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This paper establishes sharp concentration inequalities for simple random tensors. Our theory unveils a
phenomenon that arises only for asymmetric tensors of order p > 3: when the effective ranks of the
covariances of the component random variables lie on both sides of a critical threshold, an additional
logarithmic factor emerges that is not present in sharp bounds for symmetric tensors. To establish our
results, we develop empirical process theory for products of p different function classes evaluated at p
different random variables, extending generic chaining techniques for quadratic and product empirical
processes to higher-order settings.
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1. Introduction

This paper establishes sharp bounds for the operator-norm deviation of the sum of simple (rank-one)
random tensors from its expectation. For integer p > 2 and each 1 < k < p, let X(k),X}k), . ,Xl(f) be
i.i.d. centered sub-Gaussian random variables in a separable Hilbert space H® with covariance operator
>® _ QOur first main result, Theorem 2.1, shows that, with a standard notation described below,

N p
1
EHNZ 0 g...@x" _Ex® ®”.®X(p)H <, (H ”2(/«)”1/2)51\]((2(1{))27:1),
i=1 k=1
where

P (k) 1/2 P 1/2 T E(k)
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Ev(ZOY_) ._( v +NH rE®) +10gN) T, HE®) = BOIR

k=1

We also obtain corresponding gth moment bounds for ¢ > 1. In addition, Theorem 2.1 establishes
a matching lower bound in the case of independent Gaussian data, demonstrating the sharpness of the
result and showing that the logarithmic factors are, in general, unavoidable. When p = 2, our result yields
a sharp dimension-free concentration bound for the sample cross-covariance operator of sub-Gaussian
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2 J. CHEN AND D. SANZ-ALONSO

random variables X! and X, without imposing any assumptions on their correlation structure:

N
1 1) o v | 2
]EHJT/Z]X" ®X;” —ExV @ x@
=

AEDY £ 1(ZOW2 (D) z@D)1/2
5 (”2(1)””2(2)”)1/2 ( ) ( ) + ( ( ) ( )) )
N N
To prove Theorem 2.1, we introduce and develop the theory of multi-product empirical processes. In
our second main result, Theorem 2.2, we leverage generic chaining techniques to obtain a sharp in-
expectation bound on

1
sup

N
FOeF® 1<k<p |V

ﬁf(k) *x") - E f[f(k) x®) ‘

1 k=1 k=1

in terms of quantities that reflect the geometric complexity of the function classes F ® 1 <k < 22
which are taken to contain bounded linear functionals on the corresponding Hilbert spaces H®) in the
proof of Theorem 2.1.

1.1  Main contributions and outline

This paper further develops the study of sharp concentration of simple random tensors initiated in [2].
While the analysis in [2] is limited to symmetric tensors, this paper generalizes the theory to asymmetric
tensors. In so doing, we uncover a new phenomenon that only arises in the concentration of asymmetric
tensors of order p > 3. To establish our results, we investigate a more general type of empirical process
than [2], for products of p different function classes evaluated at p different random variables. A key
technical contribution is Theorem 4.5, which establishes a sharp uniform bound on the £,-norm of the
product of the coordinate projection vectors associated with the different function classes.

The proof of Theorem 4.5 is based on generic chaining across multiple function classes and builds
on ideas of Mendelson [25] for controlling multiplier and product processes. The main new difficulty is
that we must handle heterogeneous classes F M .., F?P evaluated at different random variables, and
exploit the resulting multilinear structure to carry out a coordinated chaining argument across the classes.
A crucial step in controlling the increments is to incorporate £__-norm bounds on the relevant coordinate
projection vectors at appropriate stages of the chaining argument; this introduces polylog(N) factors.
While these terms may appear crude at first glance, they are in fact sharp and unavoidable in general.
In particular, even if some class F® is ‘simple’ in a global complexity sense, its contribution to the
overall bound must still include at least a term that reflects its largest coordinate fluctuation in £_,. This
viewpoint provides a principled way to understand the behavior of products of coordinate projection
vectors across heterogeneous classes (F (k))iz | and different underlying random variables—an effect
that is not captured by the approach in [2]. Remarks 2.1 and 2.3 further discuss how the results and
techniques in this paper differ from those in [2].

In the special case p = 2, our results yield a new dimension-free concentration bound for the
sample cross-covariance operator; see Remark 2.1. Cross-covariances are a core building block in many
procedures, including principal component methods, canonical correlation analysis and more broadly
in the estimation of second-order structure in multivariate or functional data. Obtaining dimension-
independent deviation bounds is particularly valuable in high- or infinite-dimensional regimes, where
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 3

classical bounds scale poorly with the ambient dimension and become uninformative. Our estimates
provide a useful theoretical tool for such settings. More generally, we anticipate that Theorem 2.1 may
have applications in various tensor-related statistical problems [4, 10, 21], including tensor estimation
[12, 17], tensor completion [37, 38], tensor regression [20], and tensor singular value decomposition [39,
40]. Our results may also be useful for independent component analysis, where estimation of fourth-order
moment tensors (kurtosis) plays a central role [5]. Beyond tensor methodology, our findings may inform
work in ensemble Kalman methods for inverse problems and data assimilation [6, 11, 32], learning theory
and empirical risk minimization [15], and the method of moments [33], with potential applications to
cryo-EM and multi-reference alignment problems [7, 14, 29].

Section 2 states our two main results and discusses related work. We study the concentration of
simple random tensors and multi-product empirical processes in Sections 3 and 4, respectively.

1.2 Notation

Given two positive sequences {a, } and {b, }, we write a, < b, to denote that a, < cb, for some absolute
constant ¢ > 0. If both a,, < b, and b, < a, hold simultaneously, we write a,, < b,,. If the constant ¢
depends on some parameter 7, we use the notations a, <. b,.b, <, a,, and a, <, b, to indicate this
dependence. We denote the unit Euclidean sphere in R4 by SA1i={u e R : |ul ¢, = 1}. For a vector
N

N . .
x = (x)¥; € RV, we denote by (x}),_, the non-increasing rearrangement of (|x;):_,.

2. Main results

Here we state the two main theorems of the paper and compare them with existing results. Subsection 2.1
focuses on the concentration of simple random tensors and Subsection 2.2 focuses on multi-product
empirical processes.

2.1 Concentration of simple random tensors

Forintegerp > 2and 1 <k < p, let (H ®) (-, )gw, | - lzw) be a separable real Hilbert space, and let
X® be a centered H®-valued random variable. Suppose that E[(X® v) ol <ooforallve Uyw =
(ve H® : |v|lgw = 1} and let XV ® - - - ® XP be the multilinear form

XV@-- @XM (v, == XD v XP v e, V(.)€ HD xox HO,

Thus, XV ® --- ® X is a random variable taking values in the tensor space HV @ --- ® H?. We
refer, for instance, to [30, Section I1.4] for background on tensor products of Hilbert spaces. When p =
2 and X!V = X® = X e H, the second-order moment tensor EX®2(v;,v,) = E(X,v|)y(X,v)y>
Y (v1,v,) € H x H is called the covariance of X. By the Riesz representation theorem, this bilinear form
can be represented by the covariance operator ¥ : H — H defined by

V1, Zvo)y = EX®2 (v, v,), Y (vi,v,) € Hx H.

Given independent copies ka), . ,Xj(\f) of X® for1 <k < p, our goal is to establish concentration
inequalities for the sum of simple (rank-one) random tensors 1%] Zivzl Xl-(l) R --® Xl.(p). Specifically, we
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4 J. CHEN AND D. SANZ-ALONSO

seek to obtain upper bounds on the deviation

N

1
HNZX;U@...@X@ _EX<1>®...®X@)H
i=1
N
= 0y Z o X v e = EXD v XP v | @)
) i=1
where || - || denotes the norm in the tensor space HV @ --- ® H®). Notice that for p = 2 and X'V =

X® = X e H, the operator norm of the covariance operator X : H — H agrees with the norm of the
covariance E X®?2 as a bilinear form in H®2. Consequently, we will slightly abuse notation and denote
by || X'|| the operator norm of the covariance operator. Furthermore, to simplify the notation, we will
henceforth omit the subscript H ® in the inner-product (-, -) y& and norm || - || e .

We will focus on Gaussian and sub-Gaussian random variables. Recall that an H-valued random
variable X is called (sub)-Gaussian iff all one-dimensional projections (X,v) for v € H are (sub)-
Gaussian real-valued random variables. Furthermore, X is called pre-Gaussian iff there exists a centered
Gaussian random variable Y in H with the same covariance operator as that of X.

For a covariance operator X, the effective rank is defined as

Tr(X)

) = .
"=

Our first main result, Theorem 2.1, provides a sharp dimension-free bound for the deviation (2.1) in
terms of the effective ranks r(X (D), ..., r(X®) of the covariance operators associated with the random
variables XD, ... X® We prove Theorem 2.1 in Section 3.

THeOREM 2.1. For any integerp > 2and 1 < k < p, letX(k),ng), . ,X](f) bei.i.d. centered sub-Gaussian
and pre-Gaussian random variables in H*¥) with covariance operator X', Then, for any ¢ > 1,

1 q
(E”;, > xV - ex” —EXD ®~-®X(”>” ) Spa (I [ ”2(]()||1/2)‘50N((2(k))§_1)’
i=1 k=1

where

P oy 1/2 p
NP Y . 2t HEM) 1 *) 12
Ey((zOY_) = (—N + Nk]:[1 (r(E )+10gN)

Moreover, if X, ..., X®), (X,.(l))ﬁi I (X(p))N | are independent Gaussian, then

N lVa P
1 q
(]EHITI SxVg. ox” —ExVe. . ®X(p)” ) =pq (H ||2(k)Hl/z)gzv((x(k))llz_l)'
i=1 k=1
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 5

To the best of our knowledge, Theorem 2.1 is the first result in the literature to establish sharp
dimension-free bounds for the deviation (2.1) under sub-Gaussian assumptions. Notably, the upper bound
holds without requiring independence between the sequences (Xl.(k))fv | and (X,.(k/))f; | for k # k'; that is,
no assumptions are made on the correlation structure across components. Moreover, Theorem 2.1 shows
that our expectation bound is sharp in the case of independent Gaussian data.

The remainder of this subsection provides a detailed discussion of Theorem 2.1 and its connections to
existing results. In Remark 2.1, we compare our result to existing concentration inequalities for sums of
simple symmetric tensors and derive a straightforward corollary for finite-dimensional random tensors.
Remark 2.2 presents an additional consequence of our theory concerning isotropic, unconditional, log-
concave ensembles.

Remark 2.1. For simplicity, in this remark we focus on the first-moment case ¢ = 1. When p = 2,
Theorem 2.1 yields the following dimension-free concentration bound for the sample cross-covariance
operator:

N
1 1) o v 1 2
EHNEIX[. ®X” —ExD g@x®@
=

U (FEDY + H(EONZ2 (2D +10g N)V2((Z?P) + log N)!/2
< (1=O=@pY (( ~ + B £

= (”2(1)””2(2)“)1/2(((2(1));r(zm))l/z n <r(x(”>rfvz@>)>”2),

which improves upon the earlier bound in [3, Lemma A3]. To our knowledge, this dimension-free

concentration bound for the sample cross-covariance operator is new. It holds without any assumption
on the dependence between the sequences (Xl.(l))fvz | and (Xl.(z))f.vz 1» provided that both are sub-Gaussian
and pre-Gaussian random variables. Moreover, it is sharp (up to constants) in view of the matching lower
bound in the independent case established in Theorem 2.1.

When X = ... = x® =XanXm.(l) =... =Xl.(p) =X, foralll <i < N,sothat ¥ = ... =

»® = ¥ Theorem 2.1 yields

N N N N

(2.2)

1Y X)) (H(X)+logN)P/? (X)) rzZ)P?
EHN;X?”—EW < ||2||P/2( + )x,, ||2||”/2( + )

where the final equivalence follows from the bound (log N)?/2/N ,Sp 1/+/N. This recovers the sharp
concentration inequality for simple symmetric tensors established in [2, Theorem 2.1]. We refer the
reader to [2] for further references on the study of (2.2), as well as related literature on sample covariance
operators and random tensors.

Since the operator-norm deviation under consideration is invariant under permutations of the
component random vectors, we may assume without loss of generality that the effective ranks satisfy
r(ED)y > (ZD) > ... > H(ZP), Suppose there exists an index ¢ such that #(X®) > logN >
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6 J. CHEN AND D. SANZ-ALONSO
r(2+D)_ Then, the upper bound in Theorem 2.1 simplifies to

N
1
(1) (2] 1
]EH]_VZIZ ® --®X, —EX()®--‘®X(”)”
=

P MY\2 (Qoa NYP—1/2 ~
w2 (7 (logN) (172
S,,(EIIE I )(( 5 + N Er(ff )'172).

As will be shown in Proposition 3.1, the upper bound can be reversed (up to a constant depending only
on p) in the case of independent Gaussian data, indicating that the logarithmic factors in the upper bound
are, in general, unavoidable. This new phenomenon arises only for asymmetric tensors of order p > 3—
specifically, when the effective ranks of the component covariances vary across the threshold log N,
with some exceeding and others falling below it. The random variables in the tensor product whose
covariances have effective ranks smaller than log N contribute logarithmic factors to the second term
in the upper bound. Since this behavior only arises for asymmetric tensors of order p > 3, it has not
been observed in previous work on the concentration of simple symmetric tensors or sample covariance

operators.
A corresponding finite-dimensional corollary is as follows. For each 1 < k < p, let
X(k),ng),...,XI(\f) be i.i.d. standard Gaussian random vectors in R%, so that ¥ ® = Idk and

rE®) =Tr(z®) /| 20| = d,.If

dlZ"'ZdtzlogNZdH-lZ.“de’

then

N 1/2 (p-n/2 !
1 d (logN)
(1) P) 1 1 1/2
EHNZXf ® ok ‘EX”®“'®X(”)H5P(N) S ot § K
i=1 k=1

ReEMARK 2.2. A minor modification of our proof (see Subsection 4.4) yields the following result for
isotropic, unconditional, log-concave ensembles.

Recall that a probability measure v on R? is log-concave if, for any ¢ € [0, 1] and any nonempty
Borel measurable sets A, B C R, the following inequality holds:

v(tA + (1 — HB) > v(A)'v(B)! .

For each 1 < k < p, let X® be a random vector in R%, distributed according to an isotropic,
unconditional, log-concave measure. That is, for all v € R%, we have E(X, v)? = ||v||%2; the distribution
of X is invariant under coordinate-wise sign changes; and the law of X® has a log-concave density.
Let X §k), . ¢ 1(\5‘ ) be independent copies of X ® foreachl <k < p. Then, the following bound holds:

I < ) @) ) ) ‘Zldk V2o 1/2
]EHNZXI. @ X" -ExVg...ox0 ” < (T) +171H(d’< +logN).
i=1 k=1
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 7

In particular, if

dyz - 2d > (logN) 2 dpyy 2 --- 2 d,,

then

d_1)1/2+(logN)p’ d 42

N N k
k=1

N
1 ) ®) !
EHZV;X’ ® - ®X, _ExVg...0x"» 5,;

We further remark that the corresponding gth moment bound can be derived by integrating the tail
estimate from Subsection 4.4. We omit the details for brevity and focus on the first-moment bound.

2.2 Multi-product empirical processes

This subsection contains the statement of our second main result, Theorem 2.2, which gives a general
upper bound on the suprema of multi-product empirical processes. Theorem 2.2 will be key to

establishing our upper bounds in Theorem 2.1. For 1 < k < p, let X(k),ng), ... ,Xl(f) i uw® be a
sequence of random variables on a probability space (2, u®). We consider the multi-product centered
empirical process indexed by p (potentially distinct) function classes (1, ..., F®, where each F® is
defined on (2®, u®). The process is given by

N p 14
1
(O e ST —E[[rOx®), P eFO 1 <k<p @3
i=1 k=1 k=1

In our proof of Theorem 2.1, the class F® will be taken to contain all linear functionals in H® with
norm one.

For p = 1, (2.3) recovers the standard empirical process [34, 35], and for p = 2 the quadratic
and product empirical processes are extensively studied, e.g. in [1, 8, 9, 13, 16, 18, 19, 22, 25-27, 31].
Beyond their theoretical significance, quadratic and product empirical processes play a crucial role in
various statistical applications, such as covariance estimation [19]. Our goal is to bound

ﬁf(k) (Xi(k)) -k ﬁf(k) (X(k))
k=1

k=1

1
sup

F0eF® 1<kzp IV §

N
=1

for any p > 2 in terms of quantities that reflect the geometric complexity of the indexing classes
(F® )i’:l. To that end, for any function f on (§2, ), we introduce the Orlicz v,-norm of f given by

2
|[f||1//2 ;= inf [c >0: EX~;/, |:exp (lf(jiﬂ )i| < 2] s

with the convention inf # = co. Our upper bound will depend on

dy, (F) :=sup |Ifll
V2 feF 1)

and on Talagrand’s functional y (F, v,), whose definition we now recall.
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8 J. CHEN AND D. SANZ-ALONSO

DeriniTiON 2.1 (Talagrand’s y functional). Let (F, d) be a metric space. An admissible sequence is an
increasing sequence (F,),.o C F which satisfies 7, C F, |, |Fo| = 1.|F,| < 2% for s > 1, and
Us2o F, is dense in F. Let

y(F.d) := inf sup > 2"2d (f,F,),
fE]: >0

where the infimum is taken over all admissible sequences. We write y (F, ¥,) when the distance on F
is induced by the v,-norm.

We are ready to state our second main result. Its proof can be found in Section 4.
iid.
THEOREM 2.2. For any integer p > 2 and 1 < k < p, let X(k),Xik), . ,Xl(\f) S ,u(k) be a sequence of
random variables on the probability space (£2®, 1®), and let F® be a class of functions defined on
(20, 1 ®). Assume 0 € F® or F® s symmetric Ge. f® e FO implies —f® ¢ F®). Then, for
any g > 1,

N p p 1/q p
1 q
(=, om i firoom-sfimen]) " s, (o)
FReF® 1<k<p i=1 k=1 k=1 k=1
where
E(FPY_) = et V(FO, ) N et (P(FD )+ (log N)!/?) SOy yFO vy
N k=1 JN N ’ 2 d,, (F®)

RemMark 2.3. Here, for each 1 < k < p, the quantities y (F ®) Y¥,) and d,/,2 (F (k)) are defined with
respect to the probability measure u® on the probability space (2®, u®). Moreover, the sequences
(X .(k))?;l and (Xl(k ))N , are not necessarily independent for k # k'. This result generalizes the upper

] =
bound established inl[25 , Theorem 1.13] for the supremum of product empirical processes indexed by

function classes F and H, that is,
N
1
(.1 = D fXDh(X) —Efn,  feF. heH,
i=1

extending it to higher-order settings, including the case where each factor in the product involves a
different random variable.

In the special case where 2V = ... = QP = Q. uV =... = P =y, FO =... = FO = F
and XD = ... = x® = X, with X'V = ... = Xx? = X, forall 1 <i< N, Theorem 2.2 (with ¢ = 1)
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 9

implies

E sup
feF

1 P
> [IrPe) —E (X)’

i=1 k=1

N
}V D X —EfF (X)‘ <E  sup
i=1

fOeF 1<k<p

» V(F)  (P(Fv) + (logN)l/z)”)
(P

_ y(Fdy () L YIFE)
=, b ¥,

where the final equivalence follows from the bound (log N)*/2 /N 51: 1/+/N and 7 (F, Y,) 2 1 (see [2,
Lemma 4.6]). This recovers the sharp expectation bound for the supremum of L, empirical processes
established in [2, Theorem 2.2]. We refer the reader to [2] for further discussion of (2.4), as well as
additional references to related work concerning quadratic and product empirical processes.

Similar to the discussion in Remark 2.1, the logarithmic factors in the upper bound of Theorem 2.2
are, in general, unavoidable. This new phenomenon arises only in multi-product empirical processes
involving at least three components in the product (i.e. p > 3), and when the complexity parameters
7(F®, Y,) of the associated function classes vary significantly —specifically, when some exceed
(log N)'/? while others fall below this threshold. Consequently, such behavior has not been observed
in previous work on the theory of quadratic and product empirical processes.

(2.4)

3. Concentration of simple random tensors

This section contains the proof of our first main result, Theorem 2.1. The upper bound for sub-Gaussian
data follows from an application of Theorem 2.2, where for each 1 < k < p, the class F' ®) consists of
all linear functionals in H® with norm one. To establish the matching lower bound for independent
Gaussian data, we adapt techniques from [19, Theorem 4] to the multi-product setting and make
a key observation that precisely captures the logarithmic factors appearing in the upper bound; see
Proposition 3.1 for the proof and Remark 3.1 for further discussion.

Proof of Theorem 2.1. We have

N
1
”Xl SxVe- . 0x” -ExV .. @x? H

i=1
_ 1 ﬁ:ﬁ Xy, ﬁ x®
= —”VpH NS k=1 v
1 N p
= s S - EHf(k) (X"”)‘
fOeF® 1<k<p i=1 k=1

where F® = {(-,v) v € Uyw), Uyw = 1{v € H® - |v|| = 1} foreach 1 < k < p. It is clear that

F® g symmetric. Recall that for 1 < k < p, X ®) X(k) ,X/(\f) are i.i.d. centered sub-Gaussian and
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10 J. CHEN AND D. SANZ-ALONSO

pre-Gaussian random variables in H® with covariance operator ¥® . Since X® is sub-Gaussian, the
Y,-norm of linear functionals is equivalent to the L,-norm. Hence,

1/2
dy, FPy = sup [P, = sup 1PN, = sup (EXD 1?22 = z®)12,
FoeF® FoeF® Ivl=1

Moreover, since X ® js pre-Gaussian, there exists a centered Gaussian random variable Y® in H® with
the same covariance X~ ® . This means that, for u,v € U @, the canonical metric associated with ¥ *)
satisfies

1/2

dyar (u,v) = ([EQY®, 1) — (¥® )22 = (= v, 20w =) = 16, u) = )l oy,

where 1 ® is the law of X©_ Using Talagrand’s majorizing-measure theorem [34, Theorem 2.10.1], we
deduce that

1/2
y(FO ) =<y (FO, L) =y (Uyw, dyw) <E sup (¥Y®,») =EJY® | < (E[Y®)2)"? =Tr(x®)!/2,

VGUH(k)
Therefore,
dy, FO) < | 202y (FO ) < ez O)12, 1<k <p.

Consequently, the upper bound stated in Theorem 2.1 follows directly from Theorem 2.2. The matching
lower bound for independent Gaussian data is proved in Proposition 3.1 below (the case ¢ = 1).
Moreover, for any g > 1,

N /9
1 q
(1 (p) 1
(EH]TIEIX’ ® QX _Ex()®...®X(P)H)
=

N
1
M ®) i
EEHNEX" ® - ®X, —]EX()®-~-®X(”)”,

i=1
so the first-moment lower bound immediately implies the same lower bound for all gth moments. [

ProposiTion 3.1. For any integer p > 2 and 1 < k < p, let X(k),ng),...,Xl(\f) be i.i.d.
centered Gaussian random variables in H® with covariance operator X®), and suppose that
xD . x® (Xl.(l))ﬁv=1 e, (Xi(p))N are independent. Then,

i=1’

N p
1
Bl 2K exr —Ex e axv| 2, ([T117) (R
i=1 k=1
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 11

where

p N 1/2 P
W . k=1 TE™) 1 ® 12
En((ZOY_)) = (—N +Nk|:|1 (r(E )+1ogN) .

Proof of Proposition 3.1. First, we may assume without loss of generality that the effective ranks satisfy
F(EW)y > p(2P) > ... > p(ZP). Itis straightforward to check that

ZZ:I r(E(k>) 1/2
N

(ZZZI r(z®) ) 172

4 (O ) 4 QosMPIR (012 if 3y (5 0) > log N> r(R D),
v ((ZD)=1) =y

i otherwise.

The conclusion follows directly from the following two claims:
Claim I. It holds that

N P P (o 1/2
1 D> e 1(E)
|y 2o mxte x| 2, (TTustn ) (H52)

i=1 k=1

Claim II. If there exists an index ¢ such that 7(X®) > logN > r(X“*D), then

L ) @) 1 o syy2) (og NP2 172
]EH]_VZX’ ® - ®X, _Ex()®._.®x(P)Hzp(Hllz()||/)an(z())/_
i=1 k=1 k=1

Now we prove Claim I and Claim II.
Proof of Claim I: By the assumption of independence and the definition of the tensor norm, we obtain

N N
1 1) ® ! 1 1) @
EHﬁ;X’ ® - ®X, —ExVg...0x"» :Eﬁzxi ® - ®X,

i=1

1 1
=E sup NZ(XI( ),V1>"'(X,'(p)’vp>
il=-=lpl=1 IN =
1 2 1
=E sup N Z<Xz( ),vz) - (Xi(”),vp)Xi( )
vall=--=lvpll=1 i—1

N
1 2 1
=X vy Xy ) x Y

i
i=1

= E(X,-(k))ﬁil,ZSkSp |:E(X,.(”)N sup :| .

= v ll==lvpli=1
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12 J. CHEN AND D. SANZ-ALONSO

Note that, conditionally on (Xi(k), Vi), 1 <i < N,2 <k < p, the distribution of the random variable

X(Z) XQ’) ) Xi(l)

”MZ

is Gaussian and it coincides with the distribution of the random variable

| X o, e 2)1/2&
( ; (X (X v,) 7
Therefore,
RS ® |y
E(X;k))ﬁvzl’szfp |:E(X(l))5vl Ivall= Su[|>|vp”:1 N i=1 e :|

( Z<X(2) -(X.(”) v)2)1/2E||X(1)||
vall= ||vpn 1 Lo VN

N 12
E[XD ( @, ® 2
= —F——E 0w — > (X; (X vy
N aOasksy |y L NZ o

=E
XN 2<k<p

N 1/2
E|XD @, ®» 2
> i sup E(ka))ﬁ‘il,ZskSp E (X; (X ,vp)

vall=--=lvpli=1 = _

E”X(l)” ) 1/2 ) 1/2 Z (2)\2 )2 12
= \/N il SuI:l)‘ | 1(2 Vo, V2) <E V V E (Z ) Z )
v||=-= Vp =

E|XV| ({2 =
= "W ”(HIIE"‘)H”Z) ( Z(Z(Z)f- ZW) :

k=2

where

(k)
X;
Z(k) ( Vi)

W I <i<N,1<k=<p,

are i.1.d. standard Gaussian random variables. One can check that

E(y i(z@)2 o (ZQ’))Z)I/2 > c(p)
Nizl i i =
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 13

for a positive constant c¢(p) depending only on p, which implies that

N
1 (1 ®) 1
EHN.Z;Xi @ --0Xx" -ExVg.. ox»

N 1/2
EHX(I)H( D sy 12 ! )2 (?)\2
> ————([T1=®nr? (- Dz &)
N Ni:l

k=2
1/2 14 P k 1/2
an(k)u”2 r(zm) U (Tison) (B =Dy
Np k=1 N ’

where in the last step we used that r(X(1) > r(£®) > ... > r(XP). This establishes Claim I.
Proof of Claim II: Suppose that there exists an index ¢ such that

r(EV)y = = (Z?) = logN = r(Z¢D) = ... = r(Z?),

Recall that

N N
1 1
EHN z Xi(l)@)...@)(i(”)_]EX(1)®...®X(P)H :]EH]TIE X§1)®...®X§p)“
i=1 i=1

N
1
) Z XD, vy (X v
”VIH— —uvpn 1IN =
If t = p, we have
N
! ™, »)
E 2K ()
ol —nvpu 1IN =
| X
- () S e L)
> Ewy_ iy l||—Su=r|)|v,,|\ 1 Exon sy ;Q{i Vi) (X v,)
=
Ll ®)
=E 0wy sup —(X; v XLy,
et oy =zl [N b
1 . ®, ® 1 z k) (T ®)1/2 : 0\ 1/2
= vExop [11X071= S TTEIXIZ, N(H 1= @) )Hr(z )12,
k=1 k=1 k=1 k=1
as desired. Here (x) holds since X(l), ... ,Xip) are independent, so ||X§1)||, e ||X§p) || are independent

and the expectation factorizes.
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14 J. CHEN AND D. SANZ-ALONSO

If 1 <t < p— 1, then by choosing v, = v} to be the unit eigenvector associated with the largest
eigenvalue of ¥ ® for each k > r + 1, we obtain

N
1 M, ®
E — (X7,
il=- iyl N; K
1 N
1 1
>E XD ) X v x D v x P
it=oati=t |V Py
1 £ N 1 )
:N( I1 ||2“‘>||”2)E| e Sy x P vyt ZP ' 3.1)
k=t+1 Vili==lvell= 1
where
® ®
0 - X)X v 1<i<N,1<k<p,

S (EOp2 ez

are i.1.d. standard Gaussian random variables.
Observe that

E - sup (X(l),v RERRD LR VARRR z}”)‘
Ivill=-=lvll=1
N
1 1
Z(k))N kit |: (X(k))N k<t sup Z(Xl( ),Vl) e <X,'(t)’vt)Zi(t+ ). . Zl(p)‘i|
= rl=e=lvli=1 |4

1 +1
x<k>>k - Z XD vy x vy z¢ ),..Zi@)

>E ww max E _w., su
@t [ g

=F E XD py e x® )z 7@
L ke @'as%v L W W B vz !

[ (1) @) 7+ ®

= By s | 1% By 111X N1Z 01 1 q

=E

My ... ) (t+Dy 7P
EOW kil _g@(Enx - EIXPDIZ™1- - 1Z; '}

t
_ (*) (R I ()
—(HE“X “)Ea;k»;vl,kz,H Lfg@;lzj -1 l}
k=1 -

t t
<, (H ||2<">||1/2) (Hr<z<’<>>”2)<logzv><1’—”/2, (3.2)
k=1

k=1

|
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 15

where in the last step we use Lemma Al from Appendix A, together with the fact that the random

variables Zl.(k), forl <i<Nandt+ 1 <k < p,arei.i.d. standard Gaussian. Combining (3.1) and (3.2)
completes the proof of Claim IIL.
O

ReEmARK 3.1 (Discussion on Proposition 3.1). The conditioning idea used in the proof of Claim I can be
viewed as a multi-product analogue of the lower-bound argument in [19, Theorem 4], where it is shown

that for i.i.d. centered Gaussian random variables X, X, ..., Xy with covariance operator X,
N
1 r(X)
JEHIT] D X®X - ]EX®X” > ||x| N
i=1

In our multi-product setting, the key difference is that the tensor factors may correspond to different
random variables. We therefore begin by focusing on the component X!V whose covariance has
the largest effective rank. Under independence across components, the argument reduces to a clean
conditioning step that isolates the contribution of this dominant factor.

The proof of Claim II is where the additional logarithmic factors in the asymmetric case arise. The
idea is to choose test vectors as follows: for those components whose covariance effective ranks are
smaller than log N, we take the unit eigenvector corresponding to the largest eigenvalue and denote the
resulting normalized scalar variables by (Zi(k))gv: | for k > t + 1. Conditioning on {Zl.(k) 1 <i<
N,k > t 4+ 1}, we can move the expectation inside the absolute value to obtain a lower bound, and,
crucially, eliminate all but one of the N summands. More precisely, we essentially keep only the index j
corresponding to the largest fluctuation of

(r+1) ®)
12012,

Since there are N i.i.d. copies and the components are independent, this maximum is typically of order
(log N)P=9/2_ yielding the sharp logarithmic contribution. In this way, the factors with larger effective
ranks contribute through their effective-rank terms, while the smaller-rank factors contribute through
the maximal fluctuation across the N i.i.d. draws. By contrast, a direct approach that simply moves
expectation into the absolute value without this selection would only yield a lower bound of order

14 P
}V(H ||2<k>||”2) [T
k=1 k=1

which corresponds to the ‘no-log’ case ¢ = p. The above extremal-selection observation is instrumental
to obtain the sharper lower bound that matches our upper bound.

Finally, we emphasize that we assume independence across tensor components only to provide
a clean special case in which our general upper bound is provably tight, without imposing any
additional structural assumptions on the correlations between components. In particular, the lower-bound
mechanism in the proof makes clear that there are many settings beyond full independence in which the
same kind of extremal-fluctuation phenomenon can occur, and hence where the resulting logarithmic
factors may still appear and be unavoidable.
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16 J. CHEN AND D. SANZ-ALONSO

4. Multi-product empirical processes

This section studies multi-product empirical processes indexed by p possibly different function classes
(F®)P_,, evaluated at p possibly different random variables (X7 _:

N p p

1

(Ve SO B[ Px©). O e FO 1<k<p @
i=1 k=1 k=1

We leverage generic chaining techniques to derive sharp upper bounds on their suprema in terms of
quantities that reflect the complexity of the function classes (F (k))’,::].

Our theory builds on the framework introduced by Mendelson in [25]. The central idea is as follows.
First, we gather precise structural information on the typical coordinate projection of F® 1 < k < p;
that is, for o® = (X%k), . ,X,(\i()), 1 < k < p, we study the structure of

Py FO) = (PN, 1 e FOL 1<k =p.

In order to study multi-product processes with p > 3, it is further necessary to understand the
structure of

/ k/ N

(Hf‘“(X,-( >>)_ ., 1<k<p,

k’#—k i=1

a structural component that appears to play a central role in the multi-product setting considered here.

Second, for typical oc® = (X}k), . ,Xg{)),l < k < p, we analyze the suprema of the conditioned
Bernoulli process:

N p
O f ) S [T oD, e,

i=1 k=1

where ¢, . .., &y are independent symmetric Bernoulli random variables (that is, P(¢, = +1) = P(¢,, =
-1 =1/2).

The structure of typical coordinate projections of sub-Gaussian function classes has been extensively
studied in empirical process theory [22-25, 27], primarily in the context of quadratic and product
empirical processes. Here, we extend the analysis to empirical processes indexed by p different function
classes evaluated at p different random variables. A key ingredient of our approach is Theorem 4.5, which
establishes a high-probability upper bound on the supremum of the £,-norm of the product of coordinate
projection vectors of the function classes (F® )’,Z:l. Specifically, it controls

N »p o\ 1/2
sup (ZH (f(k)(Xi(k))) )

FPOeF® 1<k<p \iZ] k=1

in terms of quantities that capture the geometric complexity of (F® )11::1~ A novel phenomenon captured
by Theorem 4.5 is the emergence of logarithmic factors in the multi-product setting; these factors do not
appear in the analysis of quadratic or standard product empirical processes.

The rest of this section is organized as follows. Subsection 4.1 introduces some definitions from
Mendelson’s work [25] and discusses an important result, Lemma 4.3 ([25, Corollary 3.6]), which plays
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 17

a crucial role in our proof of Theorem 2.2. We then prove Theorem 2.2 in Subsection 4.2. Finally,
Subsection 4.3 contains the proof of Theorem 4.5 and Subsection 4.4 discusses how to extend our theory
to log-concave ensembles.

4.1 Background and auxiliary results

Following [25], we will utilize complexity parameters that take into account all the L,, structures endowed
by the process. We recall that, for g > 1, the graded L -norm is defined by

71l
— 14
Ifll gy = lizgq N

We will use repeatedly that, for any ¢ > 2, ||f]l;, < 1l < 1y, As shown in [25], the graded y-
type functionals that we now define serve as key parameters to characterize the complexity of the typical
coordinate projection of a function class.

DerFiniTION 4.1 (Graded y-type functionals). Given a class of functions F on a probability space (£2, i),
constants ¥ > 1 and s, > 0, set

Ay (F) i=inf sup D272 |If = 7 f [ e

&7 5>50

where the infimum is taken over all admissible sequences, and 7 f is the nearest point in F; to f with
respect to the (1%2%)-norm. Also set

Ay f(F) 1= Ay (F) + 2% 2;3]13 |70/ || 2200, -

The following lemma shows that A, (F) is upper bounded by y (F, ¥,) up to a universal constant.

S0,U

Lemma 4.1 ([2, Lemma 4.1]). For any u > 1 and 5, > 0, ASO’M(}') Sy (F ).

To analyze (conditioned) Bernoulli processes, we will use a chaining argument combined with the
following Hoffding’s inequality.

Lemma 4.2 (Hoffding’s inequality, [28]). Let ¢, ..., &y be independent symmetric Bernoulli random
variables. For any fixed I C {1,...,N} and z € R", it holds with probability at least 1 — 2 exp(—1>/2)
that

<S4 +I(Zz,-2)1/2.

iel iel¢

N
2 e
i=1
In particular, for every 1 < k < N, it holds with probability at least 1 — 2 exp(—¢2/2) that

N k N 12
ZSiZi < Z ’Z;k| + t( Z (Z;k)z) 5
i=1 i=1

i=k+1

N . . N . . . .
where (z;‘)i: , denotes the non-increasing rearrangement of (|Zi|)1: | - This estimate is optimal when

k= 2.
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18 J. CHEN AND D. SANZ-ALONSO

According to Lemma 4.2, the influence of z on the Bernoulli process depends on the £;-norm of
the largest k coordinates of (|zi|)f.v= | and the £,-norm of the smallest N — k coordinates. As noted in
[25], the graded L,-norm plays a key role in analyzing the monotone non-increasing rearrangement of
N independent copies of a random variable. In particular, [25, Corollary 3.6] provides a useful way
to decompose a collection of random vectors into their largest and smallest coordinate components, a
technique central to [25]. Below, we present the statement obtained by setting ¢ = 2r,8 = 1/2, and
replacing s with s + [log, p] in their notation.

Lemma 4.3 (|25, Corollary 3.6]). There exist absolute constants ¢, c; and for every r > 1 there exist
constants ¢,, c3, ¢4 and ¢ that depend only on r for which the following holds. Set

i = min cou’p2' N+1 (4.2)
Is = log (4 + eN/u?p2s) |’ '

foru > ¢,. Let H C L,, be of cardinality at most 22 For any h € H, the random vector (h (Xl))fv:1
can be decomposed into a sum U, + V;,, where the random vectors U, V), € R" have disjoint supports.

Namely, U, is supported on the largest j, — 1 coordinates of (|h (Xl) |)fV: \» While V}, is supported on the

complement. Then, there is an event of probability at least 1 — 2 exp (—c3u2p2x) on which, for every
heH,

[Unll oy = cqup' P22 Ml egiprys [Vl < crlimll, N

Forl <k <p,let (}-s(k))szo be an admissible sequence of F &) For f ®) ¢ F® and s > 0, we define
Asf(k) = nsﬂf(k) — nsf(k) and (Asf(k))i = (Asf(k))(Xi(k)) for 1 <i < N.To analyze the multi-product
empirical process in (4.1), we will apply Lemma 4.3 to the classes F, {A f® : f® ¢ F®) for each k,

as well as to the classes consisting of products of coordinate projection vectors, with specifically chosen
values of r, leading to the following corollary.

CoroLLARY 4.4. Let s, be a fixed index and let (j) $>50 be the sequence defined in (4.2). There are
constants ¢y, ¢,,c3 and ¢, that depend only on p, and for u > ¢; an event of probability at least
1 — 2exp (—c,u*2%) on which the following holds. For every 1 < k < p, every f® e F®, and
every s > sy,

1

(z ((Asf(k))j)2)l/2 < 122 AL O sy (Z ((Afk))f)“)m < N4 A F® e

i<Js i>jg
k*2]/2 2 k k*21/2 172 k
(Z((nsf( )) ) < c32 2 f O - (Z((nsf( )) ) < N2 O,
i<js ! i>js !
s Ay, 1/4
K 14 1/4 ¥ ¥
(Z((TTrmar® TIar®) ) ) = e Thaer® TLas®|
> K <k K>k i K <k K>k Lg
14 s\ 2\ 1/2 14
k 172 k
(Z((Hﬂsﬂf( ))) ) <NV H”sﬂf()
i>js k=1 i k=1 Ly
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 19

Proof of Corollary 4.4. By the definition of an admissible sequence, we have | F, s(k)| < 2% forevery 1 <
k < p. Furthermore, | V|| F®, | < 2222 < 22 which implies that for A f® = rr,_ ,f® —7 f®,
the cardinality of the class satisfies ]{Aj(k) o f ® ¢ F (k)}] < ZQHZ < 21’2”2. Therefore, the first two

inequalities follow by applying Lemma 4.3 to the class {Asf(k) :f® e F®)forall 1 <k < pand
s > 5, with the choice r = 4.

Similarly, the third and fourth inequalities follow by applying Lemma 4.3 to the class ]-'S(k) for all
1 <k < p,s > 5y with r = 2. The fifth inequality follows by applying Lemma 4.3 to the class

{Hk,<k Ty if© Ty f &) f6) € ]-"(k/)} forall 1 <k <p,s > s, with r = 4, and using the bound

H [17es @ [Tns® s e f“")]

k' <k k' >k

s+1 N _ s+1 s+2
51—[22 H22 < (=02 27
kK <k k' >k

The last inequality is obtained by applying Lemma 4.3 to the class {1_[’;:1 o 1f ® .o e F (k)} for all
s > 59, with r = 2, and using the fact that

p 14
s+1 s+1 s+2
H JERTAE e}'(k)” <[[22" =22 <227
k=1 k=1

Finally, applying a union bound over all 1 < k < p,s > s, we obtain that all the above inequalities
simultaneously hold with probability at least

1—4p > 2exp(—aip2’) - 2727 > 1 — 2exp(—c,u?2%),
5§>50
provided that u > ¢, where ¢ and ¢, are constants depending only on p. (]

4.2 Proof of Theorem 2.2

This subsection contains the proof of our second main result, Theorem 2.2. The proof relies on the next
result, Theorem 4.5, which establishes a high-probability upper bound on the £,-norm of the product of
coordinate projection vectors of the function classes (F (k))‘Z: 1- The proof of Theorem 4.5, along with
some discussion, is deferred to Subsection 4.3.

THEOREM 4.5. Under the setting of Theorem 2.2, for any u > 0, it holds with probability at least 1 —
exp(—uz) that

p

N N\ 172
w  (ZITEoan))

fReF® 1<k<p \ i =1

14 p
Sp (H dy, UT('”)) (W +u > pFQ ) I] (f(f“‘”, ¥y) + (log N)1/2 + u))
k=1 k=1

K £k

where 7 (F®, Yy) 1= y(FO, Vo)/dy, (F®) foreach 1 < k < p.
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20 J. CHEN AND D. SANZ-ALONSO

REMARK 4.1. Integrating the tail bound in Theorem 4.5 yields

N

P o\ 1/2
E sup (Z H (f(k) (Xi(k))) )

f(k)e}-(k),lfkfp i=1 k=1
14 p )
Sp (H dy,(F ””)) (W + > 7FO ) [T (7EX v + (1ogN)1/2))
k=1 k=1

K £k
p P
=p (Hd%(]:(k))) (\/ﬁ‘i‘ H (?(f(k), V) + (logN)l/z)). (4.3)
k=1 k=1

The expectation bound (4.3) is optimal up to a constant depending only on p; in particular, the logarithmic
factors are unavoidable. We demonstrate the sharpness of (4.3) with a simple example in Appendix B.

Now we are ready to prove Theorem 2.2.

Proof of Theorem 2.2. We first observe that the condition 0 € F® or the symmetry of F® (i.e.f € F®
implies —f € F®) ensures that y (F®, vy 2 dy, (F®) (see [2, Lemma 4.6]), a fact that we will use
repeatedly in the proof.

Let (F, S(k))s>0 be an admissible sequence of F®. Letu > 4 and s, > 0. Forany f® € F® ands > 0,

let . f (&) denote the nearest point in .7-}(]‘) to f® with respect to the (#>2*)-norm under the probability
measure 1 ©.

The proof will use symmetrization, an important technique in empirical process theory [35, Chap-
ter 2.3]. Let (si)?': | be independent symmetric Bernoulli random variables that are independent of
(Xl.(k) )f.vz 1»1 < k < p. We seek to establish a high-probability upper bound on the supremum of the
Bernoulli process given by

N

p
>l

i=1 k=1

sup
fOeF® 1<k<p

To that end, we first note that any HZ:] % can be represented as a chain, or telescoping sum, of links
of the form [[}_, 7y 1 f® — [Th_, = f®. Namely

p

p p p
“=3> (H o ® — ] nsfao) ]
k=1 k=1 k=1

k=1 $>50

5250 k=1
provided that 7¥f® — £® a5 5 — oo. Here, in the second line, for each s, we used the telescoping
identity ay ---a, — by ---b, = Xh_jay---ar_y (a —by) by b, with g = 7, ,f® and b, =
mf®.

ap

p p
=> (Z(”mf(l)) o SN Y — T O D) f ("”) + @,
k=1
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 21

To ease notation, we write (JTsf(k))l- = (rrsf(k)) (Xl.(k)), Asf(k) = ns+1f(k) — ]Tsf(k) and (Asf(k))l- =
(Af ) (Xl.(k) ). We will use this notation throughout the remainder of the paper. By the triangle inequality,

ZS Hf(k)(x("))‘
i=1 k=

N p
2.c [Z (Z(n af D) G D (A, G f D), <nsf<’”>i) + H(nmf(’”)f]
k=1

i=1 §250

<§Z

0 k=1

Zg(ﬂsﬂf V)i Gt SO AS O f O, f (,,))'

lz:‘e H(n

IS5 (0 Timar TTns ) o3

i=1 k' <k

H(n 0f(’”),.). (4.4)

=1 k=

be the sequence defined in (4.2). For each s > s, let I be the union of the j; — 1 largest

M)

forevery 1 < k < p.Then |[| < 2p(j,—1). We apply Lemma 4.2 with t = up'/?25/2 and the set I to the
summand indexed by s and k in (4.4). This implies that, for every s, k and every f® € F®(1 < k < p),
with probability at least 1 — 2 exp(—u?p2°~!), the following holds:

Let () =y,
coordinates of (|A,f® )Y, and the j, — 1 largest coordinates of

(‘ H(”rﬂ

kK <k k’>k

N
Z%‘((Asf(k))i H(ns+lf(k/))i H(nsf(k/))i)’
i=1 K<k K>k

<>

iel

WA [ [CATA)Y

k' <k k' >k

172
+ up”zzs/?(Z(Asf“‘))% [T o7 H(nsf“"))%)

i€l k' <k kK'>k

) 172 ) ) 1/2
< (Z(Asf“‘))?) (Z [T ; H(nsf“‘)ﬁ)

iel, iely K <k K>k

1/4 1/4
- up”zf/z(Z(Asf("))?) (Z [T (nsf“‘”)?)

iel¢ iel€ k' <k K>k
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22 J. CHEN AND D. SANZ-ALONSO

() *

L)) ()

i<js R eF® Ktk N =] g2k

(2 () ) (B (M 1)) )

i>jy i>js K <k K>k i

where (%) follows by Cauchy-Schwarz inequality and in (xx) we use that Z‘,iels(Asf(k))i2 <
2 ((Asf(k))j)2 since || < 2p(j, — 1), and that

1/2 N 1/2
(Z H(nmf“"))?H(mf“‘”)?) < sup (Z HO‘“"))?) :

iel; K <k K>k FRIeF®) stk \ =1 sk

Further, repeating this argument for the last term in (4.4) gives that, for every f ®) ¢ g (1 <k<p)),
with probability at least 1 — 2 exp(—u’p20~1),

S (S ()" e (STen)”

N p
> e[ ™

i=1 k=1 i<js, FRIeFW KL Nz £
) X 1/4 o\ 4 /4
(2 (E))) (2 (1))
1Z]sg 25 K #1 !

25+2

Observe that [{A f® : f® ¢ FR}) < 22" .22 <22 4pd

<I]2 2% < 27D
< H 2s+l H 25 2(p )25+l

kK <k k' >k

‘ | [T7s® [Trs® s e f“”]

kK <k K>k

p
H HJTSOf(k) Zf(k) c ]:(k)]
k=1

p
< []2*" =2*".
k=1

For u > 4, we sum the probabilities for all s > s, and 1 < k < p to obtain that, with (ei)?’: | probability
at least

1 —2exp(—u?p207") 2720 = " 2exp(—uPp2*!) - 2P=D2F 92 S g exp(—u?2%/8),

$250
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 23

for every f® ¢ F®O(1 <k < p),

» | N
=>> ZS,((AJ(k)) [Terer ™ Hw“)))\ H<ﬂ J“”)'
520 k=1 | i=1 K<k K=k =1 k=
p w2n1/2 wan1/2 N N2
SE(Z(Z()) +(Z(Em))) ) s (X0
=1 Ns>s0 i<y ! i<i ! FRIeFE) Ktk N =] 2k
P o 4 1/4
SR () (2 1))
k=1 5>50 i>js ' K<k K>k
w4 1/4 1/4
- u250/2( > ((”sof(l))) ) (Z (( T 7./® ) ) ) _
iZjs, ' izjsy KA

On the other hand, we know from Corollary 4.4 that with (Xl.(k))ﬁv= {(1 < k < p) probability at least
1 —2exp(— c1u2250) the four inequalities in Corollary 4.4 hold for every 1 < k < p, every f® ¢ F®

and s > s, simultaneously. Therefore, combining the (8) _ | probability and the (X(k))N (A <k=<p
probability implies that there exists a constant ¢(p) dependmg only on p such that, for u > c(p) Vv 4, it
holds with probability at least

1 — 2exp(—u?2%/8) — 2exp(—c,u?20) > 1 — 2exp (—z(p)bﬁzm)

that, for every 1 < k < p and every f " e Fh,

N p
z g Hf(k) (Xi(k))

i=1 k=1

» N 1/2
S 2 Z2PIAS sz + 2 Pl i) s (S TT0R)
k=1 ‘s> TR eF® kstk Niz) pzk
p / ’
s (S nta O ) [T [T )
k=1 \s>s0 K <k K>k Ly

+ u2S0/2N1/4 ||7T30f(1) ||L8Nl/4

[

K1 Ly
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24 J. CHEN AND D. SANZ-ALONSO

(*) P k 3 ¥ -
")N\2
S A s (S0
k=1 TR EF®) Ktk N izl K #k
P
+ Z ( T4, ))) ( S22 4f® ||w2) + 22N T dy, (FO)
k’;ﬁk §=50 =
(**) » . N g 1/2
Z Aocu(‘/—:( )) sup (Z H(f( ))l)
k=1 FEIeF®) Kk N =1 2k
+uN'/? Z ( I14,F* ))> (V(]:(k), vy) + Zm/zdwz(f(k)))’ -
Kk

where (%) follows by choosing almost optimal admissible sequences in F ® for 1 < k < p and using the
definition of A sou (FR)y, together with || A f' ® Ls S A ®) lly, and Holder’s inequality. In particular,
for each k and s,

H - _Hf(k/) H n’;f(k)

kK <k K>k

4 kK 4
< [T @y, TT 12 ey, Sp T1 s F

Lg kK <k k'>k k' #k

and

[T

K1

< g f Pl [T 10/l 5, Hd FO),

Lg KA1

[T

where we used Holder’s inequality in the form || Hf —11 Z]H L = H;:ll 1Z;1 1) for any random

variables Z;,...,Z, ;; and (»x) follows by noting that

D 22Aaf Py, < D22 = mf Py, + 1 — 70 S PNy S v FP ).

S>50 S=>50

Now we apply Theorem 4.5 and a union bound to obtain the high-probability bound: for any u > O,
it holds with probability at least 1 — p exp(—u?) that, for every 1 < k < p,

N / 172
sup (z Hwk»%)

FRIF® KR N =1 Kk

Sp ( I14,, (F“"))) («/N +uy 7FO. ) [] (,;( FE gy 4 (logN)V/2 + u))

K £k K #k K £k K

Moreover, by Lemma 4.1, A (FRY < y(F®, ¥,), and hence

S0,CU

(FO) = Ay o FO)Y+2%72 sup 7 f Ol 2200 S v (FO ) +2972d,, (FD).

Fo e F)

so cu so cu
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 25

Consequently, by taking s, = 1, we have shown that there exist constants ¢ (p), c,(p) and c3(p) such
that, for any u > ¢ (p), it holds with probability at least 1 — 2 exp(—E(p)u22S0) — pexp(—u2) >1-—
¢, (p) exp(—c3(p)u?) that

N p
Z £ Hf<k> X

sup
fReF® 1<k<p

N

p 12
XA e (S TT0%)

k=1 FEIeFE Ktk N =1 kk

+uN'/? Z ( I14,,F* >)) (y(f“‘), ¥y) +2%%d,, (]—‘(k)))

Kk

Zy(f“" %)(Hd (f“”))(f +u Y 7 F ) T] (7, w2>+aogN>1/2+u))
K £k

Kk Kk K

p
+uN'2>" ( I d%(F(""))V(F("), ¥2)

k=1 “k'#k
P p
= (Hdwz F "‘)>)uﬁ (Z 7FY, %))
k=1 k=1
P
" (Hd"’z (f(k)))“z > 7 FO ) T (#FX. 92 + g2 +u),
k=1 k#k' K’k K
where 7 (F®, ) == y(FV, 1/’2)/d¢2(.7-"(")) for1 <k <p.

Integrating the above tail bound (using Lemma A2 with F(u) a polynomial with nonnegative
coefficients; cf. Example A1) yields the following gth moment estimate: for any g > 1,

1/q
(]E sup Ze Hf(k) (X(k)) )
f(k)gf(k) ]<k<p i=1 k=
14 p
Spa ( 114y, (}‘(k))) («/ﬁ ( > pF®, 1/f2))
k=1 k=1

+ 2 7 F Oy FC [ (f(ﬁk”),wz)+<1ogN>1/2))

kK Kk

p P P
Spa (Hd.h(f(k))) (m(z 7 (F®, 1/’2)) +11 (?(f"‘), o) + (1ogN)1/2)).
k=1

k=1 k=1
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26 J. CHEN AND D. SANZ-ALONSO

Finally, by the symmetrization inequality for empirical processes [35, Lemma 2.3.1], we have

P P N\
ED | R RRY ) R )

(E sup
fOeF® 1<k=<p "V i1 =1 k=1

<21 E sup
F0eF® 1<k<p

P P_ - }'(k)’ P_ - F(k), + (log N 12
Spa (Hdwz(yk)))(Zk_] ¥ ( V) 4 Hi=i (7( ¥,) + (log N) ))
k=1

N

1/q
1 2ot |
>a] [P )‘
k=1

i=1

=Z|

JN N

which concludes the proof. 0

4.3 Proof of Theorem 4.5

This subsection presents the proof of Theorem 4.5, which establishes a high-probability upper bound
on the £,-norm of the product of coordinate projection vectors associated with the function classes
( ]:(k))lz=1 .

N p o\ 1/2

fReF® 1<k<p \ 2] k=1

The proof is based on generic chaining for the classes (F (k))’,;l, and builds on ideas of Mendelson
[25] for controlling multiplier and product processes, including the use of order statistics to separate the
contributions of the largest and smallest coordinates of the increments (via monotone sums). In this sense,
our result can be viewed as a multi-product analogue of [25, Lemma 2.3], which corresponds (roughly)
to the case p = 1. The main new difficulty is that we must handle p potentially different function classes
evaluated at p different random variables, and leverage the resulting multilinear structure to carry out
chaining across these classes.

A crucial step in controlling the increments is to incorporate £, -norm bounds on the relevant
coordinate projection vectors at appropriate stages of the chaining argument, which introduces +/log N
factors. Although this bound may appear crude, it is in fact sharp: these /Iog N terms are unavoidable
in general; see Appendix B. In particular, even if some class F® is ‘simple’ in a global complexity
sense, its contribution to the overall bound still necessarily includes at least a 4/log N term, reflecting
its largest coordinate fluctuation in £_,. This viewpoint provides a principled way to understand the
behavior of products of coordinate projection vectors across heterogeneous classes (F® )1,::1 and
different underlying random variables.

We note that when F) = ... = F® = F xD = ... = x® =X, anXm.(l) =... = Xl.(p) =X, for
all 1 <i < N, Theorem 4.5 reduces to [2, Theorem 4.5]. However, the proof presented here is genuinely
different from that of [2, Theorem 4.5], which relies on chaining with a Young-function argument and
separates the sub-Gaussian and sub-exponential regimes. In contrast, our setting involves heterogeneous
function classes evaluated at different random variables and requires incorporating £ -norm control
within the chaining procedure, together with a sharp accounting of the resulting +/log N factors. These
features —and in particular the necessity of the /Iog N terms— are not captured by the approach in [2].
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 27

We begin by establishing several lemmas needed for the proof of Theorem 4.5.
The following result provides a sharp high-probability upper bound for the £ _-norm of the coordinate
projection vector (f (Xi))ﬁ\’: I

LemMA 4.6. For any u > 0, it holds with probability at least 1 — exp(—u?) that

sup max [f(Xp)| 5y (Fsv2) +dy, (F)(VlogN +u).
feF l=i=

Proof of Lemm. 4.6. By [13, Theorem 3.2] (see also [2, Theorem 4.5]), for any ¢ > 1, it holds with
probability at least 1 — exp(—7°) that

sup [f(X0] S ¥ (F. ) +dy, (F1.
feF

Taking a union bound yields that, with probability at least 1 — N exp(—2),

X)) < d .
ma, sup FXDI S v(Fvy) +dy, (F)t

Setting r = /log N + u, we have with probability at least 1 — N exp(—(y/Tog N 4+ u)?) > 1 — exp(—u?)
that

max sujg DS v (Fon) +dy, (F)(V1ogN + u).
<i< fe

The proof is complete, since supse 7 max; ;< [f (X;)| = max, o,y supsc 7 [f (X))|. O

The next lemma is a consequence of [25, Lemma 3.2], as noted in [25, Remark 3.3]. We state the
result in the special case obtained by setting ¢ = 4,r = 2,t = 2,p = 3/2,8 = 1/2,and ¢ = 3/4 in
their notation.

Lemma 4.7 ([25, Lemma 3.2, Remark 3.3]). There exists an absolute constant ¢, > 0 such that the
following holds. Let Z € L, and let Z,, . . ., Z be independent copies of Z. Fix 1 < w < N, and define

i = (—W] | “.6)
log(4 4+ eN/w)

Then, with probability at least 1 —exp(—w), the following inequality holds simultaneously for all i > j,:

3/8
eN
7 <2z, (7) :

where Z7 denotes the ith largest value among |Z,|,.. ., |Zy].

We apply Lemma 4.7 to derive the following corollary.
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28 J. CHEN AND D. SANZ-ALONSO

CoroLLARY 4.8. There exist two constants ¢; and ¢, depending only on p such that the following
holds. For u > ¢ and 5, > 1, let (jy),, be defined as in (4.2). Then, with probability at least

1-— 2exp(—c2u22"°), the following holds: for everyf(k> S f(k)(l < k <p) and every s > s,

(3 () =l (50

i=js—1 4 i=js—1

L

ﬁ T sf(k)
k=1

Proof of Corollary 4.8. For every s > s, and every f® e F® (1 < k < p), we apply Lemma 4.7 to the
random variable Z = [[;_, 7 f® with w = u?p25~!. Note that j, coincides with j,_, defined in (4.2).
We thus obtain that, with probability at least 1 — exp(—u?p2*~1), for every i > Jee1s

(eN)3/8

Ly i '
(£
A=

*
14

(kli[l n_J(k))_ <2

f[ ﬂj(k)
k=1 ‘

which implies that

(= (1)) =

i=js—1

ﬁ g sf(k)
k=1

Since

p
H []r/® £ ;(k)}
k=1

p
N §
<[]2* =27,
k=1

we take a union bound over all s > s, and all different functions Hi:l wf ®) to obtain that, for u > cr,
with probability at least 1 — 2% exp(—u?p2s~1) > 1-2 exp(—c2u2250), forevery f® e F® (1 <

k < p) and every s > s:
Js—1 )4 s\ 2\ 1/2 Js—1 3/4\ 1/2
N
(= (1)) =2l=] (2 (7))
k=1 i LN S Nt
This completes the proof of Corollary 4.8. g

250

ﬁ 7 f®
k=1

i=jsfl

We are now ready to prove Theorem 4.5.

Proof of Theorem 4.5. We will use the same notation as in the proof of Theorem 2.2. Let (]—'s(k))x>0 be
an admissible sequence of F®. Let u > 4 and 5o > 0. For any f & ¢ FO and s > 0, let 7w f ®) denote
the nearest point in ]-'S(k) to £ with respect to the (#22°)-norm under the probability measure u®. Let
(Ug)s=>5, De the non-decreasing sequence of integers defined in (4.2), and notice that 1 < j; < N + 1
for s > 5. Set s; > s, to be the first integer for which j, = N + 1. To ease notation, we will write

k
@y = max; o IO = max; oy 100
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 29

Observe that fX) = Zsz 5 A ® 4 g f () We repeatedly apply triangle inequality

N p 1/2
= (ZH(f(k))%)
i=1 k=1
N
< (Z(”v]f(l))z H(f(k)) ) + Z (Z(AJ(l))z H(f(k)) )
i=1 s>s1 =1
N /2 1/2 p
= (Z(ﬂn O H(f“”)z) + (Z (Z(Asf(l))z) )(H sup |v<’<>||€N)
i=1 s>sp N i=1 k=2 f® e F®
N
= (Z( f(l)) (7rxlf(2))2 H(f(k))z) + Z (Z(”mf(l)) (AfP)? H(f(k))z)
i=1 k=3 s>sp N =1
N 1/2 P
+ (Z (Z(AJ“))%) )(H sup [F© )
szs1 =l k=2 f® e F®
N 1/2 172
< (Z(Tl’élf(l))Z(nSlf(Z))Z H(f(k))Z) + (Z (Z(AJ(Z))Z) )(H sup ”f(k)“@f\’)
s>s1 N i=1 k2[R eF® *
1/2 14
(Z (Z(AJ(I))2) )(H sup |lf( )HZN)
s>s1 N =1 f— K fR e Fk)

N p 1/2 2 N 1/2
= (Z(nﬂf“))%ms,f@))? H(f‘k))%) +> ( > (stf(kh%) )( [T s 1% )

i=1 k=3 k=1 Nszsi N i=l K #kfE) eFE)

Iterating this argument, we deduce that

( i f[ (f(k) (Xl_(k)))z ) 12

i=1 k=1

N p 12 P N 1/2 ,
< (Z]‘[(nﬂ <">)?) +>° (Z (Z(Asf(k)),-z) )( [T s 1r“l ) L@
i=1

i=1 k=1 k=1 \s=s) K #kf® e F®)

=T =T

920z Iudy g1 uo 1sanb Aq £598598/010BEEYZ/S | /Bl /IBIEWI/WOY"dNO"OILSPEDE//:SARY WOl PAPEOjUMOC



30 J. CHEN AND D. SANZ-ALONSO

Now we analyze the term 7). Let I _; be the set of the j, _; — 1 largest coordinates of
(T, (rg fP);DY, . By triangle inequality,

N »p 172
1= (3T r)

i=1 k=1

14 /2 P 1/2
5( 3 Hmf(k») (X o)

zeI _ k=1 i€ls; -1 k=1

p 1/2 1/2

s( [T 7 ) +( > (H(nslf(k)) —H(n l_lf("))) )

zeI _ k=1 i€ly; -1 k=1

14 1/2
+( Z H(”n— f(k))iz)
ielxl,l k=1

Using the telescoping suma, - --a,—by ---b, = >} _ ay---a_; (¢ — by) by, - - - b, and triangle
inequality, we have

1/2
(> (Hmf”") —Horl u‘“‘”) )

ie]sl,1 k=1

P 1/2
=D D0 @ I SR D g S (nsl_lf("))?)
k=1

= IEIsI 1
p 1/2
<> ( > (Asl_lf(k’)?) g f Pl Mg f S g Ny, f S Ny - Ny, f Pl
k=1 “ielg -
p 1/2 ,
52( > (Asl_f(k))) (H sup |v<’”||ggo)
k=1 “ielg i K £k [ eF®
P w2\ 172 )
(2 (@ ))) (I o 1)
k=1 Ni<jg -1 ! Kk fE) eFK)

Moreover, since

(3 fiem) (2 (o))

ielf, g k=1 Zjs -1 k=1
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and

. 1/2 p 172
(z H(nsl]f(k))%) = Ui (ZH(T[SIlf(k))JZ) ;

Jl=js—1—1
iely, _1 k=1 =js; 1

it follows that

N p 172
1= (3 0m0)

i=1 k=1

P 1/2
max (Z]‘[(nslf“")%)

I=is =0\ 5 i)
. 12 p 2 2 y
(> ((Hm,f“))) =32 ((ar®))) (T s 1)
iZjs)—1 ! k=1 Yi<js -1 K £k fE) e F &)

1/2
(= Temi) ™

I= 1
|‘]s|l iel k=1

where (x) follows by the definition of s, i.e. j, =N + 1.

Repeating this argument for s, < s < s; — 2, it follows that for every f(k) e FO 1 <k <p,and
for the choice of I as the set of j, — 1 largest coordinates of (| Hp 17Ty ik ) |)l s

o () (£ (o))

iel k=1 i=1

Js+1—1 14 w2\ 1/2 14 1/2
= ( Z ((Hns+lf(k))_) ) + (ZH(nx+1f(k))zz)
i=jy k=1 ! iels k=1
Js+1—1 p w2y 1/2 1/2
(2 (1)) (2 (i fnm))
i=js k=1 l

iely ~k=1
(ZH(”J(M)Z)I /2

iel, k=1
Il 12 p A2\ 2 y

(z((nnvﬂfw))) (S ((ar))) (TT s 1ny)
i=js k=1 N i<j ! Kk ) eFK)

p o\
T (ZH(WC( ))i)

iel k=1
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32 J. CHEN AND D. SANZ-ALONSO

Consequently, we express 7 as a telescoping sum, from which we obtain that

T= max (ZH(”slf(")) )
51

iel k=1
st p o) 2 NN
_Z("'E}i}f—l(zn(nsﬂf )i) _IEft)il(ZH(ﬂ“f )i) )
$=50 iel k=1 iel k=1
12
< (ZTmr)
lll_"o_l il k=1
s\ 2\ 172 512 ,js+1—1 P w2\ 172
k k
(X ((Hm ))) (= ((TT=r®) )
i> xlfl §=80 i:js k=1 i
si—1 p w2 172 /
+ Z(Z((AJ“‘)).) ) (]‘[ sup |lf(k)||gg/o)
s=s0 k=1 " i<j ! Kk f ) eF )
/2
T+ omax (ZH@T J(k))2)
W= =t NS kst

Notice that

= ;Ao—l (;kl_[](n of(k))z) 172 =( ((Hnof(k)) ) )1/2
( (( 0f(l))) )1/2(1_[ up “f(k/)”efgo)

i<y K A£1f K eFE

= i ( > ((%f"‘))ff)l/z( [T s 1F %l )

k=1 i<Jsg k/#kf(k,)e]:(k')
and so
1/2 s1—=2 ,js+1—1 P w28 172
k k
n=(2 (1)) +2 (2 ((11mr)))
lZIsl 1 S=50 i=j k=1 !

s1—1

_|_i ( Z (Z ((Asf(k));")2)1/2 . (lgg ((nmf(k))j)z)l/z)(l_[ sup Ilf(k/)“ego)-

k=1 $=50 i<Js k’;ﬁkf(k)e-/?(k,)
(4.8)
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Combining (4.7) and (4.8) gives that

p s\ 2\ 172 s1=2  Js+1—1 p sy 2\ 1/2
(2 (1)) =2 (2 (), ))
i>js; -1 k=1 ! S=50 i=js k=1 i
p s1—1 N 1/2 . 172 ,
+Z(Z(Z((Asf<k>)‘)z) +(Z<(nsof(k))‘)2) )(H sup ”fuc)”%)
k=1 Ns=s0 S i<j ' i<ivg ! Kk fE) eF®)
p N 1/2 /
+2 (Z (Z(Asf”“)?) )(H sup gy, )
k=1 ‘s>s1 N i=1 k’;ékf(k/)E]:(k/)
P s\ 2\ 1/2 s1=2 js+1—1 p *y\ 2\ 1/2
(2 ((=))) =2 (2 (1))
iZjS1,1 k=1 ! s=50 i=ji k=1 i
P w2\ 1/2 w2\ 12 /
(2 (@))) (S (r))) NI s 1)
k=1 “s=s0 “i<js ! i<js ! k’;ékf(k/)e]:(k,)

With the choice of (j)
2exp(—c1u22s"), forevery 1 <k < p, everyf(k) e F® and every s > s,

in (4.2), Corollary 4.4 gives that with probability at least 1 —

5>50

(Z(@rm))) " seriar i,

i<y

)\ 12 2 k
(Z(E))) " o,

1

i<Js
P *\ 2\ 1/2 P
k 1/2 k
(Z((Tmar))) <3| T
izjy k=1 i k=1 Ly

By Lemma 4.6 and a union bound, with probability at least 1 — p exp(—u?), for every 1 < k < p,

sup  If Pl S v(FQ ) +dy, (FO)YlogN +w).
f® e F®)
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Moreover, by Corollary 4.8, with probability at least 1 — Zexp(—c1u2250), for every f® e F® (1 <

k < p) and every s > s,
(/&Z—i (eN)3/4)1/2
Ly NG N

Js— 1/2
(= (1))
Hence, it holds with probability 1 — ¢, (p) exp(—c, (p)u*2%) that, for every f& € F® (1 < k < p):

ﬁ P sf(k)
k=1

1=Js—1

(211)”

() ECE (1))

2/1 k= $=50 i=Js
S ) ) )
ar))) +(Z(Er))) (I )
Z(Z(Z«&fi ) > ((mor®), [T s 1y
k=1 “szs0 i<y i<sp Kk eF
14 si=2 p Js+1—1 eN\ 34\ 172
1/2 k k
SPN/ H”nf() +Z Hns+lf() ( Z (T) )
k=1 Ly S=50 i=jg
p /
+zy(§:w%Afmmﬁm+awme®m@mm)([[ sup w“w&) (4.9)
k=1 §>50 k’;ﬁkf(k/)e-}—(k/)

<, N2 ( 14, (]—‘(k))) +u Z A, u(ﬁk))( [T (rF®. v +dy, F)(flogh + u))

k=1 Kk

where in the last step we have used the definition of the graded y-type functional AS uF ®)) and the
inequalities

p p
k k k
fZ5Hme@H%mh

4 k=1 k=1

and

s1—2

Js1—1 3/4 1/2
Z( > (@) ) < N'/2, (4.10)

S=50 i:js
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The inequality (4.10) follows from the facts that j, = N+1andj; > 2j;_; whenever 1 < j;_;,j; < N+1,
as can be seen from (4.2). Indeed, we estimate:

512 Jst1—1 eN\ 34\ 172 51—2 s1—2
Z( 3 (7) ) < @) 32 (G~ D = G = DY) LN Gy - 1)

5=50 i=Js =50 S=S0

§N3/8(jsl_] _ 1)1/8(1 +22—S/8) §N1/2
s>1

Taking s < 1, we have

(FO) = Ay, (F®) +2%72 sup
’ 0 e F®

sou

Consequently, it holds with probability at least 1 — ¢ (p) exp(—c, (p) u?) that

N p 2\ 1/2

k

w (ZIE00)) = e (ZTT00)
fOeF® 1<k<p i=1 k=1 fOeF® 1<k<p —1 k=1

p
Sp (Hdm(f“‘)>) (~/—+u2y<f“ v [T (7F©. vy + (0g M2 +u))

k=1 Kk
where 7 (F®, ) := y(F®), V)/dy, (F®) for 1 <k < p. This completes the proof. O

4.4 Log-concave ensembles

In this subsection, we briefly outline how the proofs of Theorem 2.1 and Theorem 2.2 can be modified

to establish the result stated in Remark 2.2 for isotropic, unconditional, log-concave ensembles.
Forintegerp > 2and 1 < k < p,letX (k),ka), . ,X](f) be i.i.d. isotropic, unconditional, log-concave

random vectors in R% For any function f defined on (£2, 1), we introduce the Orlicz Y-norm of f given

by
1y, = inf Ic >0:Ey., |:exp (@)} < 2] ,

with the convention inf § = co. We define dy, (F) = SUpse 7 W1l -

(k) (k) /2 (k) *)
s f H(uzzmg”(f o) +2%7%dy, (F) Sy (F2, ).
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Recall that in the proof of Theorem 2.2, we established in (4.5) that it holds with probability at least
1 — 2exp(—u?) that

N p
S 1)

i=1 k=1

po N ) 1/2
Sp 2wl o (FP) sup (Z H(f””ﬁ)

k=1 FEOF® Kk N i=1 k#k

H 7Ts+1f(k,) H nsf(k')

kK <k K>k

JEvE

K#1

p
+uN'2 > (Z?/ZHAJ“‘)uLg

k=1 “s=50

y

+ w2 AN f D

Lg

Moreover, in the proof of Theorem 4.5, we established in (4.9) that it holds with probability 1 —
c1(p) exp(—c, (p)u?2%) that, for every f® e F® (1 <k < p),

(

N
=

p o\ 172
H (f(k) (Xi(k) )) )
1 k=1

s1—2

+2.
Ly

§=5(0

p

k
H ns+lf( )
k=1

1/2
Sp N

)4
k
[T7/®
k=1

(js+1—1(eN)3/4)1/2
L\ g\

( 322 AL O ypns) + 202 fO ||(C3u22x0)) ( [T sw Ww*® IIZgO)

§>50 k’;ékf(l‘/) c FW)

14
+ Z u
k=1
p
[1

Sp Nl/z( sup
k=1

FOeF® 1<k<p

p
)+MZASO,M(f<">)(1‘[ sup W“‘)nl&).
Ly k=1

K ;ﬁkf(k/) e]—"(k/)

Combining the two bounds and taking s, < 1 gives that, with probability at least 1 — exp(—u?),

N P
>l

i=1 k=1

P
Y k 1/2
§pZuAs0’cu(]-'( | NY ( sup

H f(k/)

oS T I1 e 11 )

k=1 f(k,) e F&) K £k Ly K £k K’ ;ék,k,f(k”) e FK")
p
1/2 2 k 14 14
+uNY Z(Zzs/ ”Asf()”Lg Hnerlf( )H”sf( ) )
k=1 “szso K <k K>k Lg

+ w2 2N f O

H 7, 0f(k')

K1

Lg
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Applying the inequalities

sup | [T <TT s W%, \, S5 [Ty, F©,
f(k/)e]-—(k/) K £k Ly k/#kf(k,) e F®) K #k
kK 14 kK 4 kK
[Tt T = T st g, TT 00 g,y So T iy F,
K<k K>k Ly p<k K>k K £k
D 221Af Ol S D2 1A PNy, S v(FO e,
5>50 5=50
P
1 14 1 4 k
It f Pl | TT 7/ ™| = It Pl TT 170/ i,y Sp [Ty F,
K1 Ly K1 k=1

we obtain

N p
Z 6, H f® (Xi(k))

i=1 k=1

p
S Dy | N2 [Ty, ) 40 X A O T s 1y )
k=1 k' #k kK #k k”;ﬁk,k’f(k ) e F&")

14 P
+uN'2 Dy (FO, ) [ ] dy, F) +uN' 2 ] ] dy, (FO).
k=1 K £k k=1

We use Borell’s characterization of log-concave distributions [1, Lemma 2.3]: if X is a centered
random vector in R? with a log-concave distribution, then for any v € S~

X )y, < 1),

Therefore, for F® = {(-,v) : v € S%~1}, we have

12

dy, (F®y = sup ”f(k)”% = sup |[f(k)||L2 = sup (E(XP,1)?) 1.

e F) F e F) Ivl=1

Foreachl <k <p,letY ®) be a standard Gaussian random vector in R%. Then, for any u,v € Sh—1
the canonical metric associated with Y® satisfies

1/2

dyw (u,v) = (EQY®,u) — (YO 00277 = u—vllg, = 12 1) — M0
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38 J. CHEN AND D. SANZ-ALONSO

where 11 © denotes the law of X®, and the last step follows from the fact that X* is isotropic. Then, we
have

1/2 1/2

_ (%)
y(FO ) =y (FO, L) = y(S% L dyw) = E sup (Y®,v) =E[YP| < (EIYP %) =g,

veSdk—1

where (x) follows from the fact that for log-concave random variables, the 1/;-norm of any linear
functional is equivalent to its L,-norm, and (»x) follows from Talagrand’s majorizing-measure theorem
[34, Theorem 2.10.1].

For 1 < k < p, let Z® be a random vector in R% whose coordinates are independent standard
exponential random variables. For s, =< 1 and u > 1, it follows from [25, Section 4.3] that, for the
isotropic, unconditional, log-concave random vector X ®) and the linear function class F® = {{-,v) :
Ve Sdk—l}, we have
F©) SuBIZ®) < u(®1Z®)1?)"? = udy”.

sou

By [41,(2.20)], for each k, we have with probability at least 1 — N exp(—1),

max IX®) < a> +

1<i<
Setting t = log N 4 u?, we have with probability at least 1 — N exp(—log N — u?) = 1 — exp(—u?) that

k k
sup [fPlly = sup max [fPx) = max sup |(v.x{)]
0 e Fk) 0 e Fhy 1=i=N I<i=N | a1

max XV S d;/* +logN + u?.
1<i<N

Combining everything together, for any u > 1, we have with probability at least 1 — exp(—u?) that

N

sup
fReF® 1<k<p =

p
< D Uy (FP) N1/2Hdwl(f””)+uZASO,u(f(’<>)( [T sw IU’(k)Ilggo)
k=1

K #k K £k K’ £k K f(k//) cF&"

e ﬁf(") X
1 _

P p
+uN'2 >y (FO ) [ dy, FO) + a2 [ dy, (FO)

k=1 K #k k=1
< 1/2 1/2 1/2 > 1/2
2 1/2 2 2 1/2
< > (N/ 23 dP [ @ +logN+u))+uN/ S
k=1 Kk K £ k=1

P
< u2N1/2(Zd,1/2) +ut > 424> ] (@) +1ogN +).
k=1

Ktk Kk K

El
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Integrating the tail bound yields the following bound in expectation:

E sup
f(k) eFW, 1<k<p

p
ZS Hf(k)(X(k)) NI/Z(ZdIi/Z) £ a2 T (@ +10m)
k=1

KAk K kK

p p
< Nl/z(Zd,yz) +H (d,i/2 +logN).

k=1 k=1

Finally, by the symmetrization inequality for empirical processes [35, Lemma 2.3.1],

N
1
() ®) 1
EHN.E_ X'® - 0X —Ex<’®-~®x<ﬂ>H

N

P P
=FE sup ‘ ! ZH X(k) H x® ‘

Will=-=lvpll=1 1N =

=FE sup
FeF® 1<k<p

N P
% 2 -k Hf(k) x®) ’

<2E sup
F0eF® 1<k<p

yy Vo 1,2
Sp(—]—\, ) + 5 [T +1ozN).

Funding

National Science Foundation Faculty Early Career Development Program award (NSF DMS-2237628).
Part of this research was performed while the authors were visiting the Institute for Mathematical and
Statistical Innovation, National Science Foundation (Grant No. DMS-1929348).

Data availability statement

No new data were generated or analyzed in support of this research.

REFERENCES

1. Apbamczak, R., Litvak, A., Pajor, A. & Tomczak-JAEGERMANN, N. (2010) Quantitative estimates of the
convergence of the empirical covariance matrix in log-concave ensembles. J. Amer. Math. Soc., 23, 535-561.

2. AL-GHATTAS, O., CHEN, J. & Sanz-ALoNso, D. (2025) Sharp concentration of simple random tensors. Inf.
Inference J. IMA, 14, iaaf029.

3. AL-GHATTAS, O. & SANzZ-ALONsO, D. (2024) Non-asymptotic analysis of ensemble Kalman updates: effective
dimension and localization. Inf. Inference J. IMA, 13, iaad043.

920z Iudy g1 uo 1sanb Aq £598598/010BEEYZ/S | /Bl /IBIEWI/WOY"dNO"OILSPEDE//:SARY WOl PAPEOjUMOC



40

10.
11.

12.

13.
14.

15.

17.

18.

20.
21.
22.
23.
24.
25.
26.

217.

28.
29.

30.

J. CHEN AND D. SANZ-ALONSO

Auppy, A., XiA, D. & Yuan, M. (2024) Tensors in high-dimensional data analysis: methodological opportu-
nities and theoretical challenges. Annu. Rev. Stat. Appl., 12, 527-551.

AupDpY, A. & Yuan, M. (2025) Large-dimensional independent component analysis: statistical optimality and
computational tractability. Ann. Statist., 53, 894-918.

Bach, E., BaPTISTA, R., SANZ-ALONSO, D. & STUART, A. (2024) Machine learning for inverse problems and data
assimilation. Preprint arXiv:2410.10523.

BanDEIRA, A. S., NiLEs-WEED, J. & RicoLLET, P. (2020) Optimal rates of estimation for multi-reference
alignment. Math. Stat. Learn., 2, 25-75.

Bepnorz, W. (2014) Concentration via chaining method and its applications. Preprint arXiv:1405.0676.
Bebpnorz, W. (2016) Bounds for stochastic processes on product index spaces. In: Houbrg, C., MasoN, D.,
REYNAUD-BOURET, P. & Rosr’Nsk1, J. (eds) High Dimensional Probability VII. Progress in Probability, vol. 71.
Birkhéuser, Cham, pp. 327-357.

B1, X., Tang, X., YuaN, Y., ZHANG, Y. & Qu, A. (2021) Tensors in statistics. Annu. Rev. Stat. Appl., 8, 345-368.
CHADA, N. K., CHEN, Y. & Sanz-ALonso, D. (2021) Iterative ensemble Kalman methods: a unified perspective
with some new variants. Found. Data Sci., 3, 331-369.

DiakonikoLas, 1. & Kang, D. M. (2024) Implicit high-order moment tensor estimation and learning latent
variable models. Preprint arXiv:2411.15669.

DIrkSEN, S. (2015) Tail bounds via generic chaining. Electron. J. Probab., 20, 1-29.

Dou, Z., Fan, Z. & ZHou, H. H. (2024) Rates of estimation for high-dimensional multireference alignment.
Ann. Stat., 52, 261-284.

EVEN, M. & MassouLIE, L. (2021) Concentration of non-isotropic random tensors with applications to learning
and empirical risk minimization. Preprint arXiv:2102.04259.

Han, Q. (2024) Exact bounds for some quadratic empirical processes with applications. Preprint
arXiv:2207.13594v3.

Han, R., WILLETT, R. & ZHANG, A. R. (2022) An optimal statistical and computational framework for
generalized tensor estimation. Ann. Stat., 50, 1-29.

KLARTAG, B. & MENDELSON, S. (2005) Empirical processes and random projections. J. Funct. Anal., 225,
229-245.

KorrcHinski, V. & Lounict, K. (2017) Concentration inequalities and moment bounds for sample covariance
operators. Bernoulli, 23, 110-133.

Luo, Y. & ZHANG, A. R. (2024) Tensor-on-tensor regression: Riemannian optimization, over-parameterization,
statistical-computational gap and their interplay. Ann. Stat., 52, 2583-2612.

McCuLracH, P. (2018) Tensor Methods in Statistics: Monographs on Statistics and Applied Probability. New
York: Chapman and Hall/CRC.

MENDELSON, S. (2010) Empirical processes with a bounded v_1 diameter. Geom. Funct. Anal., 20, 988-1027.
MENDELSON, S. (2011) Discrepancy, chaining and subgaussian processes. Ann. Probab., 39, 985-1026.
MENDELSON, S. (2016) Dvoretzky type theorems for subgaussian coordinate projections. J. Theoret. Probab.,
29, 1644-1660.

MENDELSON, S. (2016) Upper bounds on product and multiplier empirical processes. Stochastic Process. Appl.,
126, 3652-3680.

MENDELSON, S., PaJOR, A. & Tomczak-JAEGERMANN, N. (2007) Reconstruction and subgaussian operators in
asymptotic geometric analysis. Geom. Funct. Anal., 17, 1248-1282.

MENDELSON, S. & Paouris, G. (2012) On generic chaining and the smallest singular value of random matrices
with heavy tails. J. Funct. Anal., 262, 3775-3811.

MONTGOMERY-SMITH, S. J. (1990) The distribution of Rademacher sums. Proc. Amer. Math. Soc., 109, 517-522.
PERRY, A., NILES-WEED, J., BANDEIRA, A. S., RIGOLLET, P. & SINGER, A. (2019) The sample complexity of
multireference alignment. SIAM J. Math. Data Sci., 1, 497-517.

REED, M. & SivoN, B. (1980) Methods of Modern Mathematical Physics: Functional Analysis, vol. 1. New
York: Academic Press.

RUDELSON, M. (1999) Random vectors in the isotropic position. J. Funct. Anal., 164, 60-72.

920z Iudy g1 uo 1sanb Aq £598598/010BEEYZ/S | /Bl /IBIEWI/WOY"dNO"OILSPEDE//:SARY WOl PAPEOjUMOC



SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 41

32.  SANz-ALONSO, D., STUART, A. & TAEB, A. (2023) Inverse Problems and Data Assimilation, vol. 107. Cambridge:
Cambridge University Press.

33.  SHErMAN, S. & KoLpa, T. G. (2020) Estimating higher-order moments using symmetric tensor decomposition.
SIAM J. Matrix Anal. Appl., 41, 1369-1387.

34.  TALAGRAND, M. (2022) Upper and Lower Bounds for Stochastic Processes: Decomposition Theorems, vol. 60.
Cham: Springer International Publishing.

35.  VANDER VAART, A. W. & WELLNER, J. A. (2023) Weak Convergence and Empirical Processes: With Applications
to Statistics. Cham: Springer International Publishing.

36. VERSHYNIN, R. (2018) High-Dimensional Probability: An Introduction with Applications in Data Science, vol.
47. Cambridge: Cambridge University Press.

37. Xia, D., Yuan, M. & ZHANG, C.-H. (2021) Statistically optimal and computationally efficient low rank tensor
completion from noisy entries. Ann. Stat., 49, 76-99.

38.  Yuan, M. & Zuang, C.-H. (2016) On tensor completion via nuclear norm minimization. Found. Comput.
Math., 16, 1031-1068.

39. ZHANG, A. & Han, R. (2019) Optimal sparse singular value decomposition for high-dimensional high-order
data. J. Amer. Statist. Assoc., 114, 1708-1725.

40. ZHANG, A. & Xia, D. (2018) Tensor SVD: statistical and computational limits. [EEE Trans. Inf. Theory, 64,
7311-7338.

41. Zuivorovskiy, N. (2024) Dimension-free bounds for sums of independent matrices and simple tensors via the
variational principle. Electron. J. Probab., 29, 1-28.

Appendix
A. Proofs of auxiliary results

LEmma Al. Let Zl.(k), 1 <i<N,1 <k <sbei.i.d. standard Gaussian random variables in R. Then,

s
E 70| < (log N)*/2.
lrggv][[llj | <, (logN)

Proof. For the upper bound, we have

N s N
(k) ®yy _ Ky, % S < s/2
Elggvgwj |5Ekf_[llrgjegv 1z "EEE@% 121 = (cViogh) 5, (log M2,

where the inequality (x) follows by [34, Lemma 2.3.4]. Now we prove the lower bound. Let
Z,ZW ... 7O be ii.d. standard Gaussian random variables in R. By [36, Proposition 2.1.2], there
exists positive constants ¢; € (0, 1), ¢, € (1, 00) such that, for any r > 2,

P[|Z<‘> L Z9] > r] > P[|Z<”| > 129 > t]/s] = (P[|Z| > NS])S
N
> (cl exp(—cztz/s)) = ¢} exp (—scztz/s) .

It follows that

s N N
(k) 1 _ 1) .. 7(0s) _ s _ 2/s
P|:]r;1ieg§\/l£[1|zj |2ti|_1 (1 P[|z z |2t]) > 1 (1 clexp( scyt )) .
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42 J. CHEN AND D. SANZ-ALONSO

Taking t = c3(log N )*/? for some sufficiently small constant ¢3 depending only on s, we obtain

s N 1

k 2/s

P [flﬁ’ivl [12°] = c3(logN)s/2:| >1— (1 — ¢l exp (—s02c3/Y10gN)) > 5.
k=1

from where it follows that E max, _;_y [Tz, |Z;k) | > 3 (logN )s/2, O

LeEmma A2. Let X > 0 be a random variable. Fix uy > 1 and let F : [u,, 00) — (0, c0) be increasing.
Assume there exist constants Cy > 1, ¢y > 0, and m > 1 such that, for all u > u,,

P[X > F(u)] < Cye™ 0, (A.1)
and, for all u > v > uy,
F(u) u\m
—<(-) . A2
F(v) — (v) (A-2)
Then, for every g > 1,
[EXN < CAC g+ up), (A3)

where C, C’ > 0 depend only on C, ¢, m, and are independent of ¢ and of any parameters implicit in
F.

Proof. We use the tail integral identity
o
EX? = q/ 1 PIX > £]de
0

Set 1, := F(u). Splitting at ¢, gives

i) o0

EX? < q/ A dr + q/ CIPIX > e =40 + 1,
0 Io

where [ := g [,* 197 1PIX > 1] dr.
To bound /, use the monotone change of variables ¢t = F(u«) and the tail assumption (A.1):

I< / - P[X > Fa] dFw)?) < G, / e d(F ().

0 uo
Integrating by parts yields

oo oo

we= 0w Fu)du < 2¢, / w0 Fuw?du.

uo

o 2 2
/ e o d(F(u)q) = —e YF(uy)? + 260/
U

0 uo
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Therefore,

o0
EX4 < F(ug)? + 2¢,C, / we= 0 F(u) du.

uo

Now choose a constant o > 2u, (to be fixed depending only on ¢, and m) and set

u, 1= a./q.

Split the integral in (A.4) at u,. For the lower part, monotonicity of F' gives

Usx 2 o0 2
/ u e—cou F(u)q du < F(M*)q/ we O qy < F(M*)q
u 0

~Co
0
For the upper part, use the growth condition (A.2): for u > u, > u,

Fa < Fup(--)",

*

hence

) o mg
/ u e_CO"zF(u)q du < F(u,)? / ueco’ (l) du.
Uy Uy

U,

Change variables u = u,s to get

u,

oo o0 oo
o uN\Mq 922 22
/ ue o (—) du:ui/ smatlg=cous dsfui/ it emc0as g,
Ux

1 1

. 2 a2 a2
Since s2 > sfors > 1, we have e~ 0% 95" < =045 and thus

o0 2.2 oo 2
ui/ §MatlgmcoeasT g < ui/ §Matlgmcoaas g
1 1

With the substitution ¢ = cootzq s,

o0 0
/ qu+lefcoa2qs ds = (Coa2q)*(mq+2) =t 4y < (COan)f(qurZ)]—v(mq +2).

1 coa?q

Using the bound I'(r + 1) < " for r > 1 (e.g. from Stirling) gives

mq 1
(o)™ "V (mg +2) S (o)™ "V mg + 1" S (=) -,
Co(x q

43

(A4)
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up to absolute constants. Choosing « large enough so that m/ (coaz) < 1/2 ensures the right-hand side
is < 1/¢, hence

Therefore,

F(u,)?.

~OWLCQ M

© 2
/ ue ' Fuw)du <
Ux

Plugging the two parts back into (A.4), and using that F(u,) < F(u,) and that « is chosen depending
only on ¢, and m, yields

EX? <

~Cop,co,m

F(u,)d.
Taking gth roots gives (A.3) (absorbing constants into C, C"). Il

ExampLE Al (Growth condition for a polynomial with nonnegative coefficients). Let
d
F(u):chu’, ¢; > 0.
j=0

Then, for any u > v > 0,

Flu) < (%)dF(v), ie. };E':; < (%)d

Indeed, for each j < d we have

. . j crund
W= V/(Z)J < V/(E) i
v v
and multiplying by ¢; > 0 and summing over j gives

d

F(u) = ZCjui < (g)dicjv/ = (%)dF(v).

=0 Jj=0

B. Optimality of expectation bound (4.3).

We demonstrate the optimality of the expectation bound (4.3) in Remark 4.1 via a simple example.
For 1 < k < p, let H® = R% and consider a symmetric compact set S®’ ¢ R%. Define the function
class F® = () 1 v € S(k)}, which consists of linear functions indexed by S® et ka), . ,X/(\f)
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS II: ASYMMETRY 45
be i.i.d. standard Gaussian random vectors in R% for each 1 < k < p, and assume that the sequences

(Xl.(l))?’: [reees (Xfp ))i.V: | are independent. Let v} € S® be a point attaining the maximal Euclidean norm
on R%  i.e. Ville, = sup,, csw [Vl Observe that

N p o\ 1/2 N 1/2
E  sup (ZH(f(k)(ka)))) =E sup (ZH(X}"),vkﬁ)

f(k)e}—(k),lfkfp i=1 k=1 VkES(k),lfkfp 1 kel
N »p . 1/2 p p

2 E(ZHQQ( )’V2>2) Zp YN T Ihille, =, «/ﬁ(Hdwz(ﬁk))), (B.1)
i=1 k=1 k=1 k=1

where the last step follows by ||v,’;||€2 = sup,, s [IVellg, < SUPf(k) ¢ F ) |[f(k) ||1p2 = dw (F®) for every

1 < k < p. This confirms the necessity of the term ~/N (I, dy, (F ®)) in (4.3).
On the other hand, we may assume without loss of generality that

PFD ) > = 5 (FO ) = logN)? > p(FID ) > - > 5(FP ).

Then,

N

P 1/2 p
E sup (Z H(X,.(k),vk)z) >E sup 1r3i21<>§VH |(Xi(k), vk)|
T k=1

VkES(k),lgkfp i=1 k=1 VkES(k),lgkfp

p ' p
k ) k k
=[E max sup I I |(Xi( ),vk)| > E max sup | | |(Xl.( ),vk)| I | \(Xl( ),v,’:)|
lfliNVkESd(),]SkSpk:] ISISNVkES(k),ISkSth] k=1

: Tlox® oo
=( [T Wille, JE| max — sup  JTIx"v0] [T |5
2
I<isN |, <5t Vel
k=t+1 == weeS® I<kst = k=t+1 ke
4 ! 4 (k)
# ®) H (X;,vp)
Z( H ||Vk||ez)E(X}"))§Vl,kzt+1 [fgﬁv (]E(ka))ﬁvl,kft (sk?p H|<Xi ’V">|) lvE]l
k=t+1 == vkeS®, I<kst g k=t+1 ke

(11 1 ®.ul) TT [SE-2
= ||v;§||ez)Ex(k)N L max ( E sup |(X; ,vk)|) Sk
S k>t : i *
k=t+1 Gz k= =i ] es e | ille
i ' P ®
(%) ® *) (Xi™ v
Ap( [T doFO)(TTrF v By o | max, TT |55
k=t+1 k=1 == k=t+1 k1o

P t
=p ( H dwz (]—'(k))) ( H V(]—'(k), ‘#2)) (log N) (pft)/z’

k=t+1 k=1

where (x) follows by taking v, = v for k > ¢+1, and (xx) follows using that ||V} ]|, , < dy, (F (®)y and that,
by Talagrand’s majorizing-measure theorem [34, Theorem 2.10.1], E sup,, gw (X ®, Vi) Xy (F o, Ys).
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46 J. CHEN AND D. SANZ-ALONSO
(k) %
0 *”V) are i.1.d.

standard normal random variables, and these Gaussians are independent across k and i. By applying
Lemma A1, we obtain

The last step follows since, for every k > t+ 1 and 1 < i < N, the random variables

P v

E &~ |: :| = (logN)(p_t)/z.
X k +1 * P
(X )im k=t l<l<Nk=t+l ||vk||42

Therefore, we have shown that

N p 12 P '
E  sup (ZH x® v ) Zp ( I1 dwz(}'(k)))(Hy .7-'(]‘),1//2))(logN)(1’_t)/2

vieS®1<k<p \ ] k=1 ke=t+1 k=1
p p
= (H% <f“‘)>) ( [T(PF© v+ (1ogN)1/2))
k=1 k=1
(B.2)

Combining the two lower bounds (B.1) and (B.2) shows that, in this example, the upper bound (4.3) is
sharp up to a constant depending only on p.
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