v2, v2〉1/2 · · · 〈Σ(p)vp, vp〉1/2

E

(
1 
N 

N∑
i=1 

(Z(2) 
i )2 · · · (Z(p) 

i )2
)1/2 

= 
E ‖X(1)‖√

N

( p∏
k=2

‖Σ(k)‖1/2
)
E

(
1

N

N∑
i=1

(Z(2)
i )2 · · · (Z(p)

i )2
)1/2

,

where

Z(k) 
i := 〈X(k) 

i , vk〉
〈Σ(k)vk, vk〉1/2 ,  1 ≤ i ≤ N, 1 ≤ k ≤ p,

are i.i.d. standard Gaussian random variables. One can check that

E

(
1 
N 

N∑
i=1 

(Z(2) 
i )2 · · ·  (Z(p) 

i )2
)1/2

≥ c(p)
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for a positive constant c(p) depending only on p, which implies that 

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗  X(p)

∥∥∥∥
≥ 

E‖X(1)‖√
N

( p∏
k=2

‖Σ(k)‖1/2
)
E

(
1 
N 

N∑
i=1 

(Z(2) 
i )2 · · ·  (Z(p) 

i )2
)1/2

�p

( p∏
k=1

‖Σ(k)‖1/2
)(

r(Σ(1) ) 
N

)1/2

�p

( p∏
k=1

‖Σ(k)‖1/2
)(∑p 

k=1 r(Σ
(k) ) 

N

)1/2 
, 

where in the last step we used that r(Σ(1) ) ≥ r(Σ(2) ) ≥ · · · ≥  r(Σ(p) ). This establishes Claim I. 
Proof of Claim II: Suppose that there exists an index t such that 

r(Σ(1) ) ≥ · · · ≥ r(Σ(t) ) ≥ log N ≥ r(Σ(t+1) ) ≥ · · · ≥  r(Σ(p) ) . 

Recall that 

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − E X(1) ⊗ · · · ⊗  X(p)

∥∥∥∥ = E
∥∥∥∥ 1 

N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i

∥∥∥∥
= E sup

‖v1‖=···=‖vp‖=1

∣∣∣∣ 1 
N 

N∑
i=1

〈X(1) 
i , v1〉 · · · 〈X(p) 

i , vp〉
∣∣∣∣. 

If t = p,  we  hav  e

E sup
‖v1‖=···=‖vp‖=1

∣∣∣∣ 1 
N 

N∑
i=1

〈X(1) 
i , v1〉 · · · 〈X(p) 

i , vp〉
∣∣∣∣

≥ E
(X(k) 

1 )
p 
k=1 

sup
‖v1‖=···=‖vp‖=1

∣∣∣∣E(X(k) 
i )N 

i=2,1≤k≤p 
1 
N 

N∑
i=1

〈X(1) 
i , v1〉 · · · 〈X(p) 

i , vp〉
∣∣∣∣

= E
(X(k) 

1 )
p 
k=1 

sup
‖v1‖=···=‖vp‖=1

∣∣∣∣ 1 
N

〈X(1) 
1 , v1〉 · · · 〈X(p) 

1 , vp〉
∣∣∣∣

= 
1 
N 
E

(X(k) 
1 )

p 
k=1 

p∏
k=1

‖X(k) 
1 ‖ (∗)= 

1 
N 

p∏
k=1 

E‖X(k)
1 ‖ �p

1

N

( p∏
k=1

‖Σ(k)‖1/2
) p∏

k=1

r(Σ(k))1/2,

as desired. Here (	) holds since X(1)
1 , . . . , X(p)

1 are independent, so ‖X(1)
1 ‖, . . . , ‖X(p)

1 ‖ are independent
and the expectation factorizes.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

aiai/article/15/2/iaag010/8658657 by guest on 18 April 2026



14 J. CHEN AND D. SANZ-ALONSO

If 1 ≤ t ≤ p − 1, then by choosing vk = v∗
k to be the unit eigenvector associated with the largest 

eigenvalue of Σ(k), for each k ≥ t + 1, we obtain

E sup
‖v1‖=···=‖vp‖=1

∣∣∣∣ 1 
N 

N∑
i=1

〈X(1) 
i , v1〉 · · · 〈X(p) 

i , vp〉
∣∣∣∣

≥ E sup
‖v1‖=···=‖vt‖=1

∣∣∣∣ 1 
N 

N∑
i=1

〈X(1) 
i , v1〉 · · · 〈X(t) 

i , vt〉〈X(t+1) 
i , v∗

t+1〉 · · · 〈X(p) 
i , v∗

p〉
∣∣∣∣

= 
1 
N

( p∏
k=t+1

‖Σ(k)‖1/2
)
E sup

‖v1‖=···=‖vt‖=1

∣∣∣∣ N∑
i=1

〈X(1) 
i , v1〉 · · · 〈X(t) 

i , vt〉Z(t+1)
i · · · Z(p)

i

∣∣∣∣, (3.1)

where

Z(k) 
i = 〈X(k) 

i , v∗
k〉

〈Σ(k)v∗
k , v∗

k〉1/2 =
〈X(k) 

i , v∗
k〉

‖Σ(k)‖1/2 ,  1  ≤ i ≤ N, 1 ≤ k ≤ p,

are i.i.d. standard Gaussian random variables.
Observe that

E sup
‖v1‖=···=‖vt‖=1

∣∣∣∣ N∑
i=1

〈X(1) 
i , v1〉 · · · 〈X(t) 

i , vt〉Z(t+1) 
i · · · Z(p) 

i

∣∣∣∣
= E

(Z(k) 
i )N 

i=1,k≥t+1

[
E

(X(k) 
i )N 

i=1,k≤t sup
‖v1‖=···=‖vt‖=1

∣∣∣∣ N∑
i=1

〈X(1) 
i , v1〉 · · · 〈X(t) 

i , vt〉Z(t+1) 
i · · · Z(p) 

i

∣∣∣∣
]

≥ E
(Z(k) 

i )N 
i=1,k≥t+1

[
max 

1≤j≤N 
E

(X(k) 
j )t 

k=1 
sup

‖v1‖=···=‖vt‖=1

∣∣∣∣E(X(k) 
i )t 

k=1,i �=j 

N∑
i=1

〈X(1) 
i , v1〉 · · · 〈X(t) 

i , vt〉Z(t+1) 
i · · · Z(p) 

i

∣∣∣∣
]

= E
(Z(k) 

i )N 
i=1,k≥t+1

[
max 

1≤j≤N 
E

(X(k) 
j )t 

k=1 
sup

‖v1‖=···=‖vt‖=1

∣∣∣∣〈X(1) 
j , v1〉 · · · 〈X(t) 

j , vt〉Z(t+1) 
j · · · Z(p) 

j

∣∣∣∣
]

≥ E
(Z(k) 

i )N 
i=1,k≥t+1

[
max 

1≤j≤N 
E

(X(k) 
j )t 

k=1
‖X(1) 

j ‖ · · · ‖X(t) 
j ‖|Z(t+1) 

j | · · · |Z(p) 
j |
]

= E
(Z(k) 

i )N 
i=1,k≥t+1

[
max 

1≤j≤N 
(E‖X(1)‖) · · ·  (E‖X(t)‖)|Z(t+1) 

j | · · · |Z(p) 
j |
]

=
( t∏

k=1 
E‖X(k)‖

)
E

(Z(k)
i )N

i=1,k≥t+1

[
max

1≤j≤N
|Z(t+1)

j | · · · |Z(p)

j |
]

	p

( t∏
k=1

‖Σ(k)‖1/2
)( t∏

k=1

r(Σ(k))1/2
)

(log N)(p−t)/2, (3.2)
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 15 

where in the last step we use Lemma A1 from Appendix A, together with the fact that the random 
variables Z(k) 

i ,  for  1 ≤ i ≤ N and t + 1 ≤ k ≤ p, are i.i.d. standard Gaussian. Combining (3.1) and (3.2) 
completes the proof of Claim II.

�

REMARK 3.1 (Discussion on Proposition 3.1). The conditioning idea used in the proof of Claim I can be 
viewed as a multi-product analogue of the lower-bound argument in [19, Theorem 4], where it is shown 
that for i.i.d. centered Gaussian random variables X, X1, .  .  . , XN with covariance operator Σ , 

E

∥∥∥∥ 1 
N 

N∑
i=1 

Xi ⊗ Xi − EX ⊗ X
∥∥∥∥ � ‖Σ‖

√
r(Σ) 

N 
. 

In our multi-product setting, the key difference is that the tensor factors may correspond to different 
random variables. We therefore begin by focusing on the component X(1) whose covariance has 
the largest effective rank. Under independence across components, the argument reduces to a clean 
conditioning step that isolates the contribution of this dominant factor. 

The proof of Claim II is where the additional logarithmic factors in the asymmetric case arise. The 
idea is to choose test vectors as follows: for those components whose covariance effective ranks are 
smaller than log N, we take the unit eigenvector corresponding to the largest eigenvalue and denote the 
resulting normalized scalar variables by (Z(k) 

i )N 
i=1 for k ≥ t + 1. Conditioning on {Z(k) 

i :  1  ≤ i ≤ 
N, k ≥ t + 1}, we can move the expectation inside the absolute value to obtain a lower bound, and, 
crucially, eliminate all but one of the N summands. More precisely, we essentially keep only the index j 
corresponding to the largest fluctuation of 

|Z(t+1) 
j | · · · |Z(p) 

j | . 

Since there are N i.i.d. copies and the components are independent, this maximum is typically of order 
(log N)(p−t)/2, yielding the sharp logarithmic contribution. In this way, the factors with larger effective 
ranks contribute through their effective-rank terms, while the smaller-rank factors contribute through
the maximal fluctuation across the N i.i.d. draws. By contrast, a direct approach that simply moves
expectation into the absolute value without this selection would only yield a lower bound of order

1 
N

( p∏
k=1

‖Σ(k)‖1/2
) p∏

k=1 
r(Σ(k) )1/2,

which corresponds to the ‘no-log’ case t = p. The above extremal-selection observation is instrumental
to obtain the sharper lower bound that matches our upper bound.

Finally, we emphasize that we assume independence across tensor components only to provide
a clean special case in which our general upper bound is provably tight, without imposing any
additional structural assumptions on the correlations between components. In particular, the lower-bound
mechanism in the proof makes clear that there are many settings beyond full independence in which the
same kind of extremal-fluctuation phenomenon can occur, and hence where the resulting logarithmic
factors may still appear and be unavoidable.
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16 J. CHEN AND D. SANZ-ALONSO

4. Multi-product empirical pr ocesses

This section studies multi-product empirical processes indexed by p possibly different function classes 
(F (k) )

p 
k=1, evaluated at p possibly different random variables (X(k) )

p 
k=1: 

(f (1), .  .  . , f (p) ) �→ 
1 
N 

N∑
i=1 

p∏
k=1 

f (k) (X(k) 
i ) − E 

p∏
k=1 

f (k) (X(k) ), f (k) ∈ F (k),  1  ≤ k ≤ p. ( 4.1)

We leverage generic chaining techniques to derive sharp upper bounds on their suprema in terms of
quantities that reflect the complexity of the function classes (F (k))

p
k=1.

Our theory builds on the framework introduced by Mendelson in [25]. The central idea is as follows. 
First, we gather precise structural information on the typical coordinate projection of F (k), 1  ≤ k ≤ p; 
that is, for σ (k) = (X(k) 

1 , .  .  . , X(k) 
N ), 1 ≤ k ≤ p, we study the structure of 

Pσ (k) (F (k) ) =
{
(f (k) (X(k) 

i ))N 
i=1 : f

(k) ∈ F (k)
}

,  1 ≤ k ≤ p.

In order to study multi-product processes with p ≥ 3, it is further necessary to understand the 
structure of ( ∏

k′ �=k 
f (k′) (X(k′) 

i )

)N 

i=1 
,  1  ≤ k ≤ p,

a structural component that appears to play a central role in the multi-product setting considered here. 
Second, for typical σ (k) = (X(k)

1 , . . . , X(k)
N ), 1 ≤ k ≤ p, we analyze the suprema of the conditioned

Bernoulli process:

(f (1), .  .  . , f (p) ) �→ 
N∑

i=1 
εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣σ (1), . . . , σ (p),

where ε1, . . . , εN are independent symmetric Bernoulli random variables (that is, P(εn = +1) = P(εn =
−1) = 1/2).

The structure of typical coordinate projections of sub-Gaussian function classes has been e xtensively
studied in empirical process theory [22–25, 27], primarily in the context of quadratic and product 
empirical processes. Here, we extend the analysis to empirical processes indexed by p different function 
classes evaluated at p different random variables. A key ingredient of our approach is Theorem 4.5, which 
establishes a high-probability upper bound on the supremum of the �2-norm of the product of coordinate 
projection vectors of the function classes (F (k) )

p 
k=1. Specifically, it controls 

sup 
f (k)∈F (k),1≤k≤p

( N∑
i=1 

p∏
k=1

(
f (k) (X(k) 

i )
)2
)1/2 

in terms of quantities that capture the geometric complexity of (F (k))
p
k=1. A novel phenomenon captured

by Theorem 4.5 is the emergence of logarithmic factors in the multi-product setting; these factors do not 
appear in the analysis of quadratic or standard product empirical processes.

The rest of this section is organized as follows. Subsection 4.1 introduces some definitions from 
Mendelson’s work [25] and discusses an important result, Lemma 4.3 ([25, Corollary 3.6]), which plays
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 17 

a crucial role in our proof of Theorem 2.2. We then prove Theorem 2.2 in Subsection 4.2. Finally, 
Subsection 4.3 contains the proof of Theorem 4.5 and Subsection 4.4 discusses how to extend our theory 
to log-concave ensembles.

4.1 Background and auxiliary r esults

Following [25], we will utilize complexity parameters that take into account all the Lp structures endowed 
by the process. We recall that, for q ≥ 1, the graded Lq-norm is defined by

‖f ‖(q) := sup 
1≤p≤q

‖f ‖Lp √ 
p 

. 

We will use repeatedly that, for any q ≥ 2, ‖f ‖L2
� ‖f ‖(q) � ‖f ‖ψ2

. As shown in [25], the graded γ -
type functionals that we now define serve as key parameters to characterize the comple xity of the typical
coordinate projection of a function class.

DEFINITION 4.1 (Graded γ -type functionals). Given a class of functions F on a probability space (Ω , μ), 
constants u ≥ 1 and s0 ≥ 0, set 

Λs0,u(F) := inf sup 
f ∈F

∑
s≥s0 

2s/2
∥∥f − πsf

∥∥
(u22s)

, 

where the infimum is taken over all admissible sequences, and πsf is the nearest point in Fs to f with
respect to the (u22s)-norm. Also set

Λ̃s0,u(F) := Λs0,u(F) + 2s0/2 sup 
f ∈F

∥∥πs0 f
∥∥

(u2 2s0 )
.

The following lemma shows that Λs0,u(F) is upper bounded by γ  (F , ψ2) up to a universal constant.

LEMMA 4.1 ( [2, Lemma 4.1]). For any u ≥ 1 and s0 ≥ 0, Λs0,u (F) � γ (F , ψ2).

To analyze (conditioned) Bernoulli processes, we will use a chaining argument combined with the
following Höffding’s inequality.

LEMMA 4.2 (Höffding’s inequality, [28]). Let ε1, .  .  . , εN be independent symmetric Bernoulli random 
variables. For any fixed I ⊂ {1, .  .  . , N} and z ∈ RN , it holds with probability at least 1 − 2 exp(−t2/2) 
that ∣∣∣∣ N∑

i=1 
εizi

∣∣∣∣ ≤
∑
i∈I

∣∣zi

∣∣+ t
(∑

i∈Ic 
z2 

i

)1/2 
.

In particular, for every 1 ≤ k ≤ N, it holds with probability at least 1 − 2 exp(−t2/2) that∣∣∣∣ N∑
i=1 

εizi

∣∣∣∣ ≤ 
k∑

i=1

∣∣z∗
i

∣∣+ t

( N∑
i=k+1 

(z∗
i )

2
)1/2

,

where
(
z∗

i

)N
i=1 denotes the non-increasing rearrangement of

(∣∣zi

∣∣)N
i=1 . This estimate is optimal when

k 	 t2.
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18 J. CHEN AND D. SANZ-ALONSO

According to Lemma 4.2, the influence of z on the Bernoulli process depends on the �1-norm of 
the largest k coordinates of (|zi|)N 

i=1 and the �2-norm of the smallest N − k coordinates. As noted in
[25], the graded Lq-norm plays a key role in analyzing the monotone non-increasing rearrangement of 
N independent copies of a random variable. In particular, [25, Corollary 3.6] provides a useful way 
to decompose a collection of random vectors into t heir largest and smallest coordinate components, a
technique central to [25]. Below, we present the statement obtained by setting q = 2r, β = 1/ 2, and
replacing s with s + �log2 p� in their notation.

LEMMA 4.3 ( [25, Corollary 3.6]). There exist absolute constants c0, c1 and for every r ≥ 1 there exist 
constants c2, c3, c4 and c5 that depend only on r for which the following holds. Set 

js = min

{⌈
c0u2p2s 

log
(
4 + eN/u2p2s

)⌉ , N + 1

}
(4.2) 

for u ≥ c2.  Let H ⊂ L2r be of cardinality at most 2p2s+2 
. For any h ∈ H, the random vector

(
h
(
Xi

))N 
i=1 

can be decomposed into a sum Uh + Vh, where the random vectors Uh, Vh ∈ RN have disjoint supports. 
Namely, Uh is supported on the lar gest js − 1 coordinates of

(∣∣h (Xi

)∣∣)N
i=1, while Vh is supported on the

complement. Then, there is an event of probability at least 1 − 2 exp
(−c3u2p2s

)
on which, for every

h ∈ H, ∥∥Uh

∥∥
�N 

2 
≤ c4up1/22s/2‖h‖(c5u2p2s),

∥∥Vh

∥∥
�N 

r 
≤ c1‖h‖L2r N

1/r.

For 1 ≤ k ≤ p,  let  (F (k) 
s )s≥0 be an admissible sequence of F (k).  For  f (k) ∈ F (k) and s ≥ 0, we define 

Δsf
(k) := πs+1f (k) −πsf

(k) and (Δsf
(k) )i := (Δ sf (k))(X(k)

i ) for 1 ≤ i ≤ N. To analyze the multi-product

empirical process in (4.1), we will apply Lemma 4.3 to the classes F (k) 
s , {Δsf

(k) : f (k) ∈ F (k)} for each k, 
as well as to the classes consisting of products of coordinate p rojection vectors, with specifically chosen
values of r, leading to the following corollary.

COROLLARY 4.4. Let s0 be a fixed index and let (js)s≥s0
be the sequence defined in (4.2). There are 

constants c1, c2, c3 and c4 that depend only on p, and for u ≥ c1 an event of probability at least 
1 − 2 exp

(−c2u22s0
)

on which the following holds. For every 1 ≤ k ≤ p, every f (k) ∈ F (k), and
every s ≥ s0,

(∑
i<js

((
Δsf

(k)
)∗ 

i

)2
)1/2 

≤ c3u2s/2‖Δsf
(k)‖(c4u22s),

(∑
i≥js

((
Δsf

(k)
)∗ 

i

)4
)1/4 

≤ c3N1/4‖Δsf
(k)‖L8 ,

(∑
i<js

((
πsf

(k)
)∗ 

i

)2
)1/2 

≤ c3u2s/2‖πsf
(k)‖(c4u22s),

(∑
i≥js

((
πsf

(k)
)∗ 

i

)2
)1/2 

≤ c3N1/2‖πsf
(k)‖L4 ,

(∑
i≥js

((∏
k′<k 

πs+1f (k′) ∏
k′>k 

πsf
(k′)
)∗ 

i

)4)1/4 
≤ c3N1/4

∥∥∥∥ ∏
k′<k 

πs+1f (k′) ∏
k′>k 

πsf
(k′)
∥∥∥∥

L8 

,

(∑
i≥js

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2 
≤ c3N1/2

∥∥∥∥ p∏
k=1

πs+1f (k)
∥∥∥∥

L4

.
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Proof of Corollary 4.4. By the definition of an admissible sequence, we have |F (k) 
s | ≤  22s 

for every 1 ≤ 
k ≤ p. Furthermore, |F (k) 

s |·|F (k) 
s+1| ≤ 22s ·22s+1 ≤ 22s+2 

, which implies that for Δsf
(k) = πs+1f (k)−πsf

(k), 
the cardinality of the class satisfies

∣∣{Δsf
(k) : f (k) ∈ F (k)}∣∣ ≤ 22s+2

< 2p2s+2
. Therefore, the first two

inequalities follow by applying Lemma 4.3 to the class {Δsf
(k) : f (k) ∈ F (k)} for all 1 ≤ k ≤ p and 

s ≥ s0, with the choice r = 4.

Similarly, the third and fourth inequalities follow by applying Lemma 4.3 to the class F (k) 
s for all 

1 ≤ k ≤ p, s ≥ s0, with r = 2. The fifth inequality follows by applying Lemma 4.3 to the class{∏
k′<k πs+1f (k′)∏

k′>k πsf
(k′) : f (k′) ∈ F (k′)

}
for all 1 ≤ k ≤ p, s ≥ s0, with r = 4, and using the bound

∣∣∣∣{ ∏
k′<k 

πs+1f (k′) ∏
k′>k 

πsf
(k′) : f (k′) ∈ F (k′)

}∣∣∣∣ ≤
∏
k′<k 

22s+1 ∏
k′>k 

22s ≤ 2(p−1)2s+ 1
< 2p2s+2

.

The last inequality is obtained by applying Lemma 4.3 to the class
{∏p 

k=1 πs+1f (k) : f (k) ∈ F (k)
}

for all 
s ≥ s0, with r = 2, and using the fact that∣∣∣∣{ p∏

k=1 
πs+1f (k) : f (k) ∈ F (k)

}∣∣∣∣ ≤ 
p∏

k=1 
22s+1 = 2p2s+1 

< 2p2s+2 
.

Finally, applying a union bound over all 1 ≤ k ≤ p, s ≥ s0, we obtain that all the above inequalities
simultaneously hold with probability at least

1 − 4p
∑
s≥s0 

2 exp(−cu2p2s) · 2p2s+2 ≥ 1 − 2 exp(−c2u 22s0),

provided that u ≥ c1, where c1 and c2 are constants depending only on p. �

4.2 Proof of Theor em 2.2

This subsection contains the proof of our second main result, Theorem 2.2. The proof relies on t he next
result, Theorem 4.5, which establishes a high-probability upper bound on the �2-norm of the product of 
coordinate projection vectors of the function classes (F (k))

p
k=1. The proof of Theorem 4.5, along with 

some discussion, is deferred to Subsection 4.3. 

THEOREM 4.5. Under the setting of Theorem 2.2, for any u > 0, it holds with probability at least 1 − 
exp(−u2) that 

sup 
f (k)∈F (k),1≤k≤p

( N∑
i=1 

p∏
k=1

(
f (k) (X(k) 

i )
)2
)1/2

�p

( p∏
k=1 

dψ2 (F
(k) )

)(√
N + u 

p∑
k=1 

γ̄  (F (k), ψ2)
∏
k′ �=k

(
γ̄  (F (k′) , ψ2) + (log N)1/2 + u 

))
,

where γ̄  (F (k), ψ2) := γ  (F ( k), ψ2)/dψ2
(F (k)) for each 1 ≤ k ≤ p.
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20 J. CHEN AND D. SANZ-ALONSO

REMARK 4.1. Integrating the tail bound in Theorem 4.5 yields 

E sup 
f (k)∈F (k),1≤k≤p

( N∑
i=1 

p∏
k=1

(
f (k) (X(k) 

i )
)2
)1/2

�p

( p∏
k=1 

dψ2 (F
(k) )

)(√
N + 

p∑
k=1 

γ̄  (F (k), ψ2)
∏
k′ �=k

(
γ̄  (F (k′), ψ2) + (log N)1/2

))

	p

( p∏
k=1 

dψ2 (F
(k) )

)(√
N + 

p∏
k=1

(
γ̄  (  F (k), ψ2) + (log N)1/2

))
. ( 4.3) 

The expectation bound (4.3) is optimal up to a constant depending only on p; in particular, the logarithmic 
factors are unavoidable. We demonstrate the sharpness of (4.3) with a simple example in Appendix B. 

Now we are ready to prove Theorem 2.2. 

Proof of Theor em 2.2. We first observe that the condition 0 ∈ F (k) or the symmetry of F (k) (i.e. f ∈ F (k) 

implies −f ∈ F (k)) ensures that γ (F (k), ψ2) � dψ2
(F (k)) (see [2, Lemma 4.6]), a fact that we will use 

repeatedly in the proof. 
Let (F (k) 

s )s≥0 be an admissible sequence ofF (k). Let u ≥ 4 and s0 ≥ 0. For any f (k) ∈ F (k) and s ≥ 0, 
let πsf

(k) denote the nearest point in F (k) 
s to f (k) with respect to the (u22s)-norm under the probability

measure μ(k).
The proof will use symmetrization, an important technique in empirical process theory [35, Chap-

ter 2.3]. Let (εi)
N 
i=1 be independent symmetric Bernoulli random variables that are independent of 

(X(k) 
i )N 

i=1, 1  ≤ k ≤ p. We seek to establish a high-probability upper bound on the supremum of the 
Bernoulli process given by 

sup 
f (k)∈F (k),1≤k≤p

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣. 
To that end, we first note that any

∏p 
k=1 f

(k) can be represented as a chain, or telescoping sum, of links 
of the form

∏p 
k=1 πs+1f (k) −∏p 

k=1 πsf
(k). Namely 

p∏
k=1 

f (k) =
∑
s≥s0

( p∏
k=1 

πs+1f (k) − 
p∏

k=1 
πsf

(k)
)

+ 
p∏

k=1 
πs0 f

(k) 

=
∑
s≥s0

( p∑
k=1 

(πs+1f (1) ) · · ·  (πs+1f (k−1) )(πs+1f (k) − πsf
(k) )(πsf

(k+1) ) · · ·  (πsf 
(p) )

)
+ 

p∏
k=1 

πs0 f 
(k),

provided that π (k) s f (k) → f (k) as s →  ∞  . Here, in the second line, for each s, we used the telescoping
identity a1 · · · ap − b1 · · · bp = ∑p

k=1 a1 · · · ak−1

(
ak − bk

)
bk+1 · · · bp with ak = πs+1f (k) and bk =

πsf
(k).
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To ease notation, we write (πsf
(k) )i := (πsf

(k) )(X(k) 
i ), Δsf

(k) := πs+1f (k) − πsf
(k) and (Δsf

(k) )i := 
(Δsf

(k) )(X(k) 
i ). We will use this notation throughout the remainder of the paper. By the triangle inequality,

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣
=
∣∣∣∣ N∑

i=1 
εi

[∑
s≥s0

( p∑
k=1 

(πs+1f (1) )i · · · (πs+1f (k−1) )i(Δsf
(k) )i(πsf

(k+1) )i · · ·  (πsf
(p) )i

)
+ 

p∏
k=1 

(πs0 f
(k) )i

]∣∣∣∣
≤
∑
s≥s0 

p∑
k=1

∣∣∣∣ N∑
i=1 

εi(πs+1f (1) )i · · ·  (πs+1f (k−1) )i(Δsf
(k) )i(πsf

(k+1) )i · · ·  (πsf
(p) )i

∣∣∣∣+ ∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

(πs0 f
(k) )i

∣∣∣∣
=
∑
s≥s0 

p∑
k=1

∣∣∣∣ N∑
i=1 

εi

(
(Δsf

(k) )i

∏
k′<k 

(πs+1f (k′) )i

∏
k′>k 

(πsf
(k′) ) i

)∣∣∣∣+ ∣∣∣∣ N∑
i=1

εi

p∏
k=1

(πs0
f (k))i

∣∣∣∣. (4.4)

Let (js)s≥s0
be the sequence defined in (4.2). For each s ≥ s0,  let  Is be the union of the js − 1 largest 

coordinates of (|Δsf
(k)|i)N 

i=1 and the js − 1 largest coordinates of

(∣∣∣ ∏
k′<k 

(πs+1f (k′) )i

∏
k′>k 

(πsf
(k′) )i

∣∣∣)N 

i=1 
, 

for every 1 ≤ k ≤ p. Then |Is| ≤ 2p(js −1). We apply Lemma 4.2 with t = up1/22s/2 and the set Is to the 
summand indexed by s and k in (4.4). This implies that, for every s, k and every f (k) ∈ F (k) (1 ≤ k ≤ p), 
with probability at least 1 − 2 exp(−u2p2s−1), the following holds:

∣∣∣∣ N∑
i=1 

εi

(
(Δsf

(k) )i

∏
k′<k 

(πs+1f (k′) )i

∏
k′>k 

(πsf
(k′) )i

)∣∣∣∣
≤
∑
i∈Is

∣∣∣∣(Δsf
(k) )i

∏
k′<k 

(πs+1f (k′) )i

∏
k′>k 

(πsf
(k′) )i

∣∣∣∣
+ up1/22s/2

(∑
i∈Ic 

s 

(Δsf
(k) )2 

i

∏
k′<k 

(πs+1f (k′) )2 
i

∏
k′>k 

(πsf
(k′) )2 

i

)1/2 

(∗) ≤
(∑

i∈Is 

(Δsf
(k) )2 

i

)1/2(∑
i∈Is

∏
k′<k 

(πs+1f (k′) )2 
i

∏
k′>k 

(πsf
(k′) )2 

i

)1/2 

+ up1/22s/2
(∑

i∈Ic 
s 

(Δsf
(k) )4 

i

)1/4(∑
i∈Ic

s

∏
k′<k

(πs+1f (k′))4
i

∏
k′>k

(πsf
(k′))4

i

)1/4
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(∗)

�p

(∑
i<js

((
Δsf

(k)
)∗ 

i

)2
)1/2 

sup 
f (k′)∈F (k′),k′ �=k

( N∑
i=1

∏
k′ �=k 

(f (k′) )2 
i

)1/2 

+ u2s/2
(∑

i≥js

((
Δsf

(k)
)∗ 

i

)4
)1/4(∑

i≥js

((∏
k′<k 

πs+1f (k′) ∏
k′>k 

πsf
(k′)
)∗ 

i

)4)1/4

,

where (	) follows by Cauchy-Schwarz inequality and in (		) we use that
∑

i∈Is (Δsf
(k) )2 

i ≤ 
2p
∑

i<js

((
Δsf

(k)
)∗ 

i

)2 since |Is| ≤  2p(js − 1), and that

(∑
i∈Is

∏
k′<k 

(πs+1f (k′) )2 
i

∏
k′>k 

(πsf
(k′) )2 

i

)1/2 
≤ sup 

f (k′)∈F (k′),k′ �=k

( N∑
i=1

∏
k′ �=k 

(f (k ′))2
i

)1/2

.

Further, repeating this argument for the last term in (4.4) gives that, for every f (k) ∈ F (k) (1 ≤ k ≤ p), 
with probability at least 1 − 2 exp(−u2p2s0−1),

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

(πs0 f
(k) )i

∣∣∣∣ �p

(∑
i<js0

((
πs0 f

(1)
)∗ 

i

)2
)1/2 

sup 
f (k′)∈F (k′),k′ �=1

( N∑
i=1

∏
k′ �=1 

(f (k′) )2 
i

)1/2 

+ u2s0/2
(∑

i≥js0

((
πs0 f

(1)
)∗ 

i

)4
)1/4(∑

i≥js0

(( ∏
k′ �=1 

π s0 f
(k′)
)∗ 

i

)4)1/4

.

Observe that |{Δsf
(k) : f (k) ∈ F (k)}| ≤ 22s · 22s+1 ≤ 22s+2 

and

∣∣∣∣{ ∏
k′<k 

πs+1f (k′) ∏
k′>k 

πsf
(k′) : f (k′) ∈ F (k′)

}∣∣∣∣ ≤
∏
k′<k 

22s+1 ∏
k′>k 

22s ≤ 2(p−1)2s+1 
,

∣∣∣∣{ p∏
k=1 

πs0 f
(k) : f (k) ∈ F (k)

}∣∣∣∣ ≤ 
p∏

k=1 
22s0 = 2p2s0 .

For u ≥ 4, we sum the probabilities for all s ≥ s0 and 1 ≤ k ≤ p to obtain that, with (εi)
N
i=1 probability

at least

1 − 2 exp(−u2p2s0−1) · 2p2s0 −
∑
s≥s0 

2 exp(−u2p2s−1) · 2(p−1)2s+1 · 22s+2 ≥ 1 − 2 exp(−u22s0/8),
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for every f (k) ∈ F (k) (1 ≤ k ≤ p),

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣
≤
∑
s≥s0 

p∑
k=1

∣∣∣∣ N∑
i=1 

εi

(
(Δsf

(k) )i

∏
k′<k 

(πs+1f (k′) )i

∏
k′>k 

(πsf
(k′) )i

)∣∣∣∣+ ∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

(πs0 f
(k) )i

∣∣∣∣
�p 

p∑
k=1

(∑
s≥s0

(∑
i<js

((
Δsf

(k)
)∗ 

i

)2
)1/2 

+
(∑

i<js0

((
πs0 f

(k)
)∗ 

i

)2
)1/2)

sup 
f (k′)∈F (k′),k′ �=k

( N∑
i=1

∏
k′ �=k 

(f (k′) )2 
i

)1/2 

+ u 
p∑

k=1

∑
s≥s0 

2s/2
(∑

i≥js

((
Δsf

(k)
)∗ 

i

)4
)1/4(∑

i≥js

((∏
k′<k 

πs+1f (k′) ∏
k′>k 

πsf
(k′)
)∗ 

i

)4)1/4 

+ u2s0/2
(∑

i≥js0

((
πs0 f

(1)
)∗ 

i 

)4
)1/4(∑

i≥js0

(( ∏
k′ �=1 

πs0 f
(k′)
)∗ 

i

)4)1 /4

.

On the o ther hand, we know from Corollary 4.4 that with (X(k) 
i )N 

i=1(1 ≤ k ≤ p) probability at least 
1 − 2 exp(−c1u22s0), the four inequalities in Corollary 4.4 hold for every 1 ≤ k ≤ p,  every  f (k) ∈ F (k) 

and s ≥ s0 simultaneously. Therefore, combining the (εi)
N 
i=1 probability and the (X(k) 

i )N 
i=1(1 ≤ k ≤ p) 

probability implies that there exists a constant c̃(p) depending only on p such that, for u ≥ c(p) ∨ 4, it
holds with probability at least

1 − 2 exp(−u22s0/8) − 2 exp(−c1u22s0) ≥ 1 − 2 exp
(
−c̃(p)u22s0

)

that, for every 1 ≤ k ≤ p and every f (k) ∈ F (k),

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣
�p 

p∑
k=1 

u

(∑
s≥s0 

2s/2‖Δsf
(k)‖(c3u22s) + 2s0/2‖πs0 f

(k)‖(c3u22s0 )

)
sup 

f (k′)∈F (k′),k′ �=k

( N∑
i=1

∏
k′ �=k 

(f (k′) )2 
i

)1/2 

+ u 
p∑

k=1

(∑
s≥s0 

2s/2N1/4‖Δsf
(k)‖L8 N

1/4
∥∥∥∥ ∏

k′<k 
πs+1f (k′) ∏

k′>k 
πsf

(k′)
∥∥∥∥

L8

)

+ u2s0/2N1/4‖πs0 f
(1)‖L8 N

1/4
∥∥∥∥ ∏

k′ �=1

πs0
f (k′)

∥∥∥∥
L8
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(∗)

�p u 
p∑

k=1

Λ̃s0,cu(F (k) ) sup 
f (k′)∈F (k′),k′ �=k

( N∑
i=1

∏
k′ �=k 

(f (k′) )2 
i

)1/2 

+ uN1/2 
p∑

k=1

( ∏
k′ �=k 

dψ2 (F
(k′) )

)(∑
s≥s0 

2s/2‖Δsf
(k)‖ψ2

)
+ u2s0/2N1/2 

p∏
k=1 

dψ2 (F
(k) ) 

(∗∗)

� p u 
p∑

k=1

Λ̃s0,cu(F (k) ) sup 
f (k′)∈F (k′),k′ �=k

( N∑
i=1

∏
k′ �=k 

(f (k′) )2 
i

)1/2 

+ uN1/2 
p∑

k=1

( ∏
k′ �=k 

dψ2 (F
(k ′) )

)(
γ  (F (k), ψ2) + 2s0/2dψ2 (F

(k) )

)
, (4.5)

where (	) follows by choosing almost optimal admissible sequences in F (k) for 1 ≤ k ≤ p and using the 
definition of Λ̃s0,u(F (k) ), together with ‖Δsf

(k)‖L8
� ‖Δsf

(k)‖ψ2 and Hölder’s inequality. In particular, 
for each k and s,∥∥∥∥ ∏

k′<k 
πs+1f (k′) ∏

k′>k 
πsf

(k′)
∥∥∥∥

L8 

≤
∏
k′<k

‖πs+1f (k′)‖L8(p−1)

∏
k′>k

‖πsf
(k′)‖L8(p−1)

�p

∏
k′ �=k 

dψ2 (F
( k′) ),

and

‖πs0 f
(1)‖L8

∥∥∥∥ ∏
k′ �=1 

πs0 f
(k′)
∥∥∥∥

L8 

≤ ‖πs0 f
(1)‖L8

∏
k′ �=1

‖πs0 f
(k′)‖L8(p−1)

�p 

p∏
k=1 

dψ 2 (F
(k) ),

where we used Hölder’s inequality in the form
∥∥∏p−1 

j=1 Zj

∥∥
L8 

≤ ∏p−1 
j=1 ‖Zj‖L8(p−1)

for any random
variables Z1, . . . , Zp−1; and (		) follows by noting that∑

s≥s0 

2s/2‖Δsf
(k)‖ψ2 ≤

∑
s≥s0 

2s/2(‖f − πsf
(k)‖ψ2 + ‖f − πs+1f (k)‖ψ2 ) � γ  (  F (k), ψ2).

Now we apply Theorem 4.5 and a union bound to obtain the high-probability bound: for any u > 0, 
it holds with probability at least 1 − p exp(−u2) that, for e very 1 ≤ k ≤ p,

sup 
f (k′)∈F (k′),k′ �=k

( N∑
i=1

∏
k′ �=k 

(f (k′) )2 
i

)1/2

�p

( ∏
k′ �=k 

dψ2 (F
(k′) )

)(√
N + u

∑
k′ �=k 

γ̄  (F (k′), ψ2)
∏

k′′ �=k,k′

(
γ̄  (F (k′′), ψ 2) + (log N)1/2 + u

))
.

Moreover, by Lemma 4.1, Λs0,cu(F (k) ) � γ  (F (k), ψ2), and hence

Λ̃s0,cu(F (k) ) = Λs0,cu(F (k) ) + 2s0/2 sup 
f (k)∈F (k)

‖πs0 f
(k)‖(c2u22s0 ) � γ  (F (k), ψ2) + 2s0/2dψ2

(F (k)).
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Consequently, by taking s0 	 1, we have shown that there exist constants c1(p), c2(p) and c3(p) such 
that, for any u ≥ c1(p), it holds with probability at least 1 − 2 exp(−c̃(p)u22s0) − p exp(−u2) ≥ 1 − 
c2(p) exp(−c3(p)u2) that 

sup 
f (k)∈F (k),1≤k≤p

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣
�p u 

p∑
k=1

Λ̃s0,cu(F (k) ) sup 
f (k′)∈F (k′),k′ �=k

( N∑
i=1

∏
k′ �=k 

(f (k′) )2 
i

)1/2 

+ uN1/2 
p∑

k=1

( ∏
k′ �=k 

dψ2 (F
(k′) )

)(
γ  (F (k), ψ2) + 2s0/2dψ2 (F

(k) )

)

�p u 
p∑

k=1 
γ  (F (k), ψ2)

( ∏
k′ �=k 

dψ2 (F
(k′) )

)(√
N+u

∑
k′ �=k 

γ̄  (F (k′), ψ2)
∏

k′′ �=k,k′

(
γ̄  (F (k′′), ψ2)+(log N)1/2+u

))

+ uN1/2 
p∑

k=1

( ∏
k′ �=k 

dψ2 (F
(k′) )

)
γ  (F (k), ψ2) 

=
( p∏

k=1 
dψ2 (F

(k) )

)
u
√

N

( p∑
k=1 

γ̄  (F (k), ψ2)

)

+
( p∏

k=1 
dψ2 (F

(k) )

)
u2 
∑
k �=k′

γ̄  (F (k), ψ2) ̄γ  (F (k′), ψ2)
∏

k′′ �=k,k′

(
γ̄  (F (k′′), ψ2) + ( log N)1/2 + u

)
,

where γ̄  (F (k), ψ2 ) := γ (F (k), ψ2)/dψ2
(F (k)) for 1 ≤ k ≤ p.

Integrating the above tail bound (using Lemma A2 with F(u) a polynomial with nonnegative 
coefficients; cf. Example A1) yields the following qth moment estimate: for any q ≥ 1,

(
E sup 

f (k)∈F (k),1≤k≤p

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣q
)1/q

�p,q

( p∏
k=1 

dψ2 (F
(k) )

)(√
N

( p∑
k=1 

γ̄  (F (k), ψ2)

)

+
∑
k �=k′

γ̄  (F (k), ψ2)γ̄  (F (k′), ψ2)
∏

k′′ �=k,k′

(
γ̄  (F (k′′), ψ2) + (log N)1/2

))

�p,q

( p∏
k=1 

dψ2 (F
(k) )

)(√
N

( p∑
k=1 

γ̄  (F (k), ψ2)

)
+

p∏
k=1

(
γ̄ (F (k), ψ2) + (log N)1/2

))
.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

aiai/article/15/2/iaag010/8658657 by guest on 18 April 2026



26 J. CHEN AND D. SANZ-ALONSO

Finally, by the symmetrization inequality for empirical processes [35, Lemma 2.3.1], we have

(
E sup 

f (k)∈F (k),1≤k≤p

∣∣∣∣ 1 
N 

N∑
i=1 

p∏
k=1 

f (k) (X(k) 
i ) − E 

p∏
k=1 

f (k) (X(k) )

∣∣∣∣q
)1/q 

≤ 2

(
E sup 

f (k)∈F (k),1≤k≤p

∣∣∣∣ 1 
N 

N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣q
)1/q

�p,q

( p∏
k=1 

dψ2 (F
(k) )

)(∑p 
k=1 γ̄  (F (k), ψ2)√ 

N
+
∏p 

k=1

(
γ̄  (F (k), ψ2) + (log N)1/2 )

N

)
,

which concludes the proof. �

4.3 Proof of Theor em 4.5

This subsection presents the proof of Theorem 4.5, which establishes a high-probability upper bound 
on the �2-norm of the product of coordinate projection vectors associated with the function classes 
(F (k) )

p 
k=1: 

sup 
f (k)∈F (k),1≤k≤p

( N∑
i=1 

p∏
k=1

(
f (k) (X(k) 

i )
)2 
)1/2 

. 

The proof is based on generic chaining for the classes (F (k))
p
k=1, and builds on ideas of Mendelson

[25] for controlling multiplier and product processes, including the use of order statistics to separate the 
contributions of the largest and smallest coordinates of the increments (via monotone sums). In this sense,
our result can be viewed as a multi-product analogue of [25, Lemma 2.3], which corresponds (roughly) 
to the case p = 1. The main new difficulty is that we must handle p potentially different function classes 
evaluated at p different random variables, and leverage the resulting multilinear structure to carry out
chaining across these classes.

A crucial step in controlling the increments is to incorporate �∞-norm bounds on the relevant 
coordinate projection vectors at appropriate stages of the chaining argument, which introduces

√
log N 

factors. Although this bound may appear crude, it is in fact sharp: these
√

log N terms are unavoidable
in general; see Appendix B. In particular, even if some class F (k) is ‘simple’ in a global complexity 
sense, its contribution to the overall bound still necessarily includes at least a 

√
log N term, reflecting 

its largest coordinate fluctuation in �∞. This viewpoint provides a principled w ay to understand the
behavior of products of coordinate projection vectors across heterogeneous classes (F (k))

p
k=1 and

different underlying random variables.
We note that when F (1) = · · · = F (p) = F , X(1) = · · · =  X(p) = X, and X(1) 

i = · · · =  X(p) 
i = Xi for

all 1 ≤ i ≤ N, Theorem 4.5 reduces to [2, Theorem 4.5]. However, the proof presented here is genuinely 
different from that of [2, Theorem 4.5], which relies on chaining with a Young-function argument and 
separates the sub-Gaussian and sub-exponential regimes. In contrast, our setting involves heterogeneous 
function classes evaluated at different random variables and requires incorporating �∞-norm control 
within the chaining procedure, together with a sharp accounting of the resulting

√
log N factors. These

features —and in particular the necessity of the
√

log N terms— are not captured by the approach in [2].
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We begin by establishing several lemmas needed for the proof of Theorem 4.5. 
The following result provides a sharp high-probability upper bound for the �∞-norm of the coordinate 

projection vector (f (Xi))
N 
i =1.

LEMMA 4.6. For any u > 0, it holds with probability at least 1 − exp(−u2) that

sup 
f ∈F 

max 
1≤i≤N

|f (Xi)| � γ  (F , ψ2) + dψ2 (F)( 
√

log N + u).

Proof of Lemm. 4.6.  B  y [13, Theorem 3.2] (see also [2, Theorem 4.5]), for any t ≥ 1, it holds with 
probability at least 1 − exp(−t2) that 

sup 
f ∈F 

|f (X)| � γ  (F , ψ2) + dψ2 (F)t . 

Taking a union bound yields that, with probability at least 1 − N exp(−t2), 

max 
1≤i≤N 

sup 
f ∈F 

|f (Xi)| � γ  (F , ψ2) + dψ2 (F)t . 

Setting t = √
log N + u, we have with probability at least 1 − N exp(−(

√
log N + u)2) ≥ 1 − exp(−u2) 

that 

max 
1≤i≤N 

sup 
f ∈F 

|f (Xi)| � γ  (F , ψ2) + dψ2 (F )(
√

log N + u).

The proof is complete, since supf ∈F max1≤i≤N |f (Xi)| = max1≤i≤N supf ∈F |f (Xi)|. �
The next lemma is a consequence of [25, Lemma 3.2], as noted in [25, Remark 3.3]. We state the 

result in the special case obtained by setting q = 4, r = 2, t = 2, ρ = 3/2, β = 1/2, and α = 3/4 in
their notation.

LEMMA 4.7 ( [25, Lemma 3.2, Remark 3.3]). There exists an absolute constant c0 > 0 such that the 
following holds. Let Z ∈ L4 and let Z1, .  .  .  , ZN be independent copies of Z.  Fix  1 ≤ w ≤ N, and define 

j∗ =
⌈

c0w 
log(4 + eN/w)

⌉
. (4.6) 

Then, with probability at least 1 −exp(−w), the following inequality holds simultaneously for all i ≥ j∗:

Z∗
i ≤ 2‖Z‖L4

(
eN 
i

)3 /8

,

where Z∗
i denotes the ith largest value among |Z1|, . . . , |ZN |.

We apply Lemma 4.7 to derive the following corollary.
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COROLLARY 4.8. There exist two constants c1 and c2 depending only on p such that the following 
holds. For u > c1 and s0 > 1, let (js)s≥s0

be defined as in (4.2). Then, with probability at least 
1 − 2 exp(−c2u22s0), the following holds: for every f (k) ∈ F (k) (1 ≤ k ≤ p) and every s ≥ s0,

( js−1∑
i=js−1

(( p∏
k=1 

πsf
(k)
)∗ 

i

)2)1/2 
≤ 2

∥∥∥∥ p∏
k=1 

πsf
(k)
∥∥∥∥

L4

( js−1∑
i=js−1

(
eN 
i

)3/ 4 )1/2

.

Proof of Corollary 4.8. For every s ≥ s0 and every f (k) ∈ F (k) (1 ≤ k ≤ p), we apply Lemma 4.7 to the 
random variable Z = ∏p 

k=1 πsf
(k) with w = u2p2s−1. Note that j∗ coincides with js−1 defined in (4.2). 

We thus obtain that, with probability at least 1 − exp(−u2p2s−1), for every i ≥ js−1,

( p∏
k=1 

πsf
(k)
)∗ 

i 
≤ 2

∥∥∥∥ p∏
k=1 

πsf
(k)
∥∥∥∥

L4

(
eN 
i 

)3/8 
,

which implies that( js−1∑
i=js−1

(( p∏
k=1 

πsf
(k)
)∗ 

i

)2)1/2 
≤ 2

∥∥∥∥ p∏
k=1 

πsf
(k)
∥∥∥∥

L4

( js−1∑
i=js−1

(
eN 
i

)3/ 4 )1/2 
.

Since ∣∣∣∣{ p∏
k=1 

πsf
(k) : f (k) ∈ F (k)

}∣∣∣∣ ≤ 
p∏

k=1 
22s = 2p2s 

,

we take a union bound over all s ≥ s0 and all different functions
∏p 

k=1 πsf
(k) to obtain that, for u ≥ c1, 

with probability at least 1−∑s≥s0 
2p2s 

exp(−u2p2s−1) ≥ 1−2 exp(−c2u22s0), for every f (k) ∈ F (k) (1 ≤
k ≤ p) and every s ≥ s0:

( js−1∑
i=js−1

(( p∏
k=1 

πsf
(k)
)∗ 

i

)2)1/2 
≤ 2

∥∥∥∥ p∏
k=1 

πsf
(k)
∥∥∥∥

L4

( js−1∑
i=js−1

(
eN 
i

)3/ 4 )1/2

.

This completes the proof of Corollary 4.8. �
We are now ready to prove Theorem 4.5. 

Proof of Theor em 4.5. We will use the same notation as in the proof of Theorem 2.2.  Let  (F (k) 
s )s≥0 be 

an admissible sequence of F (k).  Let  u ≥ 4 and s0 ≥ 0. For any f (k) ∈ F (k) and s ≥ 0, let πsf
(k) denote 

the nearest point in F (k) 
s to f (k) with respect to the (u22s)-norm under the probability measure μ(k). Let

(js)s≥s0
be the non-decreasing sequence of integers defined in (4.2), and notice that 1 ≤ js ≤ N + 1 

for s ≥ s0. Set s1 > s0 to be the first integer for which js = N + 1. To ease notation, we will write

‖f (k)‖�N∞ 
:= max1≤i≤N |f (k)(X(k)

i )| = max1≤i≤N |(f (k))i|.
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Observe that f (k) = ∑
s≥s1 

Δsf
(k) + πs1 f

(k). We repeatedly apply triangle inequality

( N∑
i=1 

p∏
k=1

(
f (k) (X(k) 

i )
)2
)1/2 

=
( N∑

i=1 

p∏
k=1 

(f (k) )2 
i

)1/2 

≤
( N∑

i=1 
(πs1 f

(1) )2 
i 

p∏
k=2 

(f (k) )2 
i

)1/2 
+
∑
s≥s1

( N∑
i=1 

(Δsf
(1) )2 

i 

p∏
k=2 

(f (k) )2 
i

)1/2 

≤
( N∑

i=1 
(πs1 f

(1) )2 
i 

p∏
k=2 

(f (k) )2 
i

)1/2 
+
(∑

s≥s1

( N∑
i=1 

(Δsf
(1) )2 

i

)1/2)( p∏
k=2 

sup 
f (k)∈F (k)

‖f (k)‖�N∞

)

≤
( N∑

i=1 
(πs1 f

(1) )2 
i (πs1 f

(2) )2 
i 

p∏
k=3 

(f (k) )2 
i

)1/2 
+
∑
s≥s1

( N∑
i=1 

(πs1 f
(1) )2 

i (Δsf
(2) )2 

i 

p∏
k=3 

(f (k) )2 
i

)1/2 

+
(∑

s≥s1

( N∑
i=1 

(Δsf
(1) )2 

i

)1/2)( p∏
k=2 

sup 
f (k)∈F (k)

‖f (k)‖�N∞

)

≤
( N∑

i=1 
(πs1 f

(1) )2 
i (πs1 f

(2) )2 
i 

p∏
k=3 

(f (k) )2 
i

)1/2 
+
(∑

s≥s1

( N∑
i=1 

(Δsf
(2) )2 

i

)1/2)(∏
k �=2 

sup 
f (k)∈F (k)

‖f (k)‖�N∞

)

+
(∑

s≥s1

( N∑
i=1 

(Δsf
(1) )2 

i

)1/2)( p∏
k=2 

sup 
f (k)∈F (k)

‖f (k)‖�N∞

)

=
( N∑

i=1 
(πs1 f

(1))2
i (πs1

f (2))2
i

p∏
k=3

(f (k))2
i

)1/2

+
2∑

k=1

(∑
s≥s1

( N∑
i=1

(Δsf
(k))2

i

)1/2)( ∏
k′ �=k

sup
f (k′)∈F (k′)

‖f (k′)‖�N∞

)
.

Iterating this argument, we deduce that

( N∑
i=1 

p∏
k=1

(
f (k) (X(k) 

i )
)2
)1/2 

≤
( N∑

i=1 

p∏
k=1 

(πs1 f
(k) )2 

i

)1/2

︸ ︷︷ ︸
=:T1 

+ 
p∑

k=1

(∑
s≥s1

( N∑
i=1 

(Δsf
(k) )2 

i

)1/2)( ∏
k′ �=k 

sup 
f (k′)∈F (k′)

‖f (k′)‖�N∞

)
︸ ︷︷ ︸

=:T2

. (4.7)
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Now we analyze the term T1.  Let  Is1−1 be the set of the js1−1 − 1 largest coordinates of 
(|∏p 

k=1(πs1 f
(k) )i|)N 

i=1. By triangle inequality, 

T1 =
( N∑

i=1 

p∏
k=1 

(πs1 f
(k) )2 

i

)1/2 

≤
( ∑

i∈Ic 
s1−1 

p∏
k=1 

(πs1 f
(k) )2 

i

)1/2 
+
( ∑

i∈Is1−1 

p∏
k=1 

(πs1 f
(k) )2 

i

)1/2 

≤
( ∑

i∈Ic 
s1−1 

p∏
k=1 

(πs1 f
(k) )2 

i

)1/2 
+
( ∑

i∈Is1−1

( p∏
k=1 

(πs1 f
(k) )i − 

p∏
k=1 

(πs1−1f (k) )i

)2)1/ 2 

+
( ∑

i∈Is1−1 

p∏
k=1 

(πs1−1f (k) )2 
i 

)1/2 
.

Using the telescoping sum a1 · · · ap−b1 · · · bp =
∑p 

k=1 a1 · · · ak−1

(
ak − b k

)
bk+1 · · · bp and triangle

inequality, we have

( ∑
i∈Is1−1

( p∏
k=1 

(πs1 f
(k) )i − 

p∏
k=1 

(πs1−1f (k) )i

)2)1/2 

≤ 
p∑

k=1

( ∑
i∈Is1−1 

(πs1 f
(1) )2 

i · · ·  (πs1 f
(k−1) )2 

i (Δs1−1f (k) )2 
i (πs1−1f (k+1) )2 

i · · ·  (πs1−1f (p) )2 
i

)1/2 

≤ 
p∑

k=1

( ∑
i∈Is1−1 

(Δs1−1f (k) )2 
i

)1/2

‖πs1 f
(1)‖�N∞ · · · ‖πs1 f

(k−1)‖�N∞‖πs1−1f (k+1)‖�N∞ · · · ‖πs1−1f (p)‖�N∞ 

≤ 
p∑

k=1

( ∑
i∈Is1−1 

(Δs1−1f (k) )2 
i

)1/2( ∏
k′ �=k 

sup 
f (k′)∈F (k′)

‖f (k′)‖�N∞

)

≤ 
p∑

k=1

( ∑
i<js1−1

((
Δs1−1f (k)

)∗
i

)2
)1/2( ∏

k′ �=k

sup
f (k′)∈F (k′)

‖f (k′)‖�N∞

)
.

Moreover, since

( ∑
i∈Ic 

s1−1 

p∏
k=1 

(πs1 f
(k) )2 

i

)1/2 
=
( ∑

i≥js1−1

(( p∏
k=1 

πs1 f
(k)
)∗

i

)2)1/2
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and

( ∑
i∈Is1−1 

p∏
k=1 

(πs1−1f (k) )2 
i

)1/2 
≤ max|J|=js1−1−1

(∑
j∈J 

p∏
k=1 

(πs1−1f (k) )2 
j

)1/2 
,

it follows that 

T1 =
( N∑

i=1 

p∏
k=1 

(πs1 f
(k) )2 

i

)1/2 

∗= max|I|=js1−1

(∑
i∈I 

p∏
k=1 

(πs1 f
(k) )2 

i

)1/2 

≤
( ∑

i≥js1−1

(( p∏
k=1 

πs1 f
(k)
)∗ 

i

)2)1/2 
+ 

p∑
k=1

( ∑
i<js1−1

((
Δs1−1f (k)

)∗ 

i

)2
)1/2( ∏

k′ �=k 
sup 

f (k′)∈F (k′)
‖f (k′)‖�N∞

)

+ max|I|=js1−1−1

(∑
i∈ I 

p∏
k=1 

(πs1−1f (k) )2 
i 

)1/2 
, 

where (	) follows by the definition of s1, i.e. js1 = N + 1. 
Repeating this argument for s0 ≤ s ≤ s1 − 2, it follows that for every f (k) ∈ F (k),  1  ≤ k ≤ p, and 

for t he choice of Is as the set of js − 1 largest coordinates of (|∏p
k=1(πs+1f (k))i|)N

i=1,

max|I|=js+1−1

(∑
i∈I 

p∏
k=1 

(πs+1f (k) )2 
i

)1/2 
=
( js+1−1∑

i=1

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2 

≤
( js+1−1∑

i=js

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2 
+
(∑

i∈Is 

p∏
k=1 

(πs+1f (k) )2 
i

)1/2 

≤
( js+1−1∑

i=js

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2 
+
(∑

i∈Is

( p∏
k=1 

(πs+1f (k) )i − 
p∏

k=1 
(πsf

(k) )i

)2)1/2 

+
(∑

i∈Is 

p∏
k=1 

(πsf
(k) )2 

i

)1/2 

≤
( js+1−1∑

i=js

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2 
+ 

p∑
k=1

(∑
i<js

((
Δsf

(k)
)∗ 

i

)2
)1/2( ∏

k′ �=k 
sup 

f (k′)∈F (k′)
‖f (k′)‖�N∞

)

+ max|I|=js−1

(∑
i∈I

p∏
k=1

(πsf
(k))2

i

)1/2

.
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Consequently, we express T1 as a telescoping sum, from which we obtain that

T1 = max|I|=js1−1

(∑
i∈I 

p∏
k=1 

(πs1 f
(k) )2 

i

)1/2 

= 
s1−1∑
s=s0

(
max|I|=js+1−1

(∑
i∈I 

p∏
k=1 

(πs+1f (k) )2 
i

)1/2 
− max|I|=js−1

(∑
i∈I 

p∏
k=1 

(πsf
(k) )2 

i

)1/2
)

+ max|I|=js0−1

(∑
i∈I 

p∏
k=1 

(πs0 f
(k) )2 

i

)1/2 

≤
( ∑

i≥js1−1

(( p∏
k=1 

πs1 f
(k)
)∗ 

i

)2)1/2 
+ 

s1−2∑
s=s0

( js+1−1∑
i=js

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2 

+ 
s1−1∑
s=s0 

p∑
k=1

(∑
i<js

((
Δsf

(k)
)∗ 

i

)2
)1/2( ∏

k′ �=k 
sup 

f (k′)∈F (k′)
‖f (k′)‖�N∞

)

+ max|I|=js0−1

(∑
i∈I

p∏
k=1

(πs0
f (k))2

i

)1/2

.

Notice that

max|I|=js0−1

(∑
i∈I 

p∏
k=1 

(πs0 f
(k) )2 

i

)1/2 
=
(∑

i<js0

(( p∏
k=1 

πs0 f
(k)
)∗ 

i

)2)1/2 

≤
(∑

i<js0

((
πs0 f

(1)
)∗ 

i

)2
)1/2( ∏

k′ �=1 
sup 

f (k′)∈F (k′)
‖f (k′)‖�N∞

)

≤ 
p∑

k=1

(∑
i<js0

((
πs0 f

(k)
)∗ 

i

)2
)1/2( ∏

k′ �=k 
sup 

f (k′)∈F (k′)
‖f (k′)‖�N∞

)
,

and so

T1 ≤
( ∑

i≥js1−1

(( p∏
k=1 

πs1 f
(k)
)∗ 

i

)2)1/2 
+ 

s1−2∑
s=s0

( js+1−1∑
i=js

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2 

+ 
p∑

k=1

( s1−1∑
s=s0

(∑
i<js

((
Δsf

(k)
)∗ 

i

)2
)1/2 

+
(∑

i<js0

((
πs0 f

(k)
)∗ 

i

)2
)1/2)( ∏

k′ �=k 
sup 

f (k′)∈F (k′)
‖f (k′)‖�N∞

)
.

(4.8)
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Combining ( 4.7) and (4.8) gives that

( N∑
i=1 

p∏
k=1 

(f (k) )2 
i

)1/2 
≤ T1 + T2 

≤
( ∑

i≥js1−1

(( p∏
k=1 

πs1 f
(k)
)∗ 

i

)2)1/2 
+ 

s1−2∑
s=s0

( js+1−1∑
i=js

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2 

+ 
p∑

k=1

( s1−1∑
s=s0

(∑
i<js

((
Δsf

(k)
)∗ 

i

)2
)1/2 

+
(∑

i<js0

((
πs0 f

(k)
)∗ 

i

)2
)1/2)( ∏

k′ �=k 
sup 

f (k′)∈F (k′)
‖f (k′)‖�N∞

)

+ 
p∑

k=1

(∑
s≥s1

( N∑
i=1 

(Δsf
(k) )2 

i

)1/2)( ∏
k′ �=k 

sup 
f (k′)∈F (k′)

‖f (k′)‖�N∞

)

=
( ∑

i≥js1−1

(( p∏
k=1 

πs1 f
(k)
)∗ 

i

)2)1/2 
+ 

s1−2∑
s=s0

( js+1−1∑
i=js

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2 

+ 
p∑

k=1

(∑
s≥s0

(∑
i<js

((
Δsf

(k)
)∗ 

i

)2
)1/2 

+
(∑

i<js0

((
πs0 f

(k )
)∗ 

i

)2
)1/2)( ∏

k′ �=k 
sup 

f (k′)∈F (k′)
‖f (k′)‖�N ∞

)
.

With the choice of (js)s≥s0
in (4.2), Corollary 4.4 gives that with probability at least 1 − 

2 exp(−c1u22s0), for every 1 ≤ k ≤ p,  every  f (k) ∈ F (k), and every s ≥ s0,

(∑
i<js

((
Δsf

(k)
)∗ 

i

)2
)1/2

� u2s/2‖Δsf
(k)‖(c3u22s),

(∑
i<js

((
πsf

(k)
)∗ 

i

)2
)1/2

� u2s/2‖πsf
(k)‖(c3u22s),

(∑
i≥js

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2

� N1/2
∥∥∥∥ p∏

k=1 
πs+1f (k)

∥∥∥∥
L4

.

By Lemma 4.6 and a union bound, with probability at least 1 − p exp(−u2), for e very 1 ≤ k ≤ p,

sup 
f (k)∈F (k)

‖f (k)‖�N∞ � γ  (F (k), ψ2) + dψ2 (F
(k) )(

√
log N + u).
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Moreover, by Corollary 4.8, with probability at least 1 − 2 exp(−c1u22s0), for every f (k) ∈ F (k) (1 ≤ 
k ≤ p) and every s ≥ s0,

( js−1∑
i=js−1

(( p∏
k=1 

πsf
(k)
)∗ 

i

)2)1/2

�
∥∥∥∥ p∏

k=1 
πsf

(k)
∥∥∥∥

L4

( js−1∑
i=js−1

(
eN 
i

)3/4 )1/2 
.

Hence, it holds with probability 1 − c1(p) exp(−c2(p)u22s0) that, for every f (k) ∈ F (k) (1 ≤ k ≤ p):

( N∑
i=1 

p∏
k=1 

(f (k) )2 
i

)1/2 

≤
( ∑

i≥js1−1

(( p∏
k=1 

πs1 f
(k)
)∗ 

i

)2)1/2 
+ 

s1−2∑
s=s0

( js+1−1∑
i=js

(( p∏
k=1 

πs+1f (k)
)∗ 

i

)2)1/2 

+ 
p∑

k=1

(∑
s≥s0

(∑
i<js

((
Δsf

(k)
)∗ 

i

)2
)1/2 

+
(∑

i<js0

((
πs0 f

(k)
)∗ 

i

)2
)1/2)( ∏

k′ �=k 
sup 

f (k′)∈F (k′)
‖f (k′)‖�N∞

)

�p N
1/2
∥∥∥∥ p∏

k=1 
πs1 f

(k)
∥∥∥∥

L4 

+ 
s1−2∑
s=s0

∥∥∥∥ p∏
k=1 

πs+1f (k)
∥∥∥∥

L4

( js+1−1∑
i=js

(
eN 
i

)3/4 )1/2 

+ 
p∑

k=1 
u

(∑
s≥s0 

2s/2‖Δsf
(k)‖(c3u22s) + 2s0/2‖πs0 f

(k)‖(c3u22s0 )

)( ∏
k′ �=k 

sup 
f (k′)∈F (k′)

‖f (k′)‖�N∞

)
(4.9)

�p N
1/2
( p∏

k=1 
dψ2 (F

(k) )

)
+ u 

p∑
k=1

Λ̃s0,u(F ( k) )

( ∏
k′ �=k

(
γ  (F (k′), ψ2) + dψ2 (F

(k′) )(
√

log N + u
))

,

where in the last step we have used the definition of the graded γ -type functional Λ̃s0,u(F (k)) and the
inequalities

∥∥∥∥ p∏
k=1 

πsf
(k)
∥∥∥∥

L4 

≤ 
p∏

k=1

‖πsf
(k)‖L4p

�p 

p∏
k=1 

dψ2 ( F
(k))

and

s1−2∑
s=s0

( js+1−1∑
i=js

(
eN 
i

)3/4 )1/2

� N1/2. (4.10)
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The inequality ( 4.10) follows from the facts that js1 = N+1 and js > 2js−1 whenever 1 < js−1, js < N +1,
as can be seen from (4.2). Indeed, we estimate: 

s1−2∑
s=s0

( js+1−1∑
i=js

(
eN 
i

)3/4 )1/2 
≤ (eN)3/8 

s1−2∑
s=s0 

2
(
(js+1 − 1)1/4 − (js − 1)1/4

)1/2
� N3/8 

s1−2∑
s=s0 

(js+1 − 1)1/8

� N3/8(js1−1 − 1)1/8
(

1 +
∑
s≥1 

2 −s/8
)

� N1/2 .

Taking s0 	 1, we have

Λ̃s0,u(F (k) ) = Λs0,u(F (k) ) + 2s0/2 sup 
f (k)∈F (k)

∥∥∥πs0 f
(k)
∥∥∥

(u22s0 )
� γ  (F (k), ψ2) + 2s0/2dψ2 (F

(k) )�γ  (F (k), ψ2 ).

Consequently, it holds with probability at least 1 − c1(p) exp(−c2(p)u2) that 

sup 
f (k)∈F (k),1≤k≤p

( N∑
i=1 

p∏
k=1

(
f (k) (X(k) 

i )
)2
)1/2 

= sup 
f (k)∈F (k),1≤k≤p

( N∑
i=1 

p∏
k=1 

(f (k) )2 
i

)1/2

�p

( p∏
k=1 

dψ2 (F
(k) )

)(√
N + u 

p∑
k=1 

γ̄  (F (k), ψ2)
∏
k′ �=k

(
γ̄  (  F (k′), ψ2) + (log N)1/2 + u 

))
, 

where γ̄  (F (k), ψ2) := γ  (F (k), ψ 2)/dψ2
(F (k)) for 1 ≤ k ≤ p. This completes the proof. �

4.4 Log-concave ensembles 

In this subsection, we briefly outline how the proofs of Theorem 2.1 and Theorem 2.2 can be modified 
to establish the result stated in Remark 2.2 for isotropic, unconditional, log-conca ve ensembles.

For integer p ≥ 2 and 1 ≤ k ≤ p, let X(k), X(k) 
1 , .  .  . , X(k) 

N be i.i.d. isotropic, unconditional, log-concave 
random vectors in Rdk . For any function f defined on (Ω , μ), we introduce the Orlicz ψ1-norm of f given
by

‖f ‖ψ1 := inf

{
c > 0  :  EX∼μ

[
exp

( |f (X)|
c

)]
≤ 2

}
,

with the convention inf ∅ = ∞. We define dψ1
(F) := supf ∈F ‖f ‖ψ1

.
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Recall that in the proof of Theorem 2.2, we established in (4.5) that it holds with probability at least 
1 − 2 exp(−u2) that

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣ �p 

p∑
k=1 

uΛ̃s0,cu(F (k) ) sup 
f (k′)∈F (k′),k′ �=k

( N∑
i=1

∏
k′ �=k 

(f (k′) )2 
i

)1/2 

+ uN1/2 
p∑

k=1

(∑
s≥s0 

2s/2‖Δsf
(k)‖L8

∥∥∥∥ ∏
k′<k 

πs+1f (k′) ∏
k′>k 

πsf
(k′)
∥∥∥∥

L8

)

+ u2s0/2N1/2‖πs0 f
(1)‖L8

∥∥∥∥ ∏
k′ �=1 

πs0 f
(k′)
∥∥∥∥

L 8
.

Moreover, in the proof of Theorem 4.5, we established in (4.9) that it holds with probability 1 − 
c1(p) exp(−c2(p)u22s0) that, for every f (k) ∈ F (k) (1 ≤ k ≤ p),

( N∑
i=1 

p∏
k=1

(
f (k) (X(k) 

i )
)2
)1/2

�p N
1/2
∥∥∥∥ p∏

k=1 
πs1 f

(k)
∥∥∥∥

L4 

+ 
s1−2∑
s=s0

∥∥∥∥ p∏
k=1 

πs+1f (k)
∥∥∥∥

L4

( js+1−1∑
i=js

(
eN 
i

)3/4 )1/2 

+ 
p∑

k=1 
u

(∑
s≥s0 

2s/2‖Δsf
(k)‖(c3u22s) + 2s0/2‖πs0 f

(k)‖(c3u22s0 )

)( ∏
k′ �=k 

sup 
f (k′)∈F (k′)

‖f (k′)‖�N∞

)

�p N
1/2
(

sup 
f (k)∈F (k),1≤k≤p

∥∥∥∥ p∏
k=1 

f (k)
∥∥∥∥

L4

)
+ u 

p∑
k=1

Λ̃s0,u(F (k) )

( ∏
k′ �= k 

sup 
f (k′)∈F (k′)

‖f (k′)‖�N∞

)
.

Combining the two bounds and taking s0 	 1 gives that, with probability at least 1 − exp(−u2),

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣
�p 

p∑
k=1 

uΛ̃s0,cu(F (k) ) 

⎡⎣N1/2
(

sup 
f (k′)∈F (k′)

∥∥∥∥ ∏
k′ �=k 

f (k′)
∥∥∥∥

L4

)
+u

∑
k′ �=k

Λ̃s0,u(F (k′) )

( ∏
k′′ �=k,k′

sup 
f (k′′)∈F (k′′)

‖f (k′′)‖�N∞

)⎤⎦ 

+ uN1/2 
p∑

k=1

(∑
s≥s0 

2s/2‖Δsf
(k)‖L8

∥∥∥∥ ∏
k′<k 

πs+1f (k′) ∏
k′>k 

πsf
(k′)
∥∥∥∥

L8

)

+ u2s0/2N1/2‖πs0 f
(1)‖L8

∥∥∥∥ ∏
k′ �=1

πs0
f (k′)

∥∥∥∥
L8

.
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Applying the inequalities 

sup 
f (k′)∈F (k′)

∥∥∥∥ ∏
k′ �=k 

f (k′)
∥∥∥∥

L4 

≤
∏
k′ �=k 

sup 
f (k′)∈F (k′)

‖f (k′)‖L4(p−1)
�p

∏
k′ �=k 

dψ1 (F
(k′) ),

∥∥∥∥ ∏
k′<k 

πs+1f (k′) ∏
k′>k 

πsf
(k′)
∥∥∥∥

L8 

≤
∏
k′<k

‖πs+1f (k′)‖L8(p−1)

∏
k′>k

‖πsf
(k′)‖L8(p−1)

�p

∏
k′ �=k 

dψ1 (F
(k′) ),

∑
s≥s0 

2s/2‖Δsf
(k)‖L8

�
∑
s≥s0 

2s/2‖Δsf
(k)‖ψ1

� γ  (F (k), ψ1),

‖πs0 f
(1)‖L8

∥∥∥∥ ∏
k′ �=1 

πs0 f
(k′)
∥∥∥∥

L8 

≤ ‖πs0 f
(1)‖L8

∏
k′ �=1

‖πs0 f
(k′) ‖L8(p−1)

�p 

p∏
k=1 

dψ1 (F
( k) ),

we obtain

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣
�p 

p∑
k=1 

uΛ̃s0,cu(F (k) ) 

⎡⎣N1/2
∏
k′ �=k 

dψ1 (F
(k′) ) + u

∑
k′ �=k

Λ̃s0,u(F (k′) )

( ∏
k′′ �=k,k′

sup 
f (k′′)∈F (k′′)

‖f (k′′)‖�N∞

)⎤⎦ 

+ uN1/2 
p∑

k=1 
γ  (F (k), ψ1)

∏
k′ �=k 

dψ1 (F (k
′)) + uN1/2

p∏
k=1

dψ1
(F (k)).

We use Borell’s characterization of log-concave distributions [1, Lemma 2.3]: if X is a centered 
random vector in Rd with a log-concave distribution, then for any v ∈ Sd−1,

‖〈X, v〉‖ψ1
	 ‖〈X, v〉‖L2 . 

Therefore, for F (k) = {〈·, v〉 : v ∈ S
dk−1}, we have

dψ1 (F
(k) ) = sup 

f (k)∈F (k)
‖f (k)‖ψ1

	 sup 
f (k)∈F (k)

‖f (k)‖L2 = sup
‖v‖=1

(
E〈X(k), v 〉2)1/2 = 1.

For each 1 ≤ k ≤ p,  let  Y(k) be a standard Gaussian random vector in Rdk . Then, for any u, v ∈ S
dk−1,

the canonical metric associated with Y(k) satisfies

dY(k) (u, v) = (
E(〈Y(k), u〉 − 〈Y(k), v〉)2)1/2 = ‖u − v‖�2 = ‖〈·, u〉 − 〈·, v〉‖L2(μ

(k)),
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where μ(k) denotes the law of X(k), and the last step follows from the fact that X(k) is isotropic. Then, we 
have 

γ  (F (k), ψ1) 
∗	 γ  (F (k), L2) = γ

(
S

dk−1, dY(k)

) (∗∗)	 E sup 
v∈Sdk−1

〈Y(k), v〉 = E‖Y(k)‖ 	 (
E‖Y(k)‖2)1/2 = d1/2 

k , 

where (	) follows from the fact that for log-concave random variables, t he ψ1-norm of any linear
functional is equivalent to its L2-norm, and (		) follows from Talagrand’s majorizing-measure theorem
[34, Theorem 2.10.1].

For 1 ≤ k ≤ p,  let  Z(k) be a random vector in Rdk whose coordinates are independent standard 
exponential random variables. For s0 	 1 and u ≥ 1, it follows from [25, Section 4.3] that, for the 
isotropic, unconditional, log-concave random vector X(k), and the linear function class F (k) =  {〈·, v〉 :
v ∈ S

dk−1}, we have

Λ̃s0,u(F (k) ) � u E‖Z(k)‖ ≤  u
(
E‖Z(k)‖2)1/2 = ud 1/2

k .

By [41,(2.20)], for each k, we have with probability at least 1 − N exp(−t), 

max 
1≤i≤N

‖X(k) 
i ‖ � d1/2 

k + t . 

Setting t = log N + u2, we have with probability at least 1 − N exp(− log N − u2) = 1 − exp(−u2) that 

sup 
f (k)∈F (k)

‖f (k)‖�N∞ 
= sup 

f (k)∈F (k) 
max 

1≤i≤N
|f (k) (X(k) 

i )| =  max 
1≤i≤N 

sup 
v∈Sdk−1 

|〈v, X(k) 
i 〉| 

= max 
1≤i≤N

‖X (k) i ‖ � d1/2 
k + log N + u 2.

Combining everything together, for any u ≥ 1, we have with probability at least 1 − exp(−u2) that

sup 
f (k)∈F (k),1≤k≤p

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣
�p 

p∑
k=1 

uΛ̃s0,cu(F (k) ) 

⎡⎣N1/2
∏
k′ �=k 

dψ1 (F
(k′) ) + u

∑
k′ �=k

Λ̃s0,u(F (k′) )

( ∏
k′′ �=k,k′

sup 
f (k′′)∈F (k′′)

‖f (k′′)‖�N∞

)⎤⎦ 

+ uN1/2 
p∑

k=1 
γ  (F (k), ψ1)

∏
k′ �=k 

dψ1 (F
(k′) ) + uN1/2 

p∏
k=1 

dψ1 (F
(k) )

�p 

p∑
k=1 

u2d1/2 
k

(
N1/2 + u2

∑
k′ �=k 

d1/2 
k′

∏
k′′ �=k,k′

(
d1/2 

k′′ + log N + u2))+ uN1/2 
p∑

k=1 
d1/2 

k

�p u
2N1/2

( p∑
k=1 

d1/2
k

)
+ u4

∑
k �=k′

d1/2
k d1/2

k′
∏

k′′ �=k,k′

(
d1/2

k′′ + log N + u2).
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Integrating the tail bound yields the following bound in expectation: 

E sup 
f (k)∈F (k),1≤k≤p

∣∣∣∣ N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣ �p N
1/2
( p∑

k=1 
d1/2 

k

)
+
∑
k �=k′

d1/2 
k d1/2 

k′
∏

k′′ �=k,k′

(
d1/2 

k′′ + log N
)

�p N
1/2
( p∑

k=1 
d1/2 

k

)
+ 

p∏
k=1

(
d1/2 

k + log N
)
. 

Finally, b y the symmetrization inequality for empirical processes [35, Lemma 2.3.1], 

E

∥∥∥∥ 1 
N 

N∑
i=1 

X(1) 
i ⊗ · · · ⊗  X(p) 

i − EX(1) ⊗ · · · ⊗ X(p)

∥∥∥∥
= E sup

‖v1‖=···=‖vp‖=1

∣∣∣∣ 1 
N 

N∑
i=1 

p∏
k=1

〈X(k) 
i , vk〉 −  E 

p∏
k=1

〈X(k), vk〉
∣∣∣∣

= E sup 
f (k)∈F (k),1≤k≤p

∣∣∣∣ 1 
N 

N∑
i=1 

p∏
k=1 

f (k) (X(k) 
i ) − E 

p∏
k=1 

f (k) (X(k) )

∣∣∣∣
≤ 2E sup 

f (k)∈F (k),1≤k≤p

∣∣∣∣ 1 
N 

N∑
i=1 

εi 

p∏
k=1 

f (k) (X(k) 
i )

∣∣∣∣
�p

(∑p
k=1 dk

N

)1/2

+ 1

N

p∏
k=1

(
d1/2

k + log N
)
.
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Appendix 

A. Proofs of auxiliary r esults

LEMMA A1. Let Z(k) 
i , 1  ≤ i ≤ N, 1  ≤ k ≤ s be i.i.d. standard Gaussian random variables in R. Then,

E max 
1≤j≤N 

s∏
k=1 

|Z(k) 
j | 	s ( log N)s/2.

Proof. For the upper bound, we have 

E max 
1≤j≤N 

s∏
k=1 

|Z(k) 
j | ≤  E 

s∏
k=1 

max 
1≤j≤N

|Z(k) 
j | =  

s∏
k=1 

E max 
1≤j≤N

|Z(k) 
j | ∗ ≤

(
C
√

log N
)s

�s (log N)s/ 2, 

where t he inequality (	) follows by [34, Lemma 2.3.4]. Now we prove the lower bound. Let 
Z, Z(1), .  .  .  , Z(s) be i.i.d. standard Gaussian random variables in R. By [36, Proposition 2.1.2], there 
exists positive constants c1 ∈ (0, 1), c2 ∈ (1, ∞) such that, f or any t ≥ 2,

P

[
|Z(1) · · · Z(s)| ≥  t

]
≥ P

[
|Z(1)| ≥  t1/s, .  .  .  , |Z(s)| ≥  t1/s

]
=
(
P

[
|Z| > t1/s

])s 

≥
(

c1 exp(−c2t2/s)
)s = cs

1 exp
(
−sc2t2/s

)
.

It follows that

P

[
max 

1≤j≤N 

s∏
k=1 

|Z(k) 
j | ≥  t

]
= 1 −

(
1 − P

[
|Z(1) · · · Z(s)| ≥  t

])N ≥ 1 −
(

1 − cs 
1 exp

(
−sc2t2/s

))N
.
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Taking t = c3(log N)s/2 for some sufficiently small constant c3 depending only on s, we obtain 

P

[
max 

1≤j≤N 

s∏
k=1 

|Z(k) 
j | ≥  c3(log N)s/2

]
≥ 1 −

(
1 − cs 

1 exp
(
−sc2c2/s 

3 log N
))N ≥ 

1 
2 

, 

from where it follows that Emax1≤j≤N
∏s 

k =1 |Z(k)
j | ≥ c3

2 (log N)s/2. �

LEMMA A2. Let X ≥ 0 be a random variable. Fix u0 ≥ 1 and let F :  [u0, ∞) → (0, ∞) be increasing. 
Assume there exist constants C0 ≥ 1, c0 > 0, and m ≥ 1 such that, for all u ≥ u0, 

P
[
X > F(u)

] ≤ C0e−c0u2 
, (A.1)  

and, for all u ≥ v ≥ u0,

F(u) 
F(v) 

≤
(u 

v

)m 
. (A.2)

Then, for every q ≥ 1, (
EXq)1/q ≤ C F

(
C′√q + u0

)
, (A  .3)

where C, C′ > 0 depend only on C0, c0, m, and are independent of q and of any parameters implicit in
F.

Proof. We use the tail integral identity 

EXq = q
∫ ∞ 

0 
tq−1 

P[X > t] d  t. 

Set t0 := F(u0). Splitting at t0 gives 

EXq ≤ q
∫ t0 

0 
tq−1 dt + q

∫ ∞ 

t0 

tq−1
P[X > t] dt = tq 

0 + I, 

where I := q
∫∞ 

t0 
tq−1

P[X > t] dt. 
To bound I , use the monotone change of variables t = F(u) and the tail assumption (A.1): 

I ≤
∫ ∞ 

u0 

P
[
X > F(u)

]
d
(
F(u)q) ≤ C0

∫ ∞ 

u0 

e−c0u2 
d
(
F(u)q). 

Integrating by parts yields∫ ∞ 

u0 

e−c0u2 
d
(
F(u)q) = −e−c0u2 

0 F(u0)
q + 2c0

∫ ∞ 

u0 

u e−c0u2 
F(u)q du ≤ 2c0

∫ ∞ 

u0 

u e−c0u2
F(u)q du.
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Therefore, 

EXq ≤ F(u0)
q + 2c0C0

∫ ∞ 

u0 

u e−c0u2 
F(u)q du. (A.4)  

Now choose a constant α ≥ 2u0 (to be fixed depending only on c0 and m) and set

u∗ := α√ 
q.

Split the integral in (A.4)  at  u∗. For the lower part, monotonicity of F gives∫ u∗ 

u0 

u e−c0u2 
F(u)q du ≤ F(u∗)q

∫ ∞ 

0 
u e−c0u2 

du �c0 F(u∗)q .

For the upper part, use the growth condition (A.2): for u ≥ u∗ ≥ u0, 

F(u) ≤ F(u∗)
( u 

u∗ 

)m 
,

hence ∫ ∞ 

u∗ 
u e−c0u2 

F(u)q du ≤ F(u∗)q
∫ ∞ 

u∗ 
u e−c0u2

( u 
u∗

)mq 
du.

Change variables u = u∗s to get∫ ∞ 

u∗ 
u e−c0u2

( u 
u∗

)mq 
du = u2∗

∫ ∞ 

1 
smq+1e−c0u2∗s2 

ds ≤ u2∗
∫ ∞ 

1 
smq +1e−c0α

2q s2 
ds .

Since s2 ≥ s for s ≥ 1, we have e−c0α
2qs2 ≤ e−c0α

2qs and thus 

u2∗
∫ ∞ 

1 
smq+1e−c0α

2q s2 
ds ≤ u2∗

∫ ∞ 

1 
smq+1e−c0α

2q s  ds .

With the substitution t = c 0α2q s,∫ ∞ 

1 
smq+1e−c0α

2qs ds = (c0α
2q)−(mq+2)

∫ ∞ 

c0α
2q 

tmq+1e−t dt ≤ (c0α
2q)−( mq+2)Γ (mq + 2).

Using the bound Γ (r + 1) ≤ rr for r ≥ 1 (e.g. from Stirling) gives

(c0α
2q)−(mq+2) Γ  (mq + 2) � (c0α

2q)−(mq+2) (mq + 1)mq+1 �
( m 

c0α
2

)mq · 1

q
,
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up to absolute constants. Choosing α large enough so that m/(c0α
2) ≤ 1/2 ensures the right-hand side 

is � 1/q, hence ∫ ∞ 

u∗ 
u e−c0u2

( u 
u∗

)mq 
du � u2∗ · 1

q
	 α2.

Therefore, ∫ ∞ 

u∗ 
u e−c0u2 

F(u)q du �α,c0,m F( u∗)q.

Plugging the two parts back into (A.4), and using that F(u0) ≤ F(u∗) and that α is chosen depending 
only on c0 and m, yields

E Xq �C0,c0,m F(u∗) q.

Taking qth roots gives (A.3) (absorbing constants into C, C′). �

EXAMPLE A1 (Growth condition for a polynomial with nonnegative coefficients). Let 

F(u) = 
d∑

j=0 
cju

j, cj ≥ 0. 

Then, for any u ≥ v > 0, 

F(u) ≤
(u 

v

)d 
F(v), i.e. 

F(u) 
F(v) 

≤
(u 

v

)d 
. 

Indeed, for each j ≤ d we have

uj = vj
(u 

v

)j ≤ vj
(u 

v

)d
,

and multiplying by cj ≥ 0 and summing over j gives

F(u) = 
d∑

j=0 
cju

j ≤
(u 

v

)d d∑
j=0 

cjv
j =

(u 
v

)d
F(v).

B. Optimality of expectation bound (4.3).

We demonstrate the optimality of the expectation bound (4.3) in Remark 4.1 via a simple example.
For 1 ≤ k ≤ p,  let  H(k) = Rdk and consider a symmetric compact set S(k) ⊂ Rdk . Define the function 

class F (k) =  {〈·, vk〉 : vk ∈ S(k)}, which consists of linear functions indexed by S(k). Let X(k)
1 , . . . , X(k)

N
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be i.i.d. standard Gaussian random vectors in Rdk for each 1 ≤ k ≤ p, and assume that the sequences 
(X(1) 

i )N 
i=1, .  .  . , (X(p) 

i )N 
i=1 are independent. Let v∗

k ∈ S(k) be a point attaining the maximal Euclidean norm 
on Rdk , i.e. ‖v∗

k‖�2 = supvk∈S(k) ‖vk‖�2 . Observe that 

E sup 
f (k)∈F (k),1≤k≤p

( N∑
i=1 

p∏
k=1

(
f (k) (X(k) 

i )
)2
)1/2 

= E sup 
vk∈S(k),1≤k≤p

( N∑
i=1 

p∏
k=1

〈X(k) 
i , vk〉2

)1/2

� E

( N∑
i=1 

p∏
k=1

〈X(k) 
i , v∗

k〉2
)1/2

�p 
√

N 
p∏

k=1

‖v∗
k‖�2

	p 
√

N

( p∏
k= 1 

dψ2 (F
(k) )

)
, (  B.1)  

where the last step follows by ‖v∗
k‖�2 = supvk∈S(k) ‖vk‖�2

	 supf (k)∈F (k ) ‖f (k)‖ψ2
= dψ2

(F (k)) for every

1 ≤ k ≤ p. This confirms the necessity of the term
√

N
(∏p

k=1 dψ2
(F (k))

)
in (4.3). 

On the other hand, we may assume without loss of generality that 

γ̄  (F (1), ψ2) ≥ · · · ≥  γ̄  (F (t), ψ2) ≥ (log N)1/2 ≥  ̄γ  (F (t+1), ψ2) ≥ · · · ≥  γ̄  (F (p), ψ 2). 

Then, 

E sup 
vk∈S(k),1≤k≤p

( N∑
i=1 

p∏
k=1

〈X(k) 
i , vk〉2

)1/2 
≥ E sup 

vk∈S(k),1≤k≤p 
max 

1≤i≤N 

p∏
k=1

∣∣〈X(k) 
i , vk〉

∣∣
= E max 

1≤i≤N 
sup 

vk∈S(k),1≤k≤p 

p∏
k=1

∣∣〈X(k) 
i , vk〉

∣∣ (∗) ≥ E max 
1≤i≤N 

sup 
vk∈S(k),1≤k≤t 

t∏
k=1

∣∣〈X(k) 
i , vk〉

∣∣ p∏
k=t+1

∣∣〈X(k) 
i , v∗

k〉
∣∣

=
( p∏

k=t+1

‖v∗
k‖�2

)
E

[
max 

1≤i≤N 
sup 

vk∈S(k),1≤k≤t 

t∏
k=1

∣∣〈X(k) 
i , vk〉

∣∣ p∏
k=t+1

∣∣∣∣ 〈X(k) 
i , v∗

k〉
‖v∗

k‖�2

∣∣∣∣
]

≥
( p∏

k=t+1

‖v∗
k‖�2

)
E

(X(k) 
i )N 

i=1,k≥t+1

[
max 

1≤i≤N

(
E

(X(k) 
i )N 

i=1,k≤t sup 
vk∈S(k),1≤k≤t 

t∏
k=1

∣∣〈X(k) 
i , vk〉

∣∣) p∏
k=t+1

∣∣∣∣ 〈X(k) 
i , v∗

k〉
‖v∗

k‖�2

∣∣∣∣
]

=
( p∏

k=t+1

‖v∗
k‖�2

)
E

(X(k) 
i )N 

i=1,k≥t+1

[
max 

1≤i≤N

( t∏
k=1 

E sup 
vk∈S(k)

∣∣〈X(k) 
i , vk〉

∣∣) p∏
k=t+1

∣∣∣∣ 〈X(k) 
i , v∗

k〉
‖v∗

k‖�2

∣∣∣∣
]

(∗∗)	 p

( p∏
k=t+1 

dψ2 (F
(k) )

)( t∏
k=1 

γ  (F (k), ψ2)

)
E

(X(k) 
i )N 

i=1,k≥t+1

[
max 

1≤i≤N 

p∏
k=t+ 1

∣∣∣∣ 〈X(k) 
i , v∗

k〉
‖v∗

k‖�2

∣∣∣∣
]

	p

( p∏
k=t+1 

dψ2 (F
(k) )

)( t∏
k=1 

γ  (F (k), ψ2)

)
( log N)(p−t)/2, 

where (	) follows by taking vk = v∗
k for k ≥ t+1, and (		) follows using that ‖v∗

k‖�2
	 dψ 2(F

(k)) and that,

by Talagrand’s majorizing-measure theorem [34, Theorem 2.10.1], E supvk∈S(k)〈X(k), vk〉 	 γ  (F (k), ψ2).
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The last step follows since, for every k ≥ t + 1 and 1 ≤ i ≤ N, the random variables
〈X(k) 

i ,v∗
k 〉

‖v∗
k‖�2 

are i.i.d. 
standard normal random variables, and these Gaussians are independent across k and i. By applying
Lemma A1, we obtain 

E
(X(k) 

i )N 
i=1,k≥t+1

[
max 

1≤i≤N 

p∏
k=t+1

∣∣∣∣ 〈X(k) 
i , v∗

k〉
‖v∗

k‖�2

∣∣∣∣
]

	p (log N)(p−t)/2. 

Therefore, we have shown that 

E sup 
vk∈S(k),1≤k≤p

( N∑
i=1 

p∏
k=1

〈X(k) 
i , vk〉2

)1/2

�p

( p∏
k=t+1 

dψ2 (F
(k) )

)( t∏
k=1 

γ  (F (k), ψ2)

)
(log N)(p−t)/2

	p

( p∏
k=1 

dψ2 (F
(k) )

)( p∏
k=1

(
γ̄  (F (k) , ψ2) + (log N)1/2

))
. 

(B.2) 

Combining t he two lower bounds (B.1) and (B.2) shows that, in this example, the upper bound (4.3)  is  
sharp up to a constant depending only on p.
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