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This paper establishes sharp dimension-free concentration inequalities and expectation bounds for the 
deviation of the sum of simple random tensors from its expectation. As part of our analysis, we use generic 
chaining techniques to obtain a sharp, high-probability upper bound on the suprema of Lp empirical
processes. In so doing, we generalize classical results for quadratic and product empirical processes to
higher-order settings.
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1. Introduction 

This paper establishes sharp bounds for the operator-norm deviation of the sum of simple (rank-one) 
random tensors from its expectation. Let X, X1, .  .  . , XN be i.i.d. centred Gaussian random variables in a
separable Hilbert space H with covariance operator Σ . Our first main result, Theorem 2.1, shows that, 
with a standard notation described below, for an y integer p ≥ 2,

E

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − E X⊗p

∥∥∥∥∥ �p ‖Σ‖p/2
(√

r(Σ) 
N 

+ 
r(Σ)p/2 

N

)
, r (Σ) := Tr(Σ)

‖Σ‖ .

In addition, Theorem 2.1 establishes sharp high-probability and expectation bounds for sub-Gaussian 
data. To prove Theorem 2.1, we analyze the suprema of a Lp empirical process. In our second main
result, Theorem 2.2, we leverage generic chaining techniques to obtain a sharp high-probability bound
on

sup 
f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

f p(Xi) − Ef p(X)

∣∣∣∣∣ , p ≥ 2,
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2 O. AL-GHATTAS ET AL.

in terms of quantities that reflect the geometric complexity of the family F , tak en to contain bounded
linear functionals in H in the proof of Theorem 2.1. 

1.1 Outline 

Section 2 states our two main results and discusses related work. The study of concentration of simple
random tensors and Lp empirical processes is carried out in Sections 3 and 4, respectively. Section 5 
closes with conclusions and future directions.

1.2 Notation 

Given two positive sequences {an} and {bn}, we write an � bn to denote that an ≤ cbn for some absolute 
constant c > 0. If both an � bn and bn � an hold simultaneously, we write an � bn. If the constant c 
depends on some parameter τ , we use the notations an �τ bn, bn �τ an, and an �τ bn to indicate this
dependence.

2. Main re sults

Here we state the two main theorems of the paper and compare them with existing results. Subsection 2.1 
focuses on the concentration of simple random tensors and Subsection 2.2 focuses on Lp empirical
processes.

2.1 Concentration of simple r andom tensors

Let (H, 〈·, ·〉H , ‖ · ‖H) be a separable real Hilbert space and let p be a positive integer. Let X be a centred 
H-valued random variable. Suppose that E|〈X, v〉H|p < ∞ for all v ∈ UH :=  {v ∈ H : ‖v‖H = 1} and
let X⊗p be the multilinear form

X⊗p(v1, .  .  . , vp) := 〈X, v1〉H · · · 〈X, vp〉H , ∀ (v1, .  .  . , vp) ∈ H × · · · × H.

Thus, X⊗p is a random variable taking values in the tensor space H⊗p. We refer for instance to [66, Section 
II.4] for background on tensor products of Hilbert spaces. The expectation E X⊗p is called the pth order 
moment tensor of X. When p = 2, the second-order moment tensor EX⊗2(v1, v2) = E〈X, v1〉H〈X, v2〉H , 
∀ (v1, v2) ∈ H ×H is called the covariance of X. By the Riesz representation theorem, this bilinear form
can be represented by the covariance operator Σ : H → H defined by

〈v1, Σv2〉H := EX⊗2(v1, v2), ∀ (v1, v2) ∈ H × H.

Given independent copies X1, .  .  . , XN of X, our goal is to establish concentration inequalities for the 
pth order sample moment tensor 1 

N

∑N 
i=1 X

⊗p 
i , which is a sum of i.i.d. simple (rank-one) random tensors.

Specifically, we seek to obtain high-probability and expectation bounds on the deviation

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥∥ = sup 
v1,...,vp∈UH

∣∣∣∣∣ 1 
N 

N∑
i=1

〈Xi, v1〉H · · · 〈Xi, vp〉H − E〈X, v1〉H · · · 〈X, vp〉H

∣∣∣∣∣ , (2.1)
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 3

where ‖ · ‖ denotes the norm in the tensor space H⊗p. Notice that for p = 2, the operator norm of 
the covariance operator Σ : H → H agrees with the norm of the covariance EX⊗2 as a bilinear form 
in H⊗2. Consequently, we will slightly ab use notation and denote by ‖Σ‖ the operator norm of the
covariance operator. Furthermore, to simplify the notation, we will henceforth omit the subscript H in
the inner-product 〈·, ·〉H and norm ‖ · ‖H .

We will focus on Gaussian and sub-Gaussian random variables. Recall that an H-valued random 
variable X is called Gaussian iff all one-dimensional projections 〈X, v〉 for v ∈ H are Gaussian real-
valued random variables. A centred random variable X in H is called sub-Gaussian iff

‖〈X, v〉‖ψ2
� ‖〈X, v〉‖L2 , ∀ v ∈ H ,

where the Orlicz ψ2-norm of a real-valued random variable Y is defined as ‖Y‖ψ2 := inf {c > 0 : E

exp(Y2/c2) ≤ 2
}
. Furthermore, X is called pre-Gaussian iff there exists a centred Gaussian random

variable Y in H with the same covariance operator as that of X.
Our first main result, Theorem 2.1, provides sharp dimension-free bounds for the deviation (2.1)  in  

terms of the effective rank r(Σ) := Tr(Σ)/ ‖Σ‖ of the covariance operator.

THEOREM 2.1. Let X, X1, .  .  . , XN be i.i.d. centred sub-Gaussian and pre-Gaussian random variables in H 
with covariance operator Σ . For any integer p ≥ 2 and any u ≥ 1, it holds with probability at least
1 − exp(−u) that

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − E X⊗p

∥∥∥∥∥ �p ‖Σ‖p/2
(√

r(Σ) 
N 

+ 
r(Σ)p/2 

N 
+
√

u 
N

+ up/2

N

)
.

As a corollary,

E

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥∥ �p ‖Σ‖p/2
(√

r(Σ) 
N 

+ 
r (Σ)p/2

N

)
.

Moreover, if X is Gaussian, then

E

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥∥ �p ‖Σ‖p/2
(√

r(Σ) 
N 

+ 
r (Σ)p/2

N

)
.

The proof of Theorem 2.1 is carried out in Section 3. Although upper bounds for (2.1) have been 
extensively studied [2, 19, 20, 23, 47, 53, 77, 84], and despite the explosive growth of research on 
concentration inequalities for random tensors [5, 7–9, 14, 19, 28, 68, 79, 85], Theorem 2.1 is, to the best 
of our knowledge, the first to establish sharp dimension-fr ee concentration inequalities and expectation
bounds for the deviation (2.1) under sub-Gaussian assumptions, without superfluous logarithmic f actors.
Moreover, Theorem 2.1 shows that our expectation bound is sharp for Gaussian data. Similarly to [38], 
our results can easily be extended to Banach-valued random variables, but we focus on the Hilbert space
setting for ease of exposition.
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4 O. AL-GHATTAS ET AL.

For sub-Gaussian and pre-Gaussian random variables satisfying that, for fixed K > 0,

‖〈X, v〉‖ψ2 ≤ K‖〈X, v〉‖L2 , ∀ v ∈ H, (2.2)

a straightforward modification of the proof of Theorem 2.1 yields 

E

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥∥ �p K
p‖Σ‖p/2

(√
r(Σ) 

N 
+ 

r (Σ)p/2 

N 

)
, 

as well as a similar high-probability upper bound. F or a centred Gaussian random variable, (2.2) holds 
with K = 

√
8/3. When p = 2, the dependence on K 2 is consistent with the literature on covariance

estimation; see [78, Theorem 4.7.1]. For p > 2, the dependence on Kp agrees with the result of [84]. The 
notation �p indicates that the implicit constant depends on the tensor order p, and this dependence is 
generally super-exponential in p. This can be seen from the fact that, when p is even and X ∼ N (0, Σ),

‖EX⊗p‖ =  (p − 1)! ! ‖Σ‖p/2, and (p − 1)! ! � √
2(p − 1)

(p − 1 
e

) p−1 
2 � e

1
2 p log p.

In Theorem 2.1 and in the comparisons that we will provide in the remainder of this subsection, we
assume K � 1 for simplicity. In Remark 2.1, we compare with concentration results for sums of simple
tensors, while in Remark 2.2 we discuss the special case p = 2.

REMARK 2.1. The deviation (2.1) can be expressed as∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥∥ = sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ , (2.3) 

since for symmetric tensors the supremum in (2.1) is attained by a single element v ∈ H,
see e.g. [84,(1.6)], [62, Section 2.3] and [9, Remark 4.14, Proposition 4.15]. From our proof of
Theorem 2.1, the same high-probability and in-expectation bounds in Theorem 2.1 also hold for 
sup‖v‖=1

∣∣∣ 1 
N

∑N 
i=1

∣∣〈Xi, v
〉 |p − E|〈X, v〉|p

∣∣∣, where 〈Xi, v〉p is replaced by its absolute value.

Using majorizing measures, [23, Theorem 3] establishes the bound 

E sup
‖v‖≤1

∣∣∣∣∣ 1 
N 

N∑
i=1 

|〈Xi, v〉|p − E|〈X, v〉|p
∣∣∣∣∣ �p ‖Σ‖p/2 (√ε + ε

)
, ( 2.4)

where

ε = 
log N 

N 
· E max1≤i≤N ‖Xi‖p

‖Σ‖p/2
.

Notably, [23, Theorem 3] considered the more general case where the supremum in (2.4)  is  taken  over  a  
symmetric convex body K ⊂ Rd. Here, we focus on the specific case where K is the unit ball {v : ‖v‖ ≤
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 5

1}. In the sub-Gaussian setting, applying [84, Lemma 2.7] together with a union bound gives

(
E max 

1≤i≤N

∥∥Xi

∥∥p
)1/p

�p

√
Tr(Σ) + ‖Σ‖ log N = √‖Σ‖ (r(Σ) + log N). 

For Gaussian data, this upper bound is optimal up to a constant depending only on p. Consequently, this
yields the following upper bound for the value of ε in (2.4): 

ε �p 
(log N)

(
r(Σ)p/2 + (log N)p/2

)
N 

. 

Employing estimates of the metric entropy of ellipsoids, [19, Theorem 3] shows that, for i.i.d. centred 
sub-Gaussian random vectors X, X1, .  .  . , XN in R d,

E

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥∥ �p ‖Σ‖p/2

√
(log N)p(r(Σ) + log d)p +1

N
. (2.5)

Clearly, the in-expectation bound in Theorem 2.1 provides a direct improvement over the bounds in (2.4) 
and (2.5). 

More recently , [84] used the variational principle and the PAC-Bayesian method to study (2.3). We 
now compare Theorem 2.1 with [84, Theorem 1.7]. Under their assumption that N ≥ r(Σ)p−1,  we  
observe that

√
r(Σ) 

N ≥ r(Σ )p/2

N , and taking u = r(Σ) in Theorem 2.1 yields that with probability at least 
1 − exp(−r(Σ)),

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥∥ = sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ (�)

�p ‖Σ‖p/ 2
√

r(Σ) 
N 

.

For H = Rd and under the condition N ≥ r(Σ)p−1, [84, Theorem 1.7] establishes the bound (�), 
but only with probability at least 1 − cN exp(−√

r(Σ)). Theorem 2.1 hence directly improv es [84, 
Theorem 1.7] for sub-Gaussian data. Moreover, our high-probability bound can be directly integrated to 
derive an in-expectation bound, which is not provided in [84, Theorem 1.7]. The proof of [84, Theorem 
1.7] relies on a combination of the variational inequality approach and the decoupling-chaining method
developed in [2, 70]. In the decoupling-chaining argument [70, Proposition 14.3.3], there is a crucial 
term: max1≤i≤N ‖Xi‖. [84] used a union bound to control this term, which results in a large prefactor N 
in the probability estimate. Since for Gaussian data it holds that

E max 
1≤i≤N

‖Xi‖ � √‖Σ‖(r(Σ) + log N),

an additional logarithmic factor
√

log N is likely unavoidable when using the approach in [84] to derive 
an in-expectation bound. Finally, in contrast to [84, Theorem 1.7], our proof of Theorem 2.1 shows a 
bound of the form (�) for arbitrary p ≥ 2, not necessarily an integer.
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6 O. AL-GHATTAS ET AL.

REMARK 2.2. When p = 2, the sum of simple random tensors r educes to the sample covariance. In
this case, Theorem 2.1 agrees with the optimal bounds established in [38, Theorem 4, Theorem 9]. An 
important area of research in probability and statistics focuses on the non-asymptotic analysis of sample 
covariance operators, particularly their estimation error in the spectral (operator) norm relative to its
population version. Recent references include, for instance, [7, 8, 15, 25, 38, 43, 59, 67, 71–73, 75, 76, 
78, 84]. A key milestone was achieved by Koltchinskii and Lounici [38], who established that for i.i.d. 
centred Gaussian random variables X, X1, .  .  .  , XN with covariance operator Σ ,

E

∥∥∥∥∥ 1 
N 

N∑
i=1 

Xi ⊗ Xi − EX ⊗ X

∥∥∥∥∥ � ‖Σ‖
(√

r(Σ) 
N 

+ 
r (Σ)

N

)
. (2.6)

The upper bound (2.6)  i  n [38] follows from results on quadratic empirical processes developed in [11, 
17, 30, 48] that extend beyond Gaussian data. Alternative proofs exist for Gaussian data outside the
empirical process framework. In particular, [75] proved (2.6) using decoupling and Slepian-Fernique 
comparison inequalities. More recently, [25] obtained a sharp version of (2.6) with optimal constants via 
the Gaussian min-max theorem. Beyond the operator norm, [65] derived dimension-free bounds on the 
Frobenius distance between the s ample covariance and the population covariance.

2.2 Lp empirical pr ocesses

This subsection contains the statement of our second main result, Theorem 2.2, which gives a general 
upper bound on the suprema of Lp empirical processes. Theorem 2.2 will be key to establish our upper

bounds in Theorem 2.1.  Let  X, X1, .  .  .  , XN 
i.i.d.∼ μ be a sequence of random variables on a probability 

space (Ω , μ).  For  p ≥ 1 (not necessarily an integer), we consider the centred Lp empirical process
indexed by a class F of functions on (Ω , μ) given by

f �→ 
1 
N 

N∑
i=1 

f p(Xi) − Ef p(X), f ∈ F . (2.7)

In our proof of Theorem 2.1, the class F will be taken to contain all linear functionals in H with norm
one. For p = 1, (2.7) recovers the standard empirical process [70, 74], and for p = 2 the quadratic 
empirical process extensively studied, e.g., in [2, 11, 12, 17, 25, 30, 38, 48, 51, 54, 55, 67]. Beyond 
its theoretical significance, the quadratic empirical process plays a crucial role in various statistical
applications, including covariance estimation as discussed in Remark 2.2. Our goal is to bound 

sup 
f ∈F

∣∣∣∣ 1 
N 

N∑
i=1 

f p(Xi) − Ef p(X)

∣∣∣∣
for any p ≥ 2 in terms of quantities that reflect the geometric complexity of the indexing class F .  To  
that end, for any function f on (Ω , μ), we introduce the Orlicz ψ2-norm of f given by

‖f ‖ψ2 := inf

{
c > 0  :  EX∼μ

[
exp

( |f (X)|2
c2

)]
≤ 2

}
,
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 7

with the convention inf ∅  =  ∞. Our upper bound will depend on dψ2 (F) := supf ∈F ‖f ‖ψ2 and on
Talagrand’s functional γ (F , ψ2), whose definition we now recall.

DEFINITION 2.1 (Talagrand’s γ functional [70]). Let (F , d) be a metric space. An admissible sequence is 
an increasing sequence (Fs)s≥0 ⊂ F which satisfies Fs ⊂ Fs+1,

∣∣F0

∣∣ = 1,
∣∣Fs

∣∣ ≤ 22s 
for s ≥ 1, and⋃∞ 

s=0 Fs is dense in F .  Let  

γ  (F , d) := inf sup 
f ∈F

∑
s≥0 

2s/2d
(
f ,Fs

)
, 

where the infimum is taken over all admissible sequences. We write γ (F , ψ2) when the distance on F
is induced by the ψ2-norm.

We are ready to state our second main result. Its proof can be found in Section 4. 

THEOREM 2.2. Assume 0 ∈ F or F is symmetric (i.e., f ∈ F implies −f ∈ F). For any p ≥ 2 and u ≥ 1, 
it holds with probability at least 1 − exp(−u2(γ (F , ψ2)/dψ2

(F))2) that

sup 
f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

f p(Xi) − Ef p(X)

∣∣∣∣∣ �p u 
γ  (F , ψ2)d

p−1 
ψ2 

(F)√
N

+ u p
γ p(F , ψ2)

N
.

As a corollary,

E sup 
f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

f p(Xi) − Ef p(X)

∣∣∣∣∣ �p 
γ  (F , ψ2)d

p−1 
ψ2 

(F)√
N

+ 
γ p(F , ψ2)

N
.

REMARK 2.3. An alternative formulation of the tail bound states that, for any u ≥ 1, it holds with 
probability at least 1 − exp(− u) that

sup 
f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

f p (Xi

) − Ef p(X)

∣∣∣∣∣ �p 
γ
(
F , ψ2

)
dp−1 
ψ2 

(F)√
N

+ 
γ p

(
F , ψ2

)
N

+ dp 
ψ2 

(F)

(√
u

N
+ up/2

N

)
.

The above high-probability bound is optimal. When p = 2, it matches the tail bound obtained in [11, 17], 
see  also [51,(1.18)] and [38, Theorem 8]. As noted in [51], the optimality can be seen from setting t = 
ud2 

ψ2 
(F)/

√
N in Bernstein’s inequality applied to f 2. When p > 2, the optimality can be deduced from

the α-sub-exponential inequality [22, Corollary 1.4]; see Lemma B1 for a formal statement. From our 
proof, the same high-probability and in-expectation bounds in Theorem 2.2 also hold for the empirical 
process supf ∈F

∣∣∣ 1 
N

∑N 
i=1 |f |p(Xi) − E|f |p(X)

∣∣∣, where f p (Xi) is replaced by its absolute value.

REMARK 2.4. For p ≥ 3/2, a minor modification of our proof yields

E sup 
f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

f p(Xi) − Ef p(X)

∣∣∣∣∣ �p 
γ  (F , ψ2)d

p−1 
ψ2 

(F)√
N

+ 
γ p(F , ψ2) 

N 
+ 

γ 3/2(F , ψ2)d
p−3/2
ψ2

(F)

N3/4 .
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8 O. AL-GHATTAS ET AL.

If p ≥ 2, the third term on the right-hand side is dominated by the first two terms. However, for p ∈ 
[3/2, 2), the third term remains significant and cannot be neglected. A natural question is to establish 
sharp concentration inequalities and expectation bounds for supf ∈F

∣∣∣ 1 
N

∑N
i=1 |f |p(Xi) − E|f |p(X)

∣∣∣ for

any p > 0. We leave this question for future investigation.

3. Concentration of simple random tensors

This section contains the proof of our first main result, Theorem 2.1. The upper bound for sub-Gaussian 
data follows from an application of Theorem 2.2, where the class F consists of all linear functionals in 
H with norm one. To establish the matching lower bound for Gaussian data, we adapt techniques from
[38, Theorem 4] to the higher-order setting; see Proposition 3.1 for the proof.

Proof of Theor em 2.1. By the expression (2.3) and Theorem 2.2,  we  have  

E

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥∥ = E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣
= E sup 

f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

f p(Xi) − Ef p(X)

∣∣∣∣∣
�p 

γ  (F , ψ2)d
p−1 
ψ2 

(F)√
N

+ 
γ p(F , ψ 2) 

N 
,

where F := {〈·, v〉 : v ∈ UH

}
, UH := {v ∈ H : ‖v‖ = 1}. It is clear that F is symmetric. Since X is 

sub-Gaussian, the ψ2-norm of linear functionals is equivalent to the L2-norm. Hence, 

dψ2 (F) = sup 
f ∈F

‖f ‖ψ2
� sup 

f ∈F
‖f ‖L2 = sup

‖v‖=1

(
E〈X, v〉2)1/2 = ‖Σ‖1/2 . 

Moreover, since X is pre-Gaussian, there exists a centred Gaussian random variable Y in H with the same
covariance Σ . This means that

dY(u, v) := (
E(〈Y , u〉 − 〈Y , v〉)2)1/2 = 〈u − v, Σ(u − v)〉1/2 = ‖〈·, u〉 − 〈·, v〉‖L2(μ), u , v ∈ UH ,

where μ is the law of X. Using Talagrand’s majorizing-measure theorem [70, Theorem 2.10.1], we 
deduce that 

γ
(
F , ψ2

) � γ
(
F , L2

) = γ
(
UH , dY

) � E sup 
u∈UH

〈Y , u〉 = E‖Y‖ � (E‖Y‖2)1/2 = Tr(Σ)1/2. 

Therefore, we obtain the in-expectation upper bound for sub-Gaussian data:

E

∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥ �p 
γ  (F , ψ2)d

p−1 
ψ2 

(F)√
N

+ 
γ p(F , ψ2) 

N
� ‖Σ‖p/2

(√
r(Σ)

N
+ r(Σ)p/2

N

)
.
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 9

The high-probability upper bound follows analogously. The matching lower bound for Gaussian data is
proved in Proposition 3.1 below. �

Now we prove the matching lower bound for Gaussian data in Theorem 2.1. 

PROPOSITION 3.1. Let X, X1, .  .  . , XN be i.i.d. centred Gaussian random variables in H with covariance
operator Σ . Then, for any integer p ≥ 2,

E

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥∥ �p ‖Σ‖p/2

(√
r(Σ) 

N 
+ 

r (Σ)p/2

N

)
.

Proof of Proposition 3.1. The proof builds upon ideas from [38, Theorem 4] and [75, Lemma 5.6]. 
Throughout the proof, c(p), c′(p) and C(p) denote positive constants depending only on p. Recall that 

E

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − E X⊗p

∥∥∥∥∥ = E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ . (3.1) 

We first prove that, for any p ≥ 2, 

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ �p ‖Σ‖p/2 r(Σ)p/2 

N 
. ( 3.2) 

Observe that 

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ ≥ EX1 sup
‖v‖=1

∣∣∣∣∣E{Xi}i≥2 

1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p)∣∣∣∣∣
= 

1 
N 
EX1 sup

‖v‖=1

∣∣〈X1, v
〉p − E〈X, v〉p

∣∣ ≥ 
1 
N

(
EX1

[
sup

‖v‖=1

∣∣〈X1, v〉p
∣∣ ] − sup

‖v‖=1

∣∣E〈X, v〉p
∣∣)

(�) ≥ 
1 
N

(
E‖X1‖p − C(p)‖Σ‖p/2

) (��) ≥ 
1 
N

(
Tr(Σ)p/2 − C(p)‖Σ‖p/2

)
= 

1 
N

‖Σ‖p/2
(

r(Σ)p/2 − C(p)
)

. 
(3.3) 

Here, (�) follows by EX1

[
sup‖v‖=1 |〈X1, v〉p|] = E‖X1‖p and sup‖v‖=1 |E〈X, v〉p| ≤  C(p)‖Σ‖p/2, since

〈X, v〉 d∼ N (0, 〈Σv, v〉), while (��) follows by Jensen’s inequality E‖X1‖p ≥ (
E‖X1‖2

)p/2 = Tr(Σ)p/2

for p ≥ 2.
We define the i.i.d. standard Gaussian random variables

Zi :=
〈Xi, v〉

〈Σv, v〉1/2 , i = 1, . . . , N.
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10 O. AL-GHATTAS ET AL.

It follows that 

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ ≥ sup
‖v‖=1 

E

∣∣∣∣∣ 1 
N 

N∑
i=1

〈Xi, v〉p − E〈X, v〉p

∣∣∣∣∣
= sup

‖v‖=1
〈Σv, v〉p/2

E

∣∣∣∣∣ 1 
N 

N∑
i=1 

Zp 
i − EZp

∣∣∣∣∣
≥ ‖Σ‖p/2 c(p)√ 

N 
≥ ‖Σ‖p/2 c(p) 

N 
. ( 3.4)

Therefore, combining (3.3) and (3.4) gives that, for any t ∈ [0, 1], 

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ ≥ ‖Σ‖p/2
(

t 
1 
N

(
r(Σ)p/2 − C(p)

)
+ (1 − t) 

c(p) 
N 

)
. 

Choosing t to be small enough so that tC(p) ≤ (1 − t)c(p), we get 

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ ≥ t‖Σ‖p/2 r(Σ)p/2 

N
�p ‖Σ‖p/2 r(Σ)p /2 

N 
, 

as desired. 
Next, we show that for any p ≥ 2,

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ �p ‖Σ‖p/2

√
r(Σ) 

N 
. (3.5)

Observe that

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ = E

∥∥∥∥∥ 1 
N 

N∑
i=1 

X⊗p 
i − EX⊗p

∥∥∥∥∥
= E sup

‖v‖=1

∥∥∥∥∥ 1 
N 

N∑
i=1

〈Xi, v〉p−1Xi − E〈X, v〉p−1X

∥∥∥∥∥
≥ sup

‖v‖=1 
E

∥∥∥∥∥ 1 
N 

N∑
i=1

〈Xi, v〉p−1X i − E〈X, v〉p−1X

∥∥∥∥∥ . (3.6)

For a fixed v with ‖v‖ = 1 and 〈Σv, v〉 > 0, denote

X′ := X − 〈X, v〉 Σv

〈Σv, v〉 .
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 11

By a straightforward computation, for all u ∈ H, the random variables 〈X, v〉 and
〈
X′, u

〉
are uncorrelated. 

Since they are jointly Gaussian, it follows that 〈X, v〉 and X′ are independent. Define 

X′
i := Xi − 〈

Xi, v
〉 Σv

〈Σv, v〉 , i = 1, .  .   .  , N .

Then
{
X′

i : i = 1, .  .  . , N
}

and
{〈

Xi, u
〉

: i = 1, .  .  . , N
}

are also independent. We easily get 

E

∥∥∥∥∥ 1 
N 

N∑
i=1

〈
Xi, v

〉p−1 
Xi − E〈X, v〉p−1X

∥∥∥∥∥
= E

∥∥∥∥∥ 1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p) Σv

〈Σv, v〉 + 
1 
N 

N∑
i=1

〈
Xi, v

〉p−1 
X ′i

∥∥∥∥∥ , ( 3.7) 

where we used the fact that 

E〈X, v〉p−1X = E〈X, v〉p Σv

〈Σv, v〉 + E〈X, v〉p−1
EX′ = E〈X, v〉p Σv

〈Σ v, v〉 . 

Note that, conditionally on
〈
Xi, v

〉
, i = 1, .  .  . , N, the distribution of the random variable 

1 
N 

N∑
i=1

〈
Xi, v

〉p−1 
X′

i

is Gaussian and it coincides with the distribution of the random variable

(
1 
N 

N∑
i=1

〈
Xi, v

〉2(p−1)

)1/2 
X′
√ 

N
.

Denote now by Ev the conditional expectation given
〈
Xi, v

〉
, i = 1, . . . , N and by E

′ the conditional
expectation given X′

1, . . . , X′
N . Then, we have

E

∥∥∥∥∥ 1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p) Σv

〈Σv, v〉 + 
1 
N 

N∑
i=1

〈
Xi, v

〉p−1 
X′

i

∥∥∥∥∥
= EEv

∥∥∥∥∥ 1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p) Σv

〈Σv, v〉 + 
1 
N 

N∑
i=1

〈
Xi, v

〉p−1
X′

i

∥∥∥∥∥
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12 O. AL-GHATTAS ET AL.

= EEv

∥∥∥∥∥∥ 1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p) Σv

〈Σv, v〉 +
(

1 
N 

N∑
i=1

〈
Xi, v

〉2(p−1)

)1/2 
X′
√

N

∥∥∥∥∥∥
= E

∥∥∥∥∥∥ 1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p) Σv

〈Σv, v〉 +
(

1 
N 

N∑
i=1

〈
Xi, v

〉2(p−1)

)1/2 
X′
√

N

∥∥∥∥∥∥ . (3.8) 

Also 

E

∥∥∥∥∥∥ 1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p) Σv

〈Σv, v〉 +
(

1 
N 

N∑
i=1

〈
Xi, v

〉2(p−1)

)1/2 
X′
√

N

∥∥∥∥∥∥
= EE′

∥∥∥∥∥∥ 1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p) Σv

〈Σv, v〉 +
(

1 
N 

N∑
i=1

〈
Xi, v

〉2(p−1)

)1/2 
X′
√

N

∥∥∥∥∥∥
≥ E

∥∥∥∥∥∥E′ 1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p) Σv

〈Σv, v〉 + E′
(

1 
N 

N∑
i=1

〈
Xi, v

〉2(p−1)

)1/2 
X′
√

N

∥∥∥∥∥∥
= E

(
1 
N 

N∑
i=1

〈
Xi, v

〉2(p−1)

)1/2 
E‖X′‖√ 

N 
. 

Note that 

E|〈X, v〉| =
√

2 
π

〈Σv, v〉1/2. 

Therefore, 

E‖X′‖ ≥  E‖X‖ −  E|〈X, v〉| ‖Σv‖
〈Σv, v〉 = E‖X‖ −

√
2 
π

‖Σv‖
〈Σv, v 〉1/2

and

E

∥∥∥∥∥∥ 1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p) Σv

〈Σv, v〉 +
(

1 
N 

N∑
i=1

〈
Xi, v

〉2(p−1)

)1/2 
X′
√

N

∥∥∥∥∥∥
≥ E

(
1 
N 

N∑
i=1

〈
Xi, v

〉2(p−1)

)1/2 
E‖X‖ − √

2/π‖Σv‖/〈Σv, v〉1/2 
√

N 

= 〈Σv, v〉(p−1)/2
E

(
1 
N 

N∑
i=1 

Z2(p−1) 
i

)1/2 
E‖X‖ − √

2/π‖Σv‖/〈Σv, v〉1/2

√
N

,
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 13

where we recall that 

Zi =
〈Xi, v〉

〈Σv, v〉1/2 , i = 1, .  .  .  , N 

are i.i.d. standard Gaussian random variables. One can check that 

E

(
1 
N 

N∑
i=1 

Z2(p−1) 
i

)1/2 

≥ c′(p ) 

for a positive constant c′( p) depending only on p, which implies that

E

∥∥∥∥∥∥ 1 
N 

N∑
i=1

(〈
Xi, v

〉p − E〈X, v〉p) Σv

〈Σv, v〉 +
(

1 
N 

N∑
i=1

〈
Xi, v

〉2(p−1)

)1/2 
X′
√

N

∥∥∥∥∥∥
≥ c′(p)〈Σv, v〉(p−1)/2 E‖X‖ − √

2/π‖Σv‖/〈Σv, v〉1/2 
√

N 

= 
c′(p)√

N

(
〈Σv, v〉(p−1)/2

E‖X‖ −
√

2 
π

‖Σv‖〈Σ v, v〉(p−2)/2

)
.

We combine this bound with (3.6), (3.7) and (3.8) to get 

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ ≥ 
c′(p)√

N 
sup

‖v‖=1

(
〈Σv, v〉(p−1)/2

E‖X‖ −
√

2 
π

‖Σv‖〈Σv, v〉(p−2)/2

)

(�) ≥ 
c′(p)√

N

(
‖Σ‖(p−1)/2

E‖X‖ −
√

2 
π

‖Σ‖p/2

)
(��) ≥ c′(p)‖Σ‖p/2

(
c′√r(Σ) − 

√
2/π√

N

)
, ( 3.9) 

where (�) follows by taking the eigenvector of Σ corresponding to the largest eigenvalue, and (��) follows 
since for a Gaussian vector X, E‖X‖ � √

E‖X‖2 = √
Tr(Σ). 

Recall that we have the following bound by (3.4) 

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ ≥ ‖Σ‖p/2 c(p)√
N 

. ( 3.10) 

Combining (3.9) and (3.10) gives that, for any t ∈ [0, 1],

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ ≥ ‖Σ‖p/2
(

tc′(p)

(
c′√r(Σ) − √

2/π√
N

)
+ (1 − t) 

c(p)√
N

)
.
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14 O. AL-GHATTAS ET AL.

Choosing t to be small enough so that tc′(p)
√

2/π ≤ (1 − t)c(p), we get

E sup
‖v‖=1

∣∣∣∣∣ 1 
N 

N∑
i=1

〈
Xi, v

〉p − E〈X, v〉p

∣∣∣∣∣ ≥ tc′(p)c′‖Σ‖p/2

√
r(Σ) 

N
�p ‖Σ‖p/2

√
r(Σ)

N
.

This completes the proof of (3.5). Combining (3.1), (3.2) and (3.5) completes the proof. �

4. Lp empirical pr ocesses

This section studies Lp empirical processes 

f �→ 
1 
N 

N∑
i=1 

f p(Xi) − Ef p(X), f ∈ F . (4.1) 

We leverage generic chaining techniques to derive sharp high-probability upper bounds on their suprema
in terms of quantities that reflect the complexity of the function class F .

Our theory builds on the framework introduced by Mendelson in [51]. The central idea is as follows. 
First, we gather precise structural information on the typical coordinate projection of F ; that is, for 
σ = (X1, .  .  . , XN), we study the structure of 

Pσ (F) =
{
(f (Xi))

N 
i=1 : f ∈ F

}
. 

Second, for a typical σ = (X1, . . . , XN), we analyze the suprema of the conditioned Bernoulli processes:

f �→ 
N∑

i=1 
εif

p(Xi)

∣∣∣σ ,

where ε1, . . . , εN are independent symmetric Bernoulli random variables.
The structure of typical coordinate projections of sub-Gaussian function classes has been extensively

studied in empirical process theory [48–51, 55], primarily in the context of quadratic and product 
empirical processes. Here, we extend the analysis to empirical processes of arbitrary higher order.
A key component of our approach is Theorem 4.5, which establishes a sharp uniform bound on the
�m-norm of the coordinate projection vector of the function class F for any m ≥ 1. Specifically,
it controls

sup 
f ∈F

(
N∑

i=1 
|f |m (

Xi

))1 /m

in terms of quantities that capture the geometric complexity of F .
The rest of this section is organized as follows. Subsection 4.1 introduces some basic definitions 

from Mendelson’s work [51] and discusses an important result, Lemma 4.3 ([51, Corollary 3.6]), which
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 15

plays a crucial role in our proof of Theorem 2.2. We then prove Theorem 2.2 in Subsection 4.2 and prove 
Theorem 4.5 in Subsection 4.3. 

4.1 Background and auxiliary results

Following [51], we will utilize complexity parameters that take into account all the Lp structures endowed 
by the process. For q ≥ 1, we recall that the graded Lq norm is defined by

‖f ‖(q) := sup 
1≤p≤q

‖f ‖Lp √ 
p 

. 

We will use repeatedly that, for any q ≥ 2, ‖f ‖L2
� ‖f ‖(q) � ‖f ‖ψ2

. As shown in [51], the graded γ -
type functionals that we now define serve as key parameters to characterize the complexity of the typical
coordinate projection of F .

DEFINITION 4.1 (Graded γ -type functionals). Given a class of functions F on a probability space (Ω , μ), 
constants u ≥ 1 and s0 ≥ 0, set 

Λs0,u(F) := inf sup 
f ∈F

∑
s≥s0 

2s/2
∥∥f − πsf

∥∥
( u22s) ,

where the infimum is taken over all admissible sequences, and πsf is the nearest point in Fs to f with
respect to the (u22s)-norm. Also set

Λ̃s0,u(F) := Λs0,u(F) + 2s0/2 sup 
f ∈F

∥∥πs0 f
∥∥

(u2 2s0 )
.

The following lemma shows that Λs0,u(F) is upper bounded by γ  (  F , ψ2) up to an absolute constant.

LEMMA 4.1. For any u ≥ 1 and s0 ≥ 0, Λs0,u (F) � γ (F , ψ2).

Proof. For any admissible sequence (Fs)s≥0 ⊂ F ,  any  f ∈ F and s ≥ 0, let π̄sf be the nearest point in 
Fs to f with respect to the ψ2 norm. By the definition of πsf , we have

∑
s≥s0 

2s/2
∥∥f − πsf

∥∥
(u22s) ≤

∑
s≥s0 

2s/2
∥∥f −  ̄πsf

∥∥
(u22s)

�
∑
s≥s0 

2s/2
∥∥f −  ̄  πsf

∥∥
ψ2

.

Thus,

Λs0,u(F) � inf sup 
f ∈F

∑
s≥s0 

2s/2
∥∥f −  ̄πsf

∥∥
ψ2 

≤ inf sup 
f ∈F

∑
s≥0 

2s/2
∥∥f −  ̄π sf

∥∥
ψ2

= γ (F , ψ2).

�
To analyze (conditioned) Bernoulli processes, we will use a chaining argument combined with the

following Höffding’s inequality.
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16 O. AL-GHATTAS ET AL.

LEMMA 4.2 (Höffding’s Inequality , [60]). Let ε1, .  .  . , εN be independent symmetric Bernoulli random 
variables (that is, P(εn =  +1) = P(εn =  −1) = 1/2). For any fixed I ⊂  {1, .  .  . , N}, z ∈ RN , it holds 
with probability at least 1 − 2 exp(−t2/2) that

∣∣∣∣∣
N∑

i=1 
εizi

∣∣∣∣∣ ≤
∑
i∈I

∣∣zi

∣∣ + t

(∑
i∈Ic 

z2 
i

)1/2 

.

In particular, for every 1 ≤ k ≤ N, it holds with probability at least 1 − 2 exp(−t2/2) that

∣∣∣∣∣
N∑

i=1 
εizi

∣∣∣∣∣ ≤ 
k∑

i=1

∣∣z∗
i

∣∣ + t

(
N∑

i=k+1 
(z∗

i )
2

)1/2

,

where
(
z∗

i

)N
i=1 denotes the non-increasing rearrangement of

(∣∣zi

∣∣)N
i=1 . This estimate is optimal when

k � t2.

According to Lemma 4.2, the influence of z on the Bernoulli process depends on the �1-norm of 
the largest k coordinates of (|zi|)N 

i =1 and the �2-norm of the smallest N − k coordinates. As noted in
[51], the graded Lq norm plays a key role in analyzing the monotone non-increasing rearrangement of
N independent copies of Z. In particular, [51, Corollary 3.6] provides a useful way to decompose a 
collection of random vectors into their largest and smallest coordinate components, a technique central
to [51]. Below, we present the statement obtained by setting q = 2 r and β = 1/2 in their notation.

LEMMA 4.3 ([51, Corollary 3.6]). There exist absolute constants c0, c1, and for every r ≥ 1, there exist 
constants c2, c3, c4 and c5 depending only on r, such that the following holds. Set 

js = min

{⌈
c0u22s 

log
(
4 + eN/u22s

)⌉ , N + 1 

}
(4.2)

for u ≥ c2.  Let  H ⊂ L2r be a function class with cardinality at most 22s+2 
. Then, with probability at 

least 1 − 2 exp
(−c3u22s

)
, the following holds: for every h ∈ H, the random vector

(
h
(
Xi

))N 
i=1 can be

decomposed as
(
h
(
Xi

))N
i=1 = Uh + Vh, where Uh ∈ R

N is supported on the largest js − 1 coordinates of(∣∣h (Xi

)∣∣)N
i=1 while Vh ∈ R

N is supported on the complement, and

∥∥Uh

∥∥
�2 

≤ c4u2s/2‖h‖(c5u22s),
∥∥Vh

∥∥
�r 

≤ c1N1/r‖h‖L 2r
.

Let (Fs)s≥0 ⊂ F be an admissible sequence. For f ∈ F and s ≥ 0, we define Δsf := πs +1f −πsf . To
analyze Lp empirical processes, we apply Lemma 4.3 to the classes Fs and {Δsf : f ∈ F} with carefully 
chosen values of r that depend on p, leading to the following corollary.

COROLLARY 4.4. Let
(
Fs

)
s≥0 be an admissible sequence of F , and let (js)s ≥s0

be the sequence defined
in (4.2). Let s0 be a fixed index and p ≥ 1. Denote Δsf := πs+1f − πsf . There are constants c1, c2 and 
c3 that depend only on p and for u ≥ c(p) where c(p) is a constant depending only on p, an event of
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 17

probability at least 1 − 2 exp
(−c1u22s0

)
on which the following holds. For every f ∈ F and s ≥ s0,⎛⎝∑

i<js

[(
Δsf

)2 (
Xi

)]∗
⎞⎠1/2 

≤ c2u2s/2
∥∥Δsf

∥∥
(c3u22s) , 

⎛⎝∑
i≥js

[(
Δsf

)4 (
Xi

)]∗
⎞⎠1/4 

≤ c2N1/4
∥∥Δsf

∥∥
L8 

, 

⎛⎝∑
i<js

[(
πsf

)2 (
Xi

)]∗
⎞⎠1/2 

≤ c2u2s/2
∥∥πsf

∥∥
(c3u22s) , 

⎛⎝∑
i≥js

[(
πsf

)4(p−1) (
Xi

)]∗
⎞⎠ 

1 
4(p−1) 

≤ c2N 
1 

4(p −1)
∥∥πsf

∥∥
L8(p−1)

.

Proof of Corollary 4.4. By definition of an admissible sequence, we have |Fs|  ≤  22s 
. Further, |Fs| ·  

|Fs+1|  ≤  22s · 22s+1 ≤ 22s+2 
, which implies that for Δsf = πs+1 f − πsf , |{Δsf : f ∈ F}| ≤ 22s+2

.
Therefore, the result follows by applying Lemma 4.3, for every s ≥ s0, to the class Fs with the choice 
r = 4(p − 1) ≥ 1 and to the class {Δsf : f ∈ F } with r = 4, and taking a union bound to get the
probability estimate

1 − 2
∑
s≥s0 

2 exp(−cu22s) · 22s+2 ≥ 1 − 2 exp(−c1u 22s0),

where c1 is a constant depending only on p. �

4.2 Proof of Theor em 2.2

This subsection contains the proof of our second main result, Theorem 2.2. The proof relies on the next
result, Theorem 4.5, which establishes a uniform bound on the �m-norm of the coordinate projection 
vector of the function class F and improves upon the estimates in [48,(3.8)]. 

THEOREM 4.5. Let X1, .  .  . , XN 
i.i.d.∼ μ be a sequence of random variables and let F be a function class.

For any m ≥ 1,

sup 
f ∈F

(
N∑

i=1 
|f |m (

Xi

))1/m

�m γ  (F , ψ2) + N1/mdψ2 (F) + N1/2md(m−1)/m 
ψ2 

(F)γ 1/m(F , ψ2) 

+ N1/2mdψ 2(F)(ϕ−1(Z))1/m,

where

ϕ(x) = 2min{(√Nx)2/m, x2} − 1, x ≥ 0,
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18 O. AL-GHATTAS ET AL.

and ϕ−1(x) denotes its inverse function. Here, Z is a nonnegative random variable satisfying E Z ≤ C 
for some absolute constant C > 0. Moreover, if m ≥ 2, then

sup 
f ∈F

(
N∑

i=1 
|f |m (

Xi

))1/m

�m γ  (F , ψ2) + N1/mdψ2 (F) + N1/2mdψ2 (F)(ϕ −1(Z))1/m.

REMARK 4.1. An application of Markov’s inequality to Theorem 4.5 yields the following high-
probability bound: for any m ≥ 2 and w > 0, it holds with probability at least 1 − 2 exp(− min 
{(√Nw)2/m, w2}) that 

sup 
f ∈F

(
N∑

i=1 
|f |m (

Xi

))1/m

�m γ  (F , ψ2) + N1/mdψ2 (F) + N1/2mdψ2 (F)w1/m . 

An alternative formulation of the tail bound states that for any u ≥ 1, with probability at least 1 − 
2 exp(−u2), 

sup 
f ∈F

(
N∑

i=1 
|f |m (

Xi

))1/m

�m γ
(
F , ψ2

) + N1/mdψ2 (F) + N1/2mdψ2 (F)
(

u1/m + uN−1/2m
)

= γ
(
F , ψ2

) + N1/mdψ2 (F) + dψ2 (F)u + N1/2mdψ2 (F)u1/m

� γ
(
F , ψ2

) + N1/ mdψ2 (F) + dψ2 (F) u, (4.3) 

where the last step follows from the inequality N1/2mu1/m ≤ 1
2 (N1/m + u2/m) ≤ N1/m + u, for u ≥ 1

and m ≥ 2.
We demonstrate the optimality of the bound (4.3) via a simple example. Let H = Rd and consider a 

symmetric compact set K ⊂ R
d. Define the function class F = {〈·, v〉 : v ∈ K}, which consists of linear 

functions indexed by K.  Let  X1, .  .  . , XN be i.i.d. standard Gaussian random vectors in Rd, and let v∗ ∈ K 
be a point attaining the maximal Euclidean norm on Rd , i.e., ‖v∗‖�2

= supv∈K ‖v‖�2
. Observe that

E sup 
f ∈F

(
N∑

i=1 
|f |m (

Xi

))1/m 

= E sup 
v∈K

(
N∑

i=1 
|〈Xi, v〉|m

)1/m 
(�)

�m E sup 
v∈K 

|〈X1, v〉| + N1/m‖v∗‖�2 

(��)� γ  (F , ψ2) + N1/mdψ2
(F),

where (�) follows by separately analyzing the case N = 1 and the contribution of the maximal element
v∗ ∈ K, and (��) follows by Talagrand’s majorizing-measure theorem [70, Theorem 2.10.1], which gives 
E supv∈K〈X1, v〉 � γ  (F , ψ2), along with the relation ‖v∗‖�2 = supv∈K ‖v‖�2

� supf ∈F ‖f ‖ψ2 = dψ2 (F) .
This confirms the necessity of the deterministic terms in (4.3). Furthermore, note that 

sup 
v∈K

(
N∑

i=1 
|〈Xi, v〉|m

)1/m 

≥
(

N∑
i=1 

|〈Xi, v∗〉|m
)1/m 

≥ |〈X1, v∗〉| d∼ ‖v∗‖2 · |y|, 

where y is a standard Gaussian random v ariable. This confirms the sub-Gaussian tail behavior in (4.3).
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 19

We defer the proof of Theorem 4.5 to Subsection 4.3 and proceed now to prove Theorem 2.2. 

Proof of Theor em 2.2. We first observe that the condition 0 ∈ F or the symmetry of F (i.e., f ∈ F 
implies −f ∈ F) ensures that γ (F , ψ2) � dψ2

(F) (Lemma 4.6), a fact that we will use repeatedly in 
the proof. 

Let (Fs)s≥0 be an admissible sequence of F .  Let  u ≥ 4 and s0 ≥ 0. For any f ∈ F and s ≥ 0, let πsf 
denote the nearest point in Fs to f with respect to the (u22s)-norm.

The proof is based on a symmetrization argument, an important tool in empirical process theory [74, 
Chapter 2.3]. Let (εi)

N 
i=1 be independent symmetric Bernoulli random variables that are independent of 

(Xi)
N 
i=1. We seek to establish a high-probability upper bound on the supremum of the Bernoulli process 

given by 

sup 
f ∈F

∣∣∣∣∣
N∑

i=1 
εif

p(Xi)

∣∣∣∣∣ . 

To that end, we first note that any f p(Xi) can be represented as a chain, or telescoping sum, of links of 
the form (πs+1f )p(Xi) − (πsf )

p(Xi). Namely 

f p(Xi) =
∑
s≥s0 

((πs+1f )p − (πsf )
p)(Xi) + (πs0 f )

p(Xi), 

provided that πsf → f as s → ∞. By the triangle inequality, we have that

∣∣∣∣∣
N∑

i=1 
εif

p(Xi)

∣∣∣∣∣ ≤
∑
s≥s0

∣∣∣∣∣
N∑

i=1 
εi((πs+1f )p − (πsf )

p)(Xi)

∣∣∣∣∣ +
∣∣∣∣∣

N∑
i=1 

εi(πs0 f )
p(Xi)

∣∣∣∣∣ . (4.4)

To ease notation, we write Δsf := πs+1f − πsf and (Δsf )i := (Δsf )(Xi). We use similar notation
throughout the remainder of the proof. For each s ≥ s0, we apply Lemma 4.2 with t = u2s/2 and a 
set Is ⊂ {1, .  .  . , N} (to be specified later) to the summand indexed by s in (4.4). This implies that, with 
probability at least 1 − 2 exp(−u22s−1), the following holds:

∣∣∣∣∣
N∑

i=1 
εi((πs+1f )p − (πsf )

p)i

∣∣∣∣∣ ≤
∑
i∈Is 

|((πs+1f )p − (πsf )
p)i| + u2s/2 

⎛⎝∑
i∈Ic 

s 

((πs+1f )p − (πsf )
p)2 

i 

⎞⎠1/2 

(�) ≤ p
∑
i∈Is 

|(Δsf )i|
(
|πs+1f |p−1 + |πsf |p−1

)
i 

+ u2s/2p 

⎛⎝∑
i∈Ic 

s 

(Δsf )
2 
i

(
|πs+1f |p−1 + |πsf |p−1

)2

i

⎞⎠1/2
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20 O. AL-GHATTAS ET AL.

�p

∑
i∈Is 

|(Δsf )i||(πs+1f )i|p−1 + u2s/2 

⎛⎝∑
i∈Ic 

s 

(Δsf )
2 
i (πs+1f )2(p−1) 

i 

⎞⎠1/2 

+
∑
i∈Is 

|(Δsf )i||(πsf )i|p−1 + u2s/2 

⎛⎝∑
i∈Ic 

s 

(Δsf )
2 
i (πsf )

2(p−1) 
i 

⎞ ⎠1/2 

=: T(s) 
1 + T (s)2 ,

where in the inequality (�) we used that |xp − yp|  ≤  p|x − y|(|x|p−1 + |y|p−1), which follows directly 
from applying the mean value theorem to the function h(x) = xp:  for  x > y, there exists some ξ with 
y ≤ ξ ≤ x such that xp − yp = (x − y)h′(ξ) = p(x − y)ξp−1, thus |xp − yp|  =  p|x − y||ξ |p−1 ≤
p|x − y| max{|x|p−1, |y|p−1} ≤ p|x − y|(|x|p−1 + |y|p−1).

Let (js)s≥s0
be the sequence defined in (4.2). For each s ≥ s0, we choose Is to be the union of the js−1 

largest coordinates of
(∣∣(Δsf )i

∣∣)N 
i=1,  the  js −1 largest coordinates of

(∣∣(πs+1f )i

∣∣)N 
i=1, and the js −1 largest 

coordinates of
(∣∣(πsf )i

∣∣)N 
i=1. For a vector x = (xi)

N 
i=1 ∈ RN , we denote by

(
x∗

i

)N 
i=1 the non-increasing 

rearrangement of
(∣∣xi

∣∣)N 
i=1. By Cauchy–Schwarz inequality, 

T(s) 
1 =

∑
i∈Is 

|(Δsf )i||(πs+1f )i|p−1 + u2s/2 

⎛⎝∑
i∈Ic 

s 

(Δsf )
2 
i (πs+1f )2(p−1) 

i 

⎞⎠1/2 

≤ 

⎛⎝∑
i∈Is 

(Δsf )
2 
i 

⎞⎠1/2 ⎛⎝∑
i∈Is 

(πs+1f )2(p−1) 
i 

⎞⎠1/2 

+ u2s/2 

⎛⎝∑
i∈Ic 

s 

(Δsf )
4 
i 

⎞⎠1/4 ⎛⎝∑
i∈Ic 

s 

(πs+1f )4(p−1) 
i 

⎞⎠1/4

�

⎛⎝∑
i<js

[(
Δsf

)2
]∗ 

i 

⎞⎠1/2 

sup 
f ∈F

(
N∑

i=1 
f 2(p−1) 
i

)1/2 

+u2s/2 

⎛⎝∑
i≥js

[
(Δsf ) 

4
]∗ 

i 

⎞⎠1/4⎛⎝∑
i≥js

[
(πs+1f )4(p−1)

]∗ 

i 

⎞ ⎠1/4 

, 

where in the last step we have used that
∑

i∈Is
(Δsf )

2
i ≤ 3

∑
i<js

[(
Δsf

)2
]∗

i
since |Is| ≤ 3(js − 1), and

⎛⎝∑
i∈Is 

(πs+1f )2(p−1) 
i 

⎞⎠1/2 

≤
(

N∑
i=1 

(πs+1f )2(p−1) 
i

)1/2 

≤ sup 
f ∈F

(
N∑

i=1 
f 2( p−1)

i

)1/2

.

A similar argument shows that

T(s) 
2 =

∑
i∈Is 

|(Δsf )i||(πsf )i|p−1 + u2s/2 

⎛⎝∑
i∈Ic 

s 

(Δsf )
2 
i (πsf )

2(p−1) 
i 

⎞⎠1/2

�

⎛⎝∑
i<js

[(
Δsf

)2
]∗ 

i 

⎞⎠1/2 

sup 
f ∈F

(
N∑

i=1 
f 2(p−1) 
i

)1/2 

+u2s/2 

⎛⎝∑
i≥js

[
(Δsf )

4
]∗ 

i 

⎞⎠1/4 ⎛⎝∑
i≥js

[
(πsf )

4(p−1)
]∗

i

⎞⎠1/4

.
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 21

Further, repeating this argument for the last term in (4.4) gives that, with probability at least 1 − 
2 exp(−u22s0−1),

∣∣∣∣∣
N∑

i=1 
εi(πs0 f )

p 
i

∣∣∣∣∣ ≤ 

⎛⎝∑
i<js0

[(
πs0 f

)2
]∗ 

i 

⎞⎠1/2 

sup 
f ∈F

(
N∑

i=1 
f 2(p−1) 
i

)1/2 

+ u2s0/2 

⎛⎝∑
i≥js0

[
(πs0 f )

2p
]∗ 

i 

⎞⎠1/2 

≤ 

⎛⎝∑
i<js0

[(
πs0 f

)2
]∗ 

i 

⎞⎠1/2 

sup 
f ∈F

(
N∑

i=1 
f 2(p−1) 
i

)1/2 

+ u2s0/2N 
p−2 

4(p−1) 

⎛⎝∑
i≥js0

[
(πs0 f )

4(p−1)
]∗ 

i 

⎞⎠ 

p 
4( p−1)

,

where the last step follows by Hölder’s inequality and the fact that |N − js0 + 1| p−2 
4(p−1) ≤ N 

p−2 
4(p−1) . 

Observe that
∣∣{πsf : f ∈ F

}∣∣ ≤  |Fs|  ≤  22s 
,
∣∣{πs+1f : f ∈ F

}∣∣ ≤  |Fs+1|  ≤  22s+1 
and∣∣{Δsf : f ∈ F

}∣∣ ≤  |Fs| · |Fs+1|  ≤  22s · 22s+1 ≤ 22s+2
. For u ≥ 4, we sum the probabilities for all

s ≥ s0 to obtain that, with (εi)
N
i=1 probability at least

1 − 2 exp(−u22s0−1) · 22s0 −
∑
s≥s0 

2 exp(−u22s−1) · 22s+2 ≥ 1 − 2 exp(−u22s0/8),

for every f ∈ F ,

∣∣∣∣∣
N∑

i=1 
εif

p(Xi)

∣∣∣∣∣ ≤
∑
s≥s0

∣∣∣∣∣
N∑

i=1 
εi((πs+1f )p − (πsf )

p)(Xi)

∣∣∣∣∣ +
∣∣∣∣∣

N∑
i=1 

εi(πs0 f )
p(Xi)

∣∣∣∣∣
�p

∑
s≥s0

(
T(s) 

1 + T(s) 
2

) +
∣∣∣∣∣

N∑
i=1 

εi(πs0 f )
p(Xi)

∣∣∣∣∣
�p sup 

f ∈F

(
N∑

i=1 
f 2(p−1) 
i

)1/2
⎛⎜⎝∑

s≥s0 

⎛⎝∑
i<js

[(
Δsf

)2
]∗ 

i 

⎞⎠1/2 

+ 

⎛⎝∑
i<js0

[(
πs0 f

)2
]∗ 

i 

⎞⎠1/2
⎞⎟⎠ 

+ u 

⎛⎜⎝∑
s≥s0 

2s/2 

⎛⎝∑
i≥js

[
(Δsf )

4
]∗ 

i 

⎞⎠1/4
⎛⎜⎝ 

⎛⎝∑
i≥js

[
(πs+1f )4(p−1)

]∗ 

i 

⎞⎠1/4 

+ 

⎛⎝∑
i≥js

[
(πsf )

4(p−1)
]∗ 

i 

⎞⎠1/4
⎞⎟⎠ 

⎞⎟⎠ 

+ u2s0/2N 
p−2 

4(p−1)

⎛⎝∑
i≥js0

[
(πs0

f )4(p−1)
]∗

i

⎞⎠
p

4(p−1)

.

On the other hand, we know from Corollary 4.4 that with (Xi)
N 
i=1 probability at least 1 − 

2 exp(−c1u22s0), the four inequalities in Corollary 4.4 hold for every f ∈ F and s ≥ s0 simultaneously. 
Therefore, combining the (εi)

N 
i=1 probability and the (Xi)

N
i=1 probability implies that there exists a
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22 O. AL-GHATTAS ET AL.

constant c̃(p) depending only on p such that, for u ≥ c(p) ∨ 4, it holds with probability at least 

1 − 2 exp(−u22s0/8) − 2 exp(−c1u22s0) ≥ 1 − 2 exp
(
−c̃(p)u22s0

)
that, for every f ∈ F ,

∣∣∣∣∣
N∑

i=1 
εif

p 
i

∣∣∣∣∣ �p sup 
f ∈F

(
N∑

i=1 
f 2(p−1) 
i

)1/2 

u

(∑
s≥s0 

2s/2‖Δsf ‖(c3u22s) + 2s0/2‖πs0 f ‖(c3u22s0 )

)

+ u

(∑
s≥s0 

2s/2N1/4‖Δsf ‖L8 N
1/4(‖πsf ‖p−1 

L8(p−1) 
+ ‖πs+1f ‖p−1 

L8(p−1)

))

+ u2s0/2N 
p−2 

4(p−1)

(
N 

1 
4(p−1) ‖πs0 f ‖L8(p−1)

)p 

(�)

�p sup 
f ∈F

(
N∑

i=1 
f 2(p−1) 
i

)1/2 

uΛ̃s0,cu(F) + uN1/2dp−1 
ψ2 

(F)

(∑
s≥s0 

2s/2‖Δsf ‖ψ2

)

+ u2s0/2N1/2dp 
ψ2 

(F) 

(��)

� p sup 
f ∈F

(
N∑

i=1 
f 2(p−1) 
i

)1/2 

uΛ̃s 0,cu(F) + uN1/2dp−1 
ψ2 

(F)
(
γ  (F , ψ2) + 2s0/2dψ2

(F)
)

,

where (�) follows by choosing an almost optimal admissible sequence in F and using the definition of
Λ̃s0,u(F), and the fact that ‖πsf ‖p 

L8(p−1)
�p ‖πsf ‖p 

ψ2 
≤ dp 

ψ2 
( F), ‖πs0

f ‖p
L8(p−1)

�p ‖πs0
f ‖p

ψ2
≤ dp

ψ2
(F);

(��) follows by

∑
s≥s0 

2s/2‖Δsf ‖ψ2 ≤
∑
s≥s0 

2s/2(‖f − πsf ‖ψ2 + ‖f − πs+1f ‖ψ2 ) � γ (F , ψ2).

Now we apply Theorem 4.5 and Remark 4.1 with m = 2(p − 1) ≥ 2 to obtain the high-probability 
bound: for any w > 0, it holds with probability at least 1 − 2 exp(− min{(√Nw)1/( p−1), w2}) that

sup 
f ∈F

(
N∑

i=1 
|f |2(p−1) 

i

)1/2

�p γ p−1(F , ψ2) + N1/2dp−1 
ψ2 

(F) + N1/4dp −1
ψ2

(F)
√

w.

Moreover, by Lemma 4.1, Λs0,u(F) � γ
(
F , ψ2

)
, thus

Λ̃s0,cu(F) = Λs0,u(F) + 2s0/2 sup 
f ∈F

∥∥πs0 f
∥∥

(u22s0 )
� γ  (F , ψ2) + 2s0/2dψ2

(F).
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 23

Consequently, we have shown that there exists constants c(p) and c̃(p) such that for any u ≥ c(p) ∨ 4, it 
holds with probability at least 1 − 2 exp(−c̃(p)u22s0) − 2 exp(− min{(√Nw)1/(p−1), w2}) that 

sup 
f ∈F

∣∣∣∣∣
N∑

i=1 
εif

p(Xi)

∣∣∣∣∣ �p sup 
f ∈F

(
N∑

i=1 
f 2(p−1) (Xi)

)1/2 

uΛ̃s0,cu(F) + uN1/2dp−1 
ψ2 

(F)
(
γ  (F , ψ2) + 2s0/2dψ2 (F)

)
�p u

(
γ  (F , ψ2) + 2s0/2dψ2 (F)

) (
γ p−1(F , ψ2) + N1/2dp−1 

ψ 2 
(F) + N1/4dp−1 

ψ2 
(F )

√
w
)

. 

For u ≥ c(p) ∨ 4, we set s0 such that 2s0 �
(
γ  (F , ψ2)/dψ2 (F)

)2 
and take 

w =
(

c̃(p)u22s0
)1/2 ∨ 

(c̃(p)u22s0)p−1 
√

N
�p u 

γ  (F , ψ2) 
dψ2 (F) 

+ 
1√
N 

u2(p−1)

(
γ  (F , ψ2 ) 
dψ2 (F)

)2(p− 1) 

. 

Then, with probability at least 1 − 4 exp(−c′(p)u2(γ (F , ψ2)/dψ2 (F))2), 

sup 
f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

εif
p(Xi)

∣∣∣∣∣
�p 

u 
N

(
γ  (F , ψ2) + 2s0/2dψ2 (F)

) (
γ p−1(F , ψ2) + N1/2dp−1 

ψ2 
(F) + N1/4dp−1 

ψ2 
(F)

√
w
)

�p u 

⎛⎝γ  (F , ψ2)d
p−1 
ψ2 

(F)√
N

+ 
γ p(F , ψ2) 

N 

⎞⎠ + u3/2 γ 3/2(F , ψ2)d
p−3/2 
ψ2 

(F) 
N3/4

+ up γ p(F , ψ2) 
N

� u 
γ  (F , ψ2)d

p−1 
ψ2 

(F)√ 
N

+ u3/2 γ 3/2(F , ψ2)d
p−3/2 
ψ2 

(F) 
N3/4

+ up γ p (F , ψ2) 
N 

,

where in the last step we used that u ≤ up since u ≥ 1 and p ≥ 2. Observe that for p ≥ 2, 

u3/2 γ 3/2(F , ψ2)d
p−3/2 
ψ2 

(F) 
N3/4

≤ u 
γ  (F , ψ2)d

p−1 
ψ2 

(F)√
N

+ up γ p(F , ψ2) 
N 

, 

i.e., t3/2 ≤ t+tp Np/2−1 with t = uγ (F ,ψ2)√
Ndψ2 (F)

≥ 0. Therefore, for any u ≥ c(p)∨4, it holds with probability

at least 1 − 4 exp(−c′(p)u2(γ (F , ψ2)/dψ2
(F))2) that

sup 
f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

εif
p(Xi)

∣∣∣∣∣ �p u 
γ  (F , ψ2)d

p−1 
ψ2 

(F)√
N

+ up γ p(F , ψ2)

N
.
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24 O. AL-GHATTAS ET AL.

By the symmetrization inequality for empirical processes [51, Theorem 1.14], see also [21] and [74, 
Chapter 2.3], we have with probability at least 1 − C exp(−c′(p)u2(γ (F , ψ2)/dψ2 (F))2) that 

sup 
f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

f p(Xi) − Ef p(X)

∣∣∣∣∣ �p u 
γ  (F , ψ2)d

p−1 
ψ2 

(F)√
N

+ up γ p(F , ψ2) 
N 

, 

where C > 4 is some absolute constant. Finally, the high-probability bound in Theorem 2.2 follows from 
a simple and standard modification using Lemma 4.7. Furthermore, integrating out the tail bound (note 
that γ  (F , ψ2) � dψ2 ( F)) gives that

E sup 
f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

f p(Xi) − Ef p(X)

∣∣∣∣∣ �p 
γ  (F , ψ2)d

p−1 
ψ2 

(F)√ 
N

+ γ p(F , ψ2)

N
,

which completes the proof. �
We conclude this subsection with two lemmas that were used in the proof of Theorem 2.2. The proofs 

can be found in Appendix A. 

LEMMA 4.6. If 0 ∈ F or F is symmetric, then γ  (F , ψ 2) � dψ2
(F).

LEMMA 4.7. Suppose that for any u ≥ C1(p), it holds with probability at least 1−C2(p) exp(−c3(p)u2ω) 
that 

(∗) �p uA + upB, 

where (∗) is some random variable, C1(p) ≥ 1, C2(p) ≥ 1, c3(p)  >  0, ω ≥ 1, A ≥ 0, B ≥ 0 are
constants. Then, for any u ≥ 1, it holds with probability at least 1 − exp(−u2ω) that

(∗) �p uA + u pB.

4.3 Proof of Theor em 4.5

This subsection presents the proof of Theorem 4.5, which establishes a uniform bound on the �m-norm 
of the coordinate projection vector of the function class F . The proof leverages generic chaining and
builds upon ideas from Bednorz [11, Section 5] for analyzing quadratic processes, while also addressing 
new challenges that arise when handling arbitrary m ≥ 1. A key component of our approach is the use 
of a different Young function, defined as ϕ(x) = 2min{(√Nx)2/m, x2} − 1, along with α-sub-exponential
inequalities [22] to precisely characterize the tail behavior. This leads to a distinct cut-off point in the 
chaining process —depending on m— that separates sub-Gaussian and sub-exponential regimes. Similar
cut-off phenomena between these two regimes first appeared in the analysis of quadratic empirical
processes (see, e.g., [48, Section 5], [17, Theorem 5.5] and [70, Theorem 14.2.6]). However, our primary 
focus here is to control the non-centralized �m-norm of the coordinate projection vector for any m ≥ 1.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

aiai/article/14/4/iaaf029/8313987 by guest on 04 N
ovem

ber 2025



SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 25

Proof of Theor em 4.5.  Let  (Fs)s≥0 ⊂ F be an increasing sequence which satisfies Fs ⊂ Fs+1,
∣∣F0

∣∣ = 
1,
∣∣Fs

∣∣ ≤ 22s −1 for  s ≥ 1, and
⋃∞ 

s=0 Fs is dense in F . Note that here we slightly change the requirement
of the size of Fs (see Definition 2.1) for technical reasons. For any f ∈ F and s ≥ 0, πsf is the nearest 
point in Fs to f with respect to the ψ2-norm. We further assume that (Fs)s≥0 is an almost optimal 
admissible sequence, ensuring that 

sup 
f ∈F 

∞∑
s=0 

2s/2‖f − πsf ‖ψ2
� γ  (F , ψ2) . 

We first focus on the case m > 1. Let Ns := 22s − 1  for  s ≥ 1, and let s∗ be the integer that satisfies 
2(m−1)s∗ ≤ N < 2(m−1)(s∗+1). Recall that ϕ(x) = 2min {(√Nx)2/m, x2} − 1, and its inverse function is

ϕ−1(x) = max

{√
log2(1 + x),

√
(log2(1 + x))m 

N 

}
, x ≥ 0.

Then,

ϕ−1(Ns) = ϕ−1(22s − 1) =
{( 2sm 

N

)1/2 if s > s∗, 
2 s/2 if s ≤ s∗.

We prove the conclusion by establishing the following two claims:
Claim I.

sup 
f ∈F

(
N∑

i=1

∣∣f − πs∗ f
∣∣ m (

Xi

))1/m

�m γ  (F , ψ2) + N1/mdψ2 (F) + N1/2mdψ2 (F)(ϕ− 1(Z1))
1/m,

where Z1 ≥ 0 and E Z1 ≤ 3.
Claim II.

sup 
f ∈F

(
N∑

i=1 
|πs∗ f |m(Xi)

)1/m

�m N
1/mdψ2 (F) + N1/2md(m−1)/m 

ψ2 
(F)γ 1/m(F , ψ2) 

+ N1/2mdψ2 (F)
(
(ϕ−1(Z2))

1/m + (ϕ−1(Z3))
1/m

)
,

where Z2 ≥ 0, Z3 ≥ 0 and E Z2 ≤ 3,E Z3 ≤ 3.
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26 O. AL-GHATTAS ET AL.

Claim I and Claim II together with the triangle inequality imply that 

sup 
f ∈F

(
N∑

i=1 
|f |m(Xi)

)1/m 

≤ sup 
f ∈F

(
N∑

i=1

∣∣f − πs∗ f
∣∣ m (

Xi

))1/m 

+ sup 
f ∈F

(
N∑

i=1 
|πs∗ f |m(Xi)

)1/m

�m γ  (F , ψ2) + N1/mdψ2 (F) + N1/2md(m−1)/m 
ψ2 

(F)γ 1/m(F , ψ2) 

+ N1/2mdψ2 (F)
(
(ϕ−1(Z1))

1/m + (ϕ−1(Z2))
1/m + (ϕ−1(Z3))

1/m
)

�m γ  (F , ψ2) + N1/mdψ2 (F) + N1/2md(m−1)/m 
ψ2 

(F)γ 1/m(F , ψ2) 

+ N1/2mdψ2 (F)(ϕ−1(Z1 + Z2 + Z3))
1/m 

= γ  (F , ψ2) + N1/mdψ2 (F) + N 1/2md(m−1)/m 
ψ2 

(F)γ 1/m(F , ψ2) + N1/2mdψ2 (F)(ϕ−1( Z))1/m, 

where Z := Z1 + Z2 + Z3 satisfies E Z = E Z1 + E Z2 + E Z3 ≤ 9. This proves the first inequality in
Theorem 4.5. 

For m ≥ 2, note that 

N1/2md(m−1)/m 
ψ2 

(F)γ 1/m(F , ψ2) ≤ γ  (F , ψ2) + N1/mdψ2 (F) , 

or, equivalently, 

N1/2m

(
γ  (F , ψ2) 
dψ2 (F)

)1/m 

≤ 
γ  (F , ψ2) 
dψ2 (F) 

+ N1 /m, 

which can be verified by noting that xy ≤ x2 + ym where x = N1/2m ≥ 1 and y =
(

γ  (F ,ψ2) 
dψ2 (F)

)1/m ≥ 0. 
This completes the proof. 

When m = 1, there is no s∗ satisfying 2(m−1)s∗ ≤ N < 2(m−1)(s∗+1). However, in this case, we have 
ϕ(x) = 2min{Nx2,x2} − 1 ≡ 2x2 − 1 and its inverse function is given by ϕ−1(x) ≡ √

log2(1 + x). As will
become clear in the proof of Claim II below, Claim II remains valid for any integer s∗ in this setting.
By taking s∗ → ∞, we obtain

sup 
f ∈F 

N∑
i=1 

|f (Xi)| =  sup 
f ∈F 

lim 
s∗→∞ 

N∑
i=1 

|πs∗ f |(Xi) ≤ lim 
s∗→∞ 

sup 
f ∈F 

N∑
i=1 

|πs∗ f |(Xi)

� Ndψ2 (F) + N1/2γ  (F , ψ2) + N1/2dψ2 (F)
(
(ϕ−1(Z2)) + (ϕ−1(Z3))

)
≤ Ndψ2 (F) + N1/2γ (F , ψ2) + N1/2dψ2

(F)ϕ−1(Z),
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where Z := Z2 + Z3 satisfies E Z = E Z2 + E Z3 ≤ 6. Consequently, 

sup 
f ∈F 

1 
N 

N∑
i=1 

|f (Xi

) | � dψ2 (F) + 
γ  (F , ψ2)√

N 
+ 

dψ2 ( F)ϕ−1(Z)√
N 

,

as desired. 
Now we prove Claim I and Claim II. 

Proof of Claim I: We use the following chaining

(
f − πs∗ f

) (
Xi

) = 
∞∑

k=0

(
πsk+1 f − πsk f

) (
Xi

)
,  1 ≤ i ≤ N,

where the sequence
{
sk

}∞ 
k=0 depends on f and is defined as: s0 = s∗ and 

sk := inf
{

s > sk−1 :  2‖f − πsf ‖ψ2 < ‖f − πsk−1 f ‖ψ2

}
, k ≥ 1.

Let Ωk(f ) = 1 
N 
∑N

i=1 |πsk+1
f − πsk

f |m (
Xi

)
. By the triangle inequality,

(
1 
N 

N∑
i=1

∣∣f − πs∗ f
∣∣ m (

Xi

))1/m 

≤ 
∞∑

k=0

(
Ωk(f )

)1/m .

Moreover, since m > 1,

(
Ωk(f )

)1/m ≤ (∣∣Ωk(f ) − E Ωk(f )
∣∣)1/m + (

E Ωk(f )
)1/m .

Clearly,

(
E Ωk(f )

)1/m = ‖πsk+1 f − πsk f ‖Lm
�m ‖πsk+1 f − πsk

f ‖ψ2
.

Observe that

ϕ

( √
N|Ωk(f ) − E Ωk(f )| 

C(m)‖πsk+1 f − πsk f ‖m 
ψ2

)
≤

∑
g,h∈Fsk+1 

ϕ
(| X1(g, h)|) ,

where

X1(g, h) :=
∑N 

i=1(|g − h|m − E|g − h|m)(Xi) 
C(m)

√
N‖g − h‖m

ψ2

.
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By Lemma 4.9,  we  have  E ϕ(|X1(g, h)|) ≤ 3 for any g, h ∈ F . Therefore,

√
N|Ωk(f ) − E Ωk(f )| 

C(m)‖πsk+1 f − πsk f ‖m 
ψ2 

≤ ϕ−1 

⎛⎝ ∑
g,h∈Fsk+1 

ϕ
(|X1(g, h)|)

⎞⎠ 

= ϕ−1 

⎛⎝N3 
sk+1 · 

1 
N3 

sk+1

∑
g,h∈Fsk+1 

ϕ
(|X1(g, h)|)

⎞⎠ 

(�)

�m ϕ
−1(Nsk+1 ) + ϕ−1 

⎛⎝ 1 
N3 

sk+1

∑
g,h∈Fsk+1 

ϕ
(|X 1(g, h)|)

⎞⎠
≤ ϕ−1(Nsk+1

) + ϕ−1(Z1),

where (�) follows from Lemma 4.8 and ϕ−1(N3 
sk+1 ) �m ϕ

−1(N2 
sk+1 ) + ϕ−1(Nsk+1 ) �m 3ϕ−1(Nsk+1 ).  In  

the last inequality, 

Z1 := 
∞∑

k=1 

1 
N3 

k

∑
g,h∈Fk 

ϕ(|X1(g, h)|) ≥ 0 

satisfies E Z1 ≤ 3
∑∞ 

k=1 
1 

N3 
k 

· N2 
k = 3

∑∞ 
k=1 

1 
N k ≤ 3.

Now we have

|Ωk(f ) − E Ωk(f )|1/m �m N
−1/2m‖πsk+1 f − πsk f ‖ψ2

(
(ϕ−1(Nsk+1 ))

1/m + (ϕ− 1(Z1))
1/m

)
.

Since sk+1 ≥ s1 > s0 = s∗, we have

ϕ−1(Nsk+1 ) = ϕ−1(22sk+1 − 1) = 
1√
N 

2sk+1m/2.

Then,

(
Ωk(f )

)1/m ≤ (∣∣Ωk(f ) − E Ωk(f )
∣∣)1/m + (

E Ωk(f )
)1/m

�m N
−1/2m‖πsk+1 f − πsk f ‖ψ2

(
2sk+1/2N−1/2m + (ϕ−1(Z1))

1/m
)

+ ‖πsk+1 f − πsk f ‖ψ2 

= N−1/m2sk+1/2‖πsk+1 f − πsk f ‖ψ2 + ‖πsk+1 f − πsk f ‖ψ2

(
1 + N−1/2m(ϕ−1(Z1))

1/m
)

.
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We sum over k to get

(
1 
N 

N∑
i=1

∣∣f − πs∗ f
∣∣ m (

Xi

))1/m 

≤ 
∞∑

k=0

(
Ωk(f )

)1/m

�m N
−1/m

( ∞∑
k=0 

2sk+1/2‖πsk+1 f − πsk f ‖ψ2

)
+
( ∞∑

k=0

‖πsk+1 f − πsk f ‖ψ2

)(
1 + N−1/2m(ϕ−1(Z1))

1/m
)

(�)

�m N
−1/mγ  (F , ψ2) + ‖f − πs∗ f ‖ψ2

(
1 + N−1/2m(ϕ−1(Z1))

1/m
)

� N−1/mγ  (F , ψ2) + dψ 2 (F)
(

1 + N−1/2m(ϕ−1(Z1))
1/m

)
, ( 4.5)

where in (�)  we  used  two facts

∞∑
k=0 

2sk+1/2‖πsk+1 f − πsk f ‖ψ2
� γ  (F , ψ2), (4.6)

and

∞∑
k=0

‖πsk+1 f − πsk f ‖ψ2
� ‖f − πs∗ f ‖ψ2

. (4.7)

The inequality (4.6) follows by 

∞∑
k=0 

2sk+1/2‖πsk+1 f − πsk f ‖ψ2 ≤ 
∞∑

k=0 
2sk+1/2

(
‖πsk+1 f − f ‖ψ2 + ‖πsk f − f ‖ψ2

)
(�) ≤ 

∞∑
k=0 

2sk+1/2
(
‖πsk+1 f − f ‖ψ2 + 2‖πsk+1−1f − f ‖ψ2

)

≤ 
∞∑

n=s∗ 
2n/2‖f − πnf ‖ψ2 + 2

√
2 

∞∑
k=0 

2(sk+1−1)/2‖f − πsk+1 −1f ‖ψ2 

≤ 4 
∞∑

n=0 
2n/2‖f − πnf ‖ψ2

� γ  (F , ψ 2),

where (�) follows by the definition of {sk}∞k=0: ‖πsk f − f ‖ψ2 ≤ 2‖πsk+1−1f − f ‖ψ2
.

To prove the inequality (4.7), we observe that by the definition of {sk}∞k=0, it holds for every k ≥ 0 
that ‖f − πsk+1 f ‖ψ2 ≤ 1 

2‖f − πsk f ‖ψ2
. It is straightforward to show using induction that ‖f − πsk

f ‖ψ2
≤
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1 
2k ‖f − πs0 f ‖ψ2 = 1 

2k ‖f − πs∗ f ‖ψ2 . Therefore, 

∞∑
k=0

‖πsk+1 f − πsk f ‖ψ2 ≤ 
∞∑

k=0

‖f − πsk f ‖ψ2 + ‖f − πsk+1 f ‖ψ2 

≤ ‖f − πs∗ f ‖ψ2

( ∞∑
k=0 

1 
2k + 

1 
2k+1

)
� ‖f − πs∗ f ‖ψ2 .

Consequently, we have shown in (4.5) that 

sup 
f ∈F

(
N∑

i=1

∣∣f − πs∗ f
∣∣ m (

Xi

))1/m

�m γ  (F , ψ2) + N1/mdψ2 (F) + N1/2mdψ2 (F)(ψ−1(Z1))
1/m, 

where Z1 ≥ 0 satisfies that E Z1 ≤ 3. This completes the proof of Claim I. 
Proof of Claim II: For f ∈ F , we define a sequence

{
sk

}∞ 
k=0 which depends on f as follows: s0 = 0 and 

sk := min
{

inf
{

s > sk−1 :  2‖f − πsf ‖ψ2 < ‖f − πsk−1 f ‖ψ2

}
, s∗} , k ≥ 1.

Note that sk = s∗ for a finite k ≥ 0. 
Let Ω̃ k(f ) = 1

N

∑N
i=1 |πsk

f |m (
Xi

) − |πsk−1
f |m (

Xi

)
. We perform the chaining

∣∣∣∣∣ 1 
N 

N∑
i=1 

|πs∗ f |m(Xi) − E|πs∗ f |m − |π0f |m(Xi) + E|π0f |m
∣∣∣∣∣

≤ 
∞∑

k=1

∣∣∣∣∣ 1 
N 

N∑
i=1 

|πsk f |m
(
Xi

) − |πsk−1 f |m
(
Xi

) − E|πsk f |m + E|πsk−1 f |m
∣∣∣∣∣

=: 
∞∑

k=1

∣∣Ω̃k(f ) − E Ω̃k(f )
∣∣ .

Observe that

ϕ

( √
N|Ω̃k(f ) − E Ω̃k(f )| 

C(m)dm−1 
ψ2 

(F)‖πsk f − πsk−1 f ‖ψ2

)
≤

∑
g,h∈Fsk 

ϕ
(|X2 (g, h)|) ,

where

X2(g, h) =
∑N 

i=1(|g|m − |h|m − (E|g|m − E|h|m))(Xi) 
C(m)

√
Ndm−1 

ψ2 
(F)‖g − h‖ψ2

.
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By Lemma 4.9,  we  have  E ϕ(|X2(g, h)|) ≤ 3 for any g, h ∈ F . Then, with the same technique as used in 
the proof of Claim I, 

√
N|Ω̃k(f ) − E Ω̃k(f )| 

C(m)dm−1 
ψ2 

(F)‖πsk f − πsk−1 f ‖ψ2 

≤ ϕ−1 

⎛⎝ ∑
g,h∈Fsk 

ϕ
(|X2(g, h)|)

⎞⎠
�m ϕ

−1( Nsk ) + ϕ−1(Z 2), 

where 

Z2 := 
∞∑

k=1 

1 
N3 

k

∑
g,h∈Fk 

ϕ(|X2(g, h)|) 

satisfies E Z2 ≤ 3
∑∞ 

k=1 
1 

N3 
k 

· N2 
k = 3

∑∞ 
k=1 

1 
Nk 

≤ 3. Note that ϕ−1(Nsk ) = ϕ−1(22sk − 1) = 2sk/2 since

sk ≤ s∗ by definition. Then,

∣∣∣∣∣ 1 
N 

N∑
i=1 

|πs∗ f |m(Xi) − E|πs∗ f |m − |π0f |m(Xi) + E|π0f |m
∣∣∣∣∣ ≤ 

∞∑
k=1

∣∣Ω̃k(f ) − E Ω̃k(f )
∣∣

�m 

∞∑
k=1 

N−1/2dm−1 
ψ2 

(F)‖πsk f − πsk−1 f ‖ψ2

(
2sk/2 + ϕ−1(Z2)

)
� N−1/2dm−1 

ψ2 
(F)γ (F , ψ2) + N −1/2dψ2

(F)mϕ−1(Z2),

where in the last step we used that

∞∑
k=1 

2sk/2‖πsk f − πsk−1 f ‖ψ2
� γ  (F , ψ2), 

∞∑
k=1

‖πsk f − πsk−1 f ‖ψ2
� ‖f − π0f ‖ψ2

� dψ2
(F).

Moreover,

∣∣∣∣∣ 1 
N 

N∑
i=1 

|π0f |m(Xi) − E|π0f |m
∣∣∣∣∣ �m N

−1/2dm 
ψ2 (F)ϕ− 1(Z3),

where

Z3 := ϕ

(∑N 
i=1(|π0f |m − E|π0f |m)(Xi) 

C(m)
√

Ndm 
ψ2

(F)

)
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and E Z3 ≤ 3 by Lemma 4.9. Consequently, 

sup 
f ∈F

∣∣∣∣∣ 1 
N 

N∑
i=1 

|πs∗ f |m(Xi) − E|πs∗ f |m(X)

∣∣∣∣∣ �m N
−1/2dm−1 

ψ2 
(F)γ (F , ψ2) 

+ N−1/2dm 
ψ2 (F)(ϕ− 1(Z2) + ϕ−1(Z3 )). 

Since supf ∈F E|πs∗ f |m �m d
m 
ψ2 

(F), then 

sup 
f ∈F 

1 
N 

N∑
i=1 

|πs∗ f |m(Xi) �m d
m 
ψ2 (F) + N−1/2dm−1 

ψ2 
(F)γ (F , ψ2) + N−1/2dm 

ψ2 (F)(ϕ−1(Z2) + ϕ−1(Z3)) , 

and thus 

sup 
f ∈F

(
N∑

i=1 
|πs∗ f |m(Xi)

)1/m

�m N
1/mdψ2 (F) + N1/2md(m−1)/m 

ψ2 
(F)γ 1/m(F , ψ2) 

+ N1/2mdψ2 (F)
(
(ϕ−1(Z2))

1/m + (ϕ−1(Z3))
1/m

)
.

This completes the proof of Claim II. �
We conclude this subsection with two lemmas that were used in the proof of Theorem 4.5. The proofs 

can be found in Appendix B. 

LEMMA 4.8. For any x, y ≥ 0, ϕ−1(xy) �m ϕ
−1(x) + ϕ−1(y).

LEMMA 4.9. Let X1, .  .  . , XN be independent random variables. There exists a constant C(m) depending 
only on m such that the following holds. For any g, h ∈ F , we define

X1(g, h) =
∑N 

i=1(|g − h|m − E|g − h|m)(Xi) 
C(m)

√
N‖g − h‖m 

ψ2 

, X2(g, h) =
∑N 

i=1(|g|m − |h|m − (E|g|m − E|h|m))(Xi) 
C(m)

√
Ndm−1 

ψ 2 (F)‖g − h‖ψ2

,

and

X3(g) =
∑N 

i=1(|g|m − E|g|m)(Xi) 
C(m)

√
Ndm 

ψ 2(F)
.

It holds that

E ϕ(|X1(g, h)|) ≤ 3, E ϕ(|X2(g, h)|) ≤ 3, E ϕ(|X3 (g)|) ≤ 3.

5. Conclusions, discussion and futur e directions

This paper has established sharp dimension-free concentration inequalities for simple random tensors. In 
so doing, we have developed the theory of Lp empirical processes, leveraging generic chaining methods
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to obtain sharp high-probability upper bounds on their suprema. Our framework extends classical results
on quadratic and product empirical processes to higher-order settings.

Several questions arise from this work. For Gaussian random vectors, Theorem 2.1 provides matching 
upper and lower bounds for the deviation of the pth order sample moment tensor from its expectation, up 
to a constant that depends only on p. In the special case of p = 2, corresponding to the sample covariance,
the recent work [25] derived a sharp version of the Koltchinskii-Lounici theorem with optimal constants 
by exploiting the Gaussian min-max theorem, namely 

E

∥∥∥∥∥ 1 
N 

N∑
i=1 

Xi ⊗ Xi − E X ⊗ X

∥∥∥∥∥ ≤ ‖Σ‖
(

1 + 
C√

r(Σ)

)(
2

√
r(Σ) 

N 
+ 

r(Σ) 
N

)
, 

where C > 0 is some absolute constant. A natural question is whether similarly tight constants, which
should depend on p, can be obtained for sample moment tensors of arbitrary order p ≥ 2 in the Gaussian
setting.

More recently, there has been growing interest in the estimation of smooth functionals of covariance
operators [31–33, 41], including spectral projectors [29, 36, 37, 40], functionals of principal components
[35, 39], and trace functionals and spectral measures of the covariance [34]. An interesting direction for 
future research is to explore the estimation of functionals of higher-order moment tensors. We anticipate
that Theorem 2.1 could serve as a first step for further study in this direction.

Another interesting question concerns the rank of random tensors. In this paper, we have studied 
the concentration properties of sums of i.i.d. simple (rank-one) tensors. For p = 2, [84, Theorem 1.2] 
establishes a general-rank version of Koltchinskii-Lounici theorem using the variational principle and 
the PAC-Bayesian method, which provides a dimension-free deviation bound for sums of independent
positive semi-definite matrices that are not necessarily rank one. More recently, [61] obtained dimension-
free bounds for sums of matrices and operators with dependence and arbitrary heavy tails. A natural and
interesting direction for future research is to extend Theorem 2.1 to the general-rank setting, deriving a 
concentration inequality for sums of i.i.d. symmetric tensors of arbitrary rank.

The recent work [57] proves the following high-dimensional central limit theorem (CLT): Let 
X, X1, .  .  . , XN 

i.i.d.∼ μ be random vectors in Rd, where μ is either a symmetric uniform log-concave 
measure or a product measure. Then,

1√
N 

N∑
i=1

(
X⊗p 

i − EX⊗ p
)

→ Gaussian,

provided that N � d2p−1. Given the dimension-free nature of our operator norm bound in Theorem 2.1, 
an intriguing question is whether a dimension-free CLT can be established for the normalized sum of
rank-one tensors.

For a sub-Gaussian function class F , Theorem 2.2 establishes a sharp concentration inequality for 
the s upremum of the empirical process

1 
N 

N∑
i=1 

|f |p(Xi) − E|f |p(X)
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for any p ≥ 2. This result improves existing bounds and lifts classical bounds on the suprema of quadratic 
empirical processes to higher-order settings. Additionally, as noted in Remark 2.4, our analysis extends 
to the regime p ∈ [3/2, 2). A natural direction for future work is to further generalize these results to
any p > 0. More broadly, as discussed in [48], a fundamental objective in empirical process theory is to 
analyze the deviation 

1 
N 

N∑
i=1

�(f (Xi)) − E �(f ( X)) , 

uniformly in f ∈ F , where � is a reasonable real-valued function and F is a suitable function class. Our 
results in this paper address this question for the cases �(t) = tp and �(t) = |t|p with any p ≥ 2, when F
is sub-Gaussian.

Another important and closely related line of research in empirical process theory concerns the study
of multiplier empirical processes [42, 74], given by 

f �→ 
N∑

i=1 
ξif

(
Xi

)
, 

where f ∈ F for some function class F , and (ξi)
N 
i= 1 are random variables called “multipliers”. We refer

to [24, 26, 51, 52] for recent developments. In particular, [24] developed theory and tools for analyzing 
multiplier U-processes of the form 

f �→
∑

1≤i1<···<im≤N 
ξi1 · · ·  ξim f

(
Xi1 , .  .  . , Xim

)
, 

which is a natural higher-order generalization of the multiplier empirical processes. The framework 
developed in this paper provides a natural way for studying an additional generalization: 

(f1, .  .  . , fp) �→ 
N∑

i=1 
ξif1(Xi) · · · fp(Xi), 

where fk ∈ F (k) ( 1 ≤ k ≤ p) for some function classes (F (k))
p
k=1. We leave a detailed exploration of this

setting as an interesting direction for future research.
In this paper, we focused on Gaussian and sub-Gaussian random variables in developing tensor 

concentration inequalities, as well as on sub-Gaussian function classes F in the study of Lp empirical 
processes. An important direction for future research is to extend these results to more general measures
and weakly bounded empirical processes, such as those associated with isotropic log-concave measures
[23, 47, 48, 51] and Gaussian mixtures [6, Section 4]. We anticipate that our analysis can be extended 
to general distributions by further incorporating the powerful framework developed in [51]. As shown 
in [51, Section 4.3], the graded version of γ -type functionals offers advantages over the ψ2-based 
complexity measure when analyzing unconditional log-concave ensembles. We expect these favorable
properties to persist as we extend the results to higher-order settings.
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Finally, we highlight several promizing directions for future research in the broader field of 
concentration inequalities and statistical applications. An important open problem is to develop a sharp
convex concentration inequality for random symmetric tensors, as proposed by Vershynin in [79, Section 
1.5]. We expect that our tensor concentration inequality for sums of simple random tensors can offer 
useful insights toward addressing this challenge. In the literature on robust statistics, recent advances have 
focused on dimension-free bounds for mean and covariance estimation under adversarial corruption and
heavy-tailed distributions [1, 44, 56, 58, 63]. Our results on dimension-free bounds for simple random 
tensors could serve as a foundation for developing dimension-free robust (moment) tensor estimation
methods. Furthermore, we anticipate that Theorem 2.1 may have applications in various tensor -related
statistical problems [3, 13, 46], including tensor estimation [16, 27], tensor completion [80, 81], tensor 
regression [45], tensor singular value decomposition [82, 83], and tensor embeddings [28]. Additionally, 
our results may be relevant to independent component analysis, where fourth-order moment tensor
(kurtosis) estimation plays a crucial role [4]. More broadly, our findings could contribute to advances in
learning theory and empirical risk minimization [19], and the method of moments [69], with potential 
applications to cryo-EM and multi-reference alignment problems [10, 18, 64]. 
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A. Proofs of auxiliary r esults in Section 4.2

Proof of Lemma 4.6. Let diamψ2 (F) := supf ,g∈F ‖f − g‖ψ2 . Note first that

γ  (F , ψ2) = inf sup 
f ∈F

∑
s≥0 

2s/2‖f − πsf ‖ψ2 

(�) ≥ inf sup 
f ∈F

‖f − π0f ‖ψ2 

(��)= inf 
g∈F 

sup 
f ∈F

‖f − g‖ψ2

(���)≥ 1

2
diamψ2

(F),
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where (�) follows by the positivity of the terms in the sum for s ≥ 1, (��) holds by the fact that the 
infimum is over all admissible sequences with |F0|  =  1, and (� � �) holds by a standard bound on 
infg∈F supf ∈F ‖f −g‖ψ2 , which is referred to in the literature as the Chebyshev radius of F . Now, in the
symmetric case, we have

dψ2 (F) = 
1 
2 

sup 
f ∈F

‖2f ‖ψ2 = 
1 
2 

sup 
f ∈F

‖f − (−f )‖ψ2 ≤ 
1 
2 

sup 
f ,g∈F 

‖f − g‖ψ2
= 1

2
diamψ2

(F).

In the case that 0 ∈ F

dψ2 (F) = sup 
f ∈F

‖f − 0‖ψ2 ≤ sup 
f ,g∈F

‖f − g ‖ψ2
= diamψ2

(F).

Therefore, in either case we have γ (F , ψ2) � dψ2
(F). �

Proof of Lemma 4.7. Without loss of generality, we assume C1(p) ≥
√

2 log C2(p) 
c3(p) ∨ 1. For u ≥ C1(p),  let  

v :=
√

c3(p)u2ω − log C2(p) 
ω 

. 

Then, exp(−v2ω) = C2(p) exp(−c3(p)u2ω). Observe that 

v =
√

c3(p)u2 − 
log C2(p) 

ω 
≥
√

c3(p) 
2 

u2 =
√

c3 (p) 
2 

u, 

where the inequality follows since 1 
2 c3(p)u2 ≥ 1 

2 c3(p)C2 
1(p) ≥ log C2(p) ≥ log C2(p) 

ω . Therefore, for any 

v ≥
√

c3(p)C2 
1(p) − log C2(p) 

ω =: C4(p, ω), it holds with probability at least 1 − exp(−v2ω) that 

(∗) �p uA + upB �p vA + vpB. 

If C4(p, ω) ≤ 1, the proof is complete. Otherwise, if C4(p, ω) > 1, we further observe that C4(p, ω) ≤√
c3(p)C2 

1(p) since log C2( p)
ω

≥ 0. In this case, for 1 ≤ v < C4(p, ω), it holds with probability at least

1 − exp(−C2
4(p, ω)ω) ≥ 1 − exp(−v2ω) that

(∗) �p (vA + vpB)
∣∣
v=C4(p,ω) ≤ (vA + vpB)

∣∣
v=

√
c3(p)C2 

1(p)
�p A + B �p vA + vpB.

Combining the cases v ∈ [C4(p, ω), ∞) and v ∈ [1, C4(p, ω)) completes the proof. �
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B. Proofs of auxiliary r esults in Section 4.3

Proof of Lemma 4.8. Observe that 

ϕ−1(xy) = max

{√
log2(1 + xy),

√
(log2(1 + xy))m 

N

}

≤ √
log2(1 + xy) +

√
(log2(1 + xy))m 

N 

(�) ≤ √
log2(1 + x) + √

log2(1 + y) +
√(

log2(1 + x) + log2(1 + y)
)m 

N

�m

√
log2(1 + x) + √

log2(1 + y) +
√

(log2(1 + x))m 

N
+
√

(log2(1 + y))m 

N

� ϕ−1(x) + ϕ− 1(y), 

where (�) follows by (1 + xy) ≤ (1 + x)(1 + y) and
√

log2(1 + x) + log2(1 + y) ≤ √
log 2(1 + x) +√

log2(1 + y). �
Proof of Lemma 4.9 We will use the following α-sub-exponential concentration inequality from [22]. 

For α  >  0, we define the Orlicz (quasi-norm) of a random variable X by

‖X‖ψα := inf

{
c > 0  :  EX∼μ

[
exp

( |X|α 

cα

)]
≤ 2

}
.

LEMMA B1 (α-sub-exponential concentration, [22,Corollary 1.4]). Let X1, .  .  . , XN be independent, 
centered random variables with ‖Xi‖ψα ≤ M for α ∈ (0, 1]. Then for a ∈ R

N and any u ≥ 0,

P

(∣∣∣ N∑
i=1 

aiXi

∣∣∣ ≥ u

)
≤ 2 exp

(
− 

1 
Cα 

min

{
u2 

M2‖a‖2
�2 

, 
uα 

M α maxi |ai|α
})

.

We apply Lemma B1 with α = 2/m and a1 = a2 = · · · =  aN = 1/
√

N to obtain that: if Y1, .  .  . , YN 
are independent random variables with ‖Yi − EYi‖ψ2/m

≤ M for every 1 ≤ i ≤ N, then for any u > 0,

P

(
|∑N 

i=1 Yi − EYi| 
c(m)

√
NM 

≥ u

)
≤ 2 exp(−5 min{u2, (

√
Nu)2/m}) ≤ 

2

ϕ(u)2
, (B.1)
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where c > 1 is some constant depending only on m and ϕ(u) = 2min{(√Nu )2/m, u2} − 1. Therefore,

Eϕ

(
|∑N 

i=1 Yi − EYi| 
c(m)

√
NM

)
=
∫ ∞ 

0 
P

(
ϕ

(
|∑N 

i=1 Yi − EYi| 
c(m)

√
NM

)
≥ u

)
du 

=
∫ ∞ 

0 
P

(
|∑N 

i=1 Yi − EYi| 
c(m)

√
NM 

≥ ϕ−1(u)

)
du 

≤ 1 +
∫ ∞ 

1 
P

(
|∑N 

i=1 Yi − EYi|
c(m)

√
NM

≥ ϕ−1(u)

)
du

(B1) ≤ 1 +
∫ ∞ 

1 

2 
u2 du = 3. (B.2)

For any g, h ∈ F , using that ψ2/m is a quasi-norm [22, Lemma A.1, A.3] we have

‖|g − h|m‖ψ2/m
�m ‖g − h‖m 

ψ 2 ,

and

‖|g − h|m − E|g − h|m‖ψ2/m
�m ‖|g − h|m‖ψ2/m

�m ‖g − h‖m 
ψ 2 . (B.3)

Similarly,

‖|g|m − |h|m − E[|g|m − |h|m]‖ψ2/m
�α ‖|g|m − |h|m‖ψ2/m 

=
∥∥∥∥∥(|g| − |h|)

(
m−1∑
�=0 

|g|�|h|m−1−�

)∥∥∥∥∥
ψ2/m

�m ‖|g| − |h|‖ψ2

∥∥∥∥∥
m−1∑
�=0 

|g|�|h|m−1−�

∥∥∥∥∥
ψ2/(m−1)

�m ‖g − h‖ψ2

(
m−1∑
�=0

‖g‖�
ψ2

‖h‖m−1−�
ψ2

)

�m ‖g − h‖ψ2 d
m−1 
ψ2 

(F). (B.4)

We also have

‖|g|m‖ψ2/m
�m ‖g‖m 

ψ2 ≤ dm 
ψ2 (F). (B.5)  

The proof is completed by applying (B.2) with Yi =  |g − h|m(Xi), 1  ≤ i ≤ N and the upper bound of
ψ2/m quasi-norm (B.3), applying (B.2) with Yi = (|g|m − |h|m)(Xi), 1  ≤ i ≤ N and the upper bound
(B.4), and applying (B.2) with Yi = |g|m(Xi), 1 ≤ i ≤ N and the upper bound (B.5). �
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