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This paper establishes sharp dimension-free concentration inequalities and expectation bounds for the
deviation of the sum of simple random tensors from its expectation. As part of our analysis, we use generic
chaining techniques to obtain a sharp, high-probability upper bound on the suprema of L, empirical
processes. In so doing, we generalize classical results for quadratic and product empirical processes to
higher-order settings.
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1. Introduction

This paper establishes sharp bounds for the operator-norm deviation of the sum of simple (rank-one)
random tensors from its expectation. Let X, X;, ..., X be i.i.d. centred Gaussian random variables in a
separable Hilbert space H with covariance operator X'. Our first main result, Theorem 2.1, shows that,
with a standard notation described below, for any integer p > 2,

N
1 ® (X)) r(xX)P? Tr(X)
E—EX.”—EX@” = 1ZIP*,)—2 + =), (X)) := )
N & p 121 N TN M=

In addition, Theorem 2.1 establishes sharp high-probability and expectation bounds for sub-Gaussian
data. To prove Theorem 2.1, we analyze the suprema of a L, empirical process. In our second main
result, Theorem 2.2, we leverage generic chaining techniques to obtain a sharp high-probability bound
on

N
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2 0. AL-GHATTAS ET AL.

in terms of quantities that reflect the geometric complexity of the family F, taken to contain bounded
linear functionals in H in the proof of Theorem 2.1.

1.1  Outline

Section 2 states our two main results and discusses related work. The study of concentration of simple
random tensors and L, empirical processes is carried out in Sections 3 and 4, respectively. Section 5
closes with conclusions and future directions.

1.2 Notation

Given two positive sequences {a, } and {b,}, we write a,, < b, to denote that a, < cb, for some absolute
constant ¢ > 0. If both a, < b, and b, < a,, hold simultaneously, we write a,, < b,,. If the constant ¢
depends on some parameter 7, we use the notations a, <, b,.b, <, a,, and a, <, b, to indicate this

~ n-n ~t
dependence.

2. Main results

Here we state the two main theorems of the paper and compare them with existing results. Subsection 2.1
focuses on the concentration of simple random tensors and Subsection 2.2 focuses on L, empirical
processes.

2.1 Concentration of simple random tensors

Let (H, {-,-)y, Il - ll) be a separable real Hilbert space and let p be a positive integer. Let X be a centred
H-valued random variable. Suppose that E[(X,v)y|P < oo forallv € Uy :={v € H : ||v|y = 1} and
let X®P be the multilinear form

X®p(v1,...,vp) = (X)) (X V(p,...,v,) €H X xH.

Thus, X®P is arandom variable taking values in the tensor space H ®P 'We refer for instance to [66, Section
11.4] for background on tensor products of Hilbert spaces. The expectation E X®? is called the pth order
moment tensor of X. When p = 2, the second-order moment tensor E X®2(v;,v,) = E(X, v} (X, v,)
Y (v1,v,) € H x H is called the covariance of X. By the Riesz representation theorem, this bilinear form
can be represented by the covariance operator ¥ : H — H defined by

W, Zv)) y = EX®2(vy,v,), Y (v,v,) € H X H.

Given independent copies X, ..., Xy of X, our goal is to establish concentration inequalities for the
pth order sample moment tensor 1%, vazl Xi® P which is a sum of i.i.d. simple (rank-one) random tensors.

Specifically, we seek to obtain high-probability and expectation bounds on the deviation

1 N

1
NZ P _Ex®| = swp NZ(Xi,vl)H...<Xl.,vp>H—JE(X,vl)H...<X,vp>H, 2.1)
i—1 V]seens VpEUH
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 3

where || - || denotes the norm in the tensor space H®P. Notice that for p = 2, the operator norm of
the covariance operator X : H — H agrees with the norm of the covariance E X®? as a bilinear form
in H®2. Consequently, we will slightly abuse notation and denote by || X| the operator norm of the
covariance operator. Furthermore, to simplify the notation, we will henceforth omit the subscript H in
the inner-product (-, -); and norm || - || 4.

We will focus on Gaussian and sub-Gaussian random variables. Recall that an H-valued random
variable X is called Gaussian iff all one-dimensional projections (X,v) for v € H are Gaussian real-
valued random variables. A centred random variable X in H is called sub-Gaussian iff

Iy, S XV, VveH,

where the Orlicz ¥,-norm of a real-valued random variable Y is defined as [|Y]|,,, := inf{c > 0:E
exp(Y 2 / cz) < 2}. Furthermore, X is called pre-Gaussian iff there exists a centred Gaussian random
variable Y in H with the same covariance operator as that of X.

Our first main result, Theorem 2.1, provides sharp dimension-free bounds for the deviation (2.1) in
terms of the effective rank r(X) := Tr(X)/|| X'|| of the covariance operator.

Tueorem 2.1. Let X, X;, ..., Xy be i.i.d. centred sub-Gaussian and pre-Gaussian random variables in H
with covariance operator Y. For any integer p > 2 and any u > 1, it holds with probability at least

1 — exp(—u) that
() r(x)P? u  ubl?
< 1 x3P/? &) | &P 47 )
S 121 ( N TN YN

N

1

v > X’ —EX®P
i=1

As a corollary,

N
1 ®p ®p
E NZXi ~EX

i=1

b \P/2
S ||z||f’/2( Al )

Moreover, if X is Gaussian, then

E

- p/2 r(x)  rxy?
=, 121 ( N + N .

N

1

v > X —EX®
i=1

The proof of Theorem 2.1 is carried out in Section 3. Although upper bounds for (2.1) have been
extensively studied [2, 19, 20, 23, 47, 53, 77, 84], and despite the explosive growth of research on
concentration inequalities for random tensors [5, 7-9, 14, 19, 28, 68, 79, 85], Theorem 2.1 is, to the best
of our knowledge, the first to establish sharp dimension-free concentration inequalities and expectation
bounds for the deviation (2.1) under sub-Gaussian assumptions, without superfluous logarithmic factors.
Moreover, Theorem 2.1 shows that our expectation bound is sharp for Gaussian data. Similarly to [38],
our results can easily be extended to Banach-valued random variables, but we focus on the Hilbert space
setting for ease of exposition.
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4 0. AL-GHATTAS ET AL.

For sub-Gaussian and pre-Gaussian random variables satisfying that, for fixed K > 0,
10Xy, < KN, Vved, 2.2)

a straightforward modification of the proof of Theorem 2.1 yields

N
1 ®p ®p
E NZXI. ~EX

i=1

()  r(x)P/?
< KPIxP/? r ,
Sp KPILX ( v TN

as well as a similar high-probability upper bound. For a centred Gaussian random variable, (2.2) holds
with K = /8/3. When p = 2, the dependence on K? is consistent with the literature on covariance
estimation; see [78, Theorem 4.7.1]. For p > 2, the dependence on K? agrees with the result of [84]. The
notation Sp indicates that the implicit constant depends on the tensor order p, and this dependence is
generally super-exponential in p. This can be seen from the fact that, when p is even and X ~ N (0, X),

B Ny i
IEX®P| = (p— D! ZP2, and (p—l)!!xw/Z(p—l)(p—) T ghplogp,
e

In Theorem 2.1 and in the comparisons that we will provide in the remainder of this subsection, we
assume K =< 1 for simplicity. In Remark 2.1, we compare with concentration results for sums of simple
tensors, while in Remark 2.2 we discuss the special case p = 2.

RemMark 2.1. The deviation (2.1) can be expressed as

1 N
]T]Z ;X’P_EXl@P

i=1

1

N
v > (X —EX.v)P

i=1

= sup R 2.3)

Ivii=1

since for symmetric tensors the supremum in (2.1) is attained by a single element v € H,
see e.g. [84,(1.6)], [62, Section 2.3] and [9, Remark 4.14, Proposition 4.15]. From our proof of
Theorem 2.1, the same high-probability and in-expectation bounds in Theorem 2.1 also hold for

SUP|y)|=1 ‘% Zfil |(Xl-, v) P —E|(X, v)|/", where (X;, v)? is replaced by its absolute value.
Using majorizing measures, [23, Theorem 3] establishes the bound

1 N
= > X = EIX, )P
i=1

E sup

Ivii<t

S, IZIPP (Ve + )., (2.4)

where

logN  Emax;_;y IX;[I”
&= .
N | Z||P/?

Notably, [23, Theorem 3] considered the more general case where the supremum in (2.4) is taken over a
symmetric convex body K C R?. Here, we focus on the specific case where K is the unit ball {v : ||v|| <
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 5

1}. In the sub-Gaussian setting, applying [84, Lemma 2.7] together with a union bound gives

/p
@Q%MH) Sp V(D) + 1Z]logN = VI Z (1(Z) +logN).

For Gaussian data, this upper bound is optimal up to a constant depending only on p. Consequently, this
yields the following upper bound for the value of ¢ in (2.4):

(logN) (r(2)P/* + (log N)?/?)
£s, N .

Employing estimates of the metric entropy of ellipsoids, [ 19, Theorem 3] shows that, fori.i.d. centred
sub-Gaussian random vectors X, X, ..., Xy in R,

N

1

v > X —EX®
i=1

E (2.5)

+1
<, ||2||P/2\/(10gN)p(r(2]3 +logd)rt’

Clearly, the in-expectation bound in Theorem 2.1 provides a direct improvement over the bounds in (2.4)
and (2.5).

More recently, [84] used the variational principle and the PAC-Bayesian method to study (2.3). We
now compare Theorem 2.1 with [84, Theorem 1.7]. Under their assumption that N > r(X )p_l, we

) o r(ZP?
observe that i v

1 —exp(=r(2)),

> , and taking u = r(X') in Theorem 2.1 yields that with probability at least

< iz /12
N

For H = R and under the condition N > r(Z‘)P’l, [84, Theorem 1.7] establishes the bound (),
but only with probability at least 1 — cN exp(—+/r(X)). Theorem 2.1 hence directly improves [84,
Theorem 1.7] for sub-Gaussian data. Moreover, our high-probability bound can be directly integrated to
derive an in-expectation bound, which is not provided in [84, Theorem 1.7]. The proof of [84, Theorem
1.7] relies on a combination of the variational inequality approach and the decoupling-chaining method
developed in [2, 70]. In the decoupling-chaining argument [70, Proposition 14.3.3], there is a crucial
term: max; -; . [ X;|l. [84] used a union bound to control this term, which results in a large prefactor N
in the probability estimate. Since for Gaussian data it holds that

1 N
— > X —EX®

= S
N it
i=1

Ivii=1

JLVZ E(X, v’

i=1

E max [IX;] < IIZ(r(Z) + logN),
1<i<N

an additional logarithmic factor 4/log N is likely unavoidable when using the approach in [84] to derive
an in-expectation bound. Finally, in contrast to [84, Theorem 1.7], our proof of Theorem 2.1 shows a
bound of the form (%) for arbitrary p > 2, not necessarily an integer.
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6 0. AL-GHATTAS ET AL.

REMARK 2.2. When p = 2, the sum of simple random tensors reduces to the sample covariance. In
this case, Theorem 2.1 agrees with the optimal bounds established in [38, Theorem 4, Theorem 9]. An
important area of research in probability and statistics focuses on the non-asymptotic analysis of sample
covariance operators, particularly their estimation error in the spectral (operator) norm relative to its
population version. Recent references include, for instance, [7, 8, 15, 25, 38, 43, 59, 67, 71-73, 75, 76,
78, 84]. A key milestone was achieved by Koltchinskii and Lounici [38], who established that for i.i.d.

centred Gaussian random variables X, X/, . .., X,y with covariance operator X,
1Y (X)) )
E NZI:Xi@)Xi—EX@X x||2||( T+T)‘ (2.6)

The upper bound (2.6) in [38] follows from results on quadratic empirical processes developed in [11,
17, 30, 48] that extend beyond Gaussian data. Alternative proofs exist for Gaussian data outside the
empirical process framework. In particular, [75] proved (2.6) using decoupling and Slepian-Fernique
comparison inequalities. More recently, [25] obtained a sharp version of (2.6) with optimal constants via
the Gaussian min-max theorem. Beyond the operator norm, [65] derived dimension-free bounds on the
Frobenius distance between the sample covariance and the population covariance.

2.2 L, empirical processes

This subsection contains the statement of our second main result, Theorem 2.2, which gives a general
upper bound on the suprema of L, empirical processes. Theorem 2.2 will be key to establish our upper

iid. . e
bounds in Theorem 2.1. Let X, X, ..., Xy e 1 be a sequence of random variables on a probability
space (§2, ). For p > 1 (not necessarily an integer), we consider the centred L, empirical process
indexed by a class F of functions on (£2, i) given by

N

1
fro g 2N —EX),  feF @7

i=1

In our proof of Theorem 2.1, the class F will be taken to contain all linear functionals in H with norm
one. For p = 1, (2.7) recovers the standard empirical process [70, 74], and for p = 2 the quadratic
empirical process extensively studied, e.g., in [2, 11, 12, 17, 25, 30, 38, 48, 51, 54, 55, 67]. Beyond
its theoretical significance, the quadratic empirical process plays a crucial role in various statistical
applications, including covariance estimation as discussed in Remark 2.2. Our goal is to bound

N

1
sup ’N D) — Ef”(X)’

feF i=1

for any p > 2 in terms of quantities that reflect the geometric complexity of the indexing class F. To
that end, for any function f on (£2, ), we introduce the Orlicz ¥,-norm of f given by

)E!

IF )12
2

c

Iflly, = inf [c >0:Ey., [exp(
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 7

with the convention inf # = oo. Our upper bound will depend on dy, F) = Supse F I£1ly, and on
Talagrand’s functional y (F, ¥,), whose definition we now recall.

DeriniTION 2.1 (Talagrand’s y functional [70]). Let (F, d) be a metric space. An admissible sequence is
an increasing sequence ()~ C F which satisfies F; C F 4, Fo| = 1|7 < 2% fors > 1, and
U2, F, is dense in F. Let

y(F.,d) = mfsupZZS/zd(f .7:)
f€]: §s>0

where the infimum is taken over all admissible sequences. We write y (F, ¥,) when the distance on F
is induced by the 1,-norm.
We are ready to state our second main result. Its proof can be found in Section 4.

THEOREM 2.2. Assume 0 € F or F is symmetric (i.e., f € F implies —f € F). Forany p > 2and u > 1,
it holds with probability at least 1 — exp(—u2(y (F,v¥,) /dw2 (F))?) that

T yo)dy (F) LV F)

rer | N pr(X ) —EP(X0)| v &
As a corollary,
[ sup | = ] ﬁ:f”(X.) ~Ef" ()| 5, vz, IpZ)d‘f//;l(]:) N yP(F, vy
feF |N = ! ~ i =

REMARK 2.3. An alternative formulation of the tail bound states that, for any # > 1, it holds with
probability at least 1 — exp(—u) that

fo’ —Eff(X)| S

sup
fe]-'

(ﬁlﬁz)d{};l(ﬂ v (Fovn) \/7 W2
N MY +dwz<f>( N+T)'

The above high-probability bound is optimal. When p = 2, it matches the tail bound obtained in [11, 17],
see also [51,(1.18)] and [38, Theorem 8]. As noted in [51], the optimality can be seen from setting t =
udi2 (F)/~/N in Bernstein’s inequality applied to 2. When p > 2, the optimality can be deduced from
the «-sub-exponential inequality [22, Corollary 1.4]; see Lemma B1 for a formal statement. From our
proof, the same high-probability and in-expectation bounds in Theorem 2.2 also hold for the empirical

process supse & ‘le Zf’zl F17(X;) — ElfIP(X) ‘, where f7 (X;) is replaced by its absolute value.

REMARK 2.4. For p > 3/2, a minor modification of our proof yields

N

P 3/2 p—3/2
1 pr(xl) _ ]Efp(X) ,Sp )/(]'_, 1//2)d1/,2 (.F) n yp(]:’ wz) N y (f’ wz)dwz (.F)

\/N N N3/4

Esup |—
feF
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8 0. AL-GHATTAS ET AL.

If p > 2, the third term on the right-hand side is dominated by the first two terms. However, for p €
[3/2,2), the third term remains significant and cannot be neglected. A natural question is to establish

sharp concentration inequalities and expectation bounds for SUpse F %Z?]:l fIPX;) — ElfIP(X)| for
any p > 0. We leave this question for future investigation.

3. Concentration of simple random tensors

This section contains the proof of our first main result, Theorem 2.1. The upper bound for sub-Gaussian
data follows from an application of Theorem 2.2, where the class F consists of all linear functionals in
H with norm one. To establish the matching lower bound for Gaussian data, we adapt techniques from
[38, Theorem 4] to the higher-order setting; see Proposition 3.1 for the proof.

Proof of Theorem 2.1. By the expression (2.3) and Theorem 2.2, we have

N N
1 1
E|-> X7 —EX®| =E sup |— > (X.vf — EX,v)"
NI =t [N
1 N
=Esup |- D> f/(X) —Ef"(X)
seF [N ; ’

_ YFdy () L VE)
~p m N 2

where F := {(-,v) :v e Uy}, Uy := {veH:|lv| = 1}. It is clear that F is symmetric. Since X is
sub-Gaussian, the 1,-norm of linear functionals is equivalent to the L,-norm. Hence,

172

dy,(F) = sup |Iflly, < sup [, = sup (EX.v)?)"" =z
feF feF

Ivii=1
Moreover, since X is pre-Gaussian, there exists a centred Gaussian random variable Y in H with the same
covariance Y. This means that

172

dy(u,v) = (B(Y,u) = (Y,0))*) " = (= v, S =)' = [ (,u) = (. W)lpyyr v € U

where p is the law of X. Using Talagrand’s majorizing-measure theorem [70, Theorem 2.10.1], we
deduce that

v (Fon) < v (F.Ly) =y (Uy,dy) < E sup (Y,u) = E|Y| =< (E|Y]H"? = Tr(2)"/2.

uelUy

Therefore, we obtain the in-expectation upper bound for sub-Gaussian data:

p—1
o YV, Py Fovy) ||2||”/2( a2 r(z)l’/z).

N
1 ®
E —2 X —EXxX®P
HNH i ~p JN N N
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 9

The high-probability upper bound follows analogously. The matching lower bound for Gaussian data is
proved in Proposition 3.1 below. (]

Now we prove the matching lower bound for Gaussian data in Theorem 2.1.

Proposimion 3.1. Let X, X;,..., Xy be ii.d. centred Gaussian random variables in H with covariance
operator X. Then, for any integer p > 2,

E

N

1

v > X —EX®
i=1

N N

2 uzum( " r(z)m)

Proof of Proposition 3.1. The proof builds upon ideas from [38, Theorem 4] and [75, Lemma 5.6].
Throughout the proof, c(p), ¢(p) and C(p) denote positive constants depending only on p. Recall that

N
1 1
El=>" P _EX®P| =E sup = > (X ) —EX.v) (3.1)
N3 =1 [N 5
We first prove that, for any p > 2,
N
1 r(X)P/?
E sup [— » (X, vf —EX, | > | Z|P/?——. (3.2)
o N;( & g N

N
1
E{Xi}izzﬁ z ((Xi, V)p — E(X, v)p)

i=1

> Exl sup
Ivi=1

1 1
= —Ey, sup |<X1,v)p —E(X,v)p| > ]V(]Exl[ sup |(X1,V)p|] — sup ‘E(X, v)p|)
Ivil=1 vil=1 Ivil=1

® 1 ) 1 1
— — /2 — /2 _ /2y — — /2 /2 _
= 5 (EX P - coisr?) 2 5 (Tr@y? - col 1) = S =12 (rE@y”? - ce)).
(3.3)

Here, (%) follows by Ey, [ supy,i—; [(X;,v)?|] = E[|X,||” and sup;,_, [E(X,v)’| < C(p)|| X |I"/?, since

d
(X, v) ~ N(0, (£v,)), while (x) follows by Jensen’s inequality E[IX, |? > (E|IX, |2)"/* = Tr(Z)/?
forp > 2.
‘We define the i.i.d. standard Gaussian random variables

X.
z .= KM N
o (Zvwm)l/2
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10 O. AL-GHATTAS ET AL.

It follows that

=

1

Mz

E sup 1 > (X —EX vy

Ivii=1

> supE WY — E(X, v)P

Ivii=1

i=1 t:l

= sup (Zv,WW/’E
Ivii=1

1 N

— E 7z’ —EzP
l

Ni=1

> ||2||1’/2% P ek (3.4)

N
Therefore, combining (3.3) and (3.4) gives that, for any ¢ € [0, 1],

c(p)

N
O3 ) B = 15 (r%, (72 —ce) +a —t)—)

Choosing 7 to be small enough so that tC(p) < (1 — t)c(p), we get

1
N

L

\P/2
X — B w?| = oz HE
N

1

E sup

N
vli=1 _

as desired.
Next, we show that for any p > 2,

N
1 [r(x
E sup |- D (X.vf —EX.v)| 2, | TP ") (3.5)
=1 | N N
Observe that
1 1Y
Esup |—> (X —EXW|=E|=> X _EX®
||v|£1N,§‘(l o By N;l
N
=E sup Zx WX, — EX, v)P X
Ivl=1
N
> sup E Zx vPIX, — EX, P ix| . (3.6)
Ivi=1 -
For a fixed v with ||v|| = 1 and (X'v,v) > 0, denote
, Xy
X =X—-(X,v)

(Zv,v)
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 11

By a straightforward computation, for all u € H, the random variables (X, v) and (X’ , u) are uncorrelated.
Since they are jointly Gaussian, it follows that (X, v) and X" are independent. Define

N
1 v 1 1
=E|— X v —E(X, )P - (X, x|, 3.7
;((,v) XV) E NZ;(,v) , (3.7)
where we used the fact that
») )
E(X, )P~ X = B(X,v)P ——Y— + B(X, P~ EX = E(X,v)P ——
(Xv,v) (Zv,v)
Note that, conditionally on (Xl-, v) ,i=1,...,N, the distribution of the random variable
&
-1
N Z (Xi’ V)p X;
i=1
is Gaussian and it coincides with the distribution of the random variable
N 1/2
1 2(,,_1)) X’
— Z (Xl-, v) —_—.
(N i=1 VN
Denote now by [E, the conditional expectation given (Xi, v) ,i = 1,...,N and by E’ the conditional

expectation given X, ..., X},. Then, we have

1< . N 1o,
5 2 (X =By )W‘FNZ(XM) X;
’ i=1

v 1 N 1,
sEor -z 2 St
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12 O. AL-GHATTAS ET AL.

1< | 1/2 v
=EE —_ X 4 E(X p v s ¥ 2(p—1) X
A Xty - ,V>)(Ev,v>+(N;< ) x
1 ) 1 1/2 ¥
— - W » v 1 20D X
—E N;((X,,v) E<X’v>)(2v,v)+(N§<X“v) ) =1 (3.8)
Also
o N 1/2
l P » v l 2-1) X'
E ;((X,,v) EX) 3 +(N§<Xv") ) x
1Y ) 1 1/2 X
= / P P 1% 1 2p—1)
EE N;((X,,v) E(X,v))(zv’w (Nz;(Xp) ) -
1 V2
! WY p 2 ' 2(p—1)
>E|E ;((X,,v) EXW) 5y T B (le‘(x" ] ) x
1/2
- li 2D E|X'||
N N
Note that
\/7 1/2
E[(X,v)| =4/ =(Zv,v) /",
T
Therefore,
’ - 2 _ gy J21Z0
EIX"|| > E|IX| — E[{X, )| o) = E|X]| -
and

1/2

1 al v 1 N 2(p—1) X’
e 2 f —mon) ot ()

i=1

N 1/2
ef L S (o P E|X| — 2/7|| Zv]/(Zv,»)'/?
N i=1 o \/N

1/2
(TP Zzz@ DY EIXI = V277 ZvI/(Er, )2
VN ’
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 13

where we recall that
(Xi’ V)

Zi:m’ l=1,...,N

are 1.i.d. standard Gaussian random variables. One can check that
172

N
1 2(p-1)
E(]T] Z}Z" > (p)
=

for a positive constant ¢’(p) depending only on p, which implies that

1 Y = 1 Y Yy
v 2-1)
: Nizzl((xi’v>p_E<X"’)p) (Zv.v) +(ﬁz(X"’V) ) IN

i=1

— 2/l 2] /(Zv,v)1/?
VN

= ‘i/(’;v) (<2v, WP=DL2E x| — \/g”)‘jv”()‘;v, v)(p—Z)/Z).

We combine this bound with (3.6), (3.7) and (3.8) to get

/ 2
> P (<2v,v><”—”/2EuX|| —,/—||2v||<2v,v><"—2>/2)
T

E|IX
> ¢ (p) (v, vy B

VN =1

® ¢ (p) _ 2
> —(IZIP~ D PEX] — |/ =1 2|
N T

c’«/@—«/Z/_ﬂ)
N :

where (x) follows by taking the eigenvector of X' corresponding to the largest eigenvalue, and (xx) follows

since for a Gaussian vector X, E||X| < VE|X||? = /Tr(X).
Recall that we have the following bound by (3.4)

(3.9)

(3%)
> ()| Z P> (

<)

> | Z|P/?
VN

(3.10)

Combining (3.9) and (3.10) gives that, for any 7 € [0, 1],

> | D] (tc’(p) (C/V ") - Vz/”) . z)c(”)).

1 N
—2 X, v —E(X,v)? —
N 2o = BXy) N VN
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14 O. AL-GHATTAS ET AL.

Choosing 7 to be small enough so that tc’(p)+/2/7 < (1 — Hc(p), we get

R e Y KA GO 3y LA C2)
> e (p)c | X N P2l N

This completes the proof of (3.5). Combining (3.1), (3.2) and (3.5) completes the proof. O

E sup ! Z(Xi,v)p—E(X,v)p

4. L, empirical processes

This section studies L, empirical processes

N
e }V > PX) —Eff(X),  feF. .1

i=1

We leverage generic chaining techniques to derive sharp high-probability upper bounds on their suprema
in terms of quantities that reflect the complexity of the function class F.

Our theory builds on the framework introduced by Mendelson in [51]. The central idea is as follows.
First, we gather precise structural information on the typical coordinate projection of F; that is, for
o = (Xj,...,Xy), we study the structure of

P, =D, f e Fl.

Second, for a typical 0 = (X, ..., X)), we analyze the suprema of the conditioned Bernoulli processes:

N
f D af (X))

i=1

o,

where ¢4, ..., &y are independent symmetric Bernoulli random variables.

The structure of typical coordinate projections of sub-Gaussian function classes has been extensively
studied in empirical process theory [48-51, 55], primarily in the context of quadratic and product
empirical processes. Here, we extend the analysis to empirical processes of arbitrary higher order.
A key component of our approach is Theorem 4.5, which establishes a sharp uniform bound on the
{£,,-norm of the coordinate projection vector of the function class F for any m > 1. Specifically,
it controls

1/m

sup (i ks (Xi))

feF \i=1

in terms of quantities that capture the geometric complexity of F.
The rest of this section is organized as follows. Subsection 4.1 introduces some basic definitions
from Mendelson’s work [51] and discusses an important result, Lemma 4.3 ([51, Corollary 3.6]), which
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 15

plays a crucial role in our proof of Theorem 2.2. We then prove Theorem 2.2 in Subsection 4.2 and prove
Theorem 4.5 in Subsection 4.3.
4.1 Background and auxiliary results

Following [51], we will utilize complexity parameters that take into account all the L, structures endowed
by the process. For g > 1, we recall that the graded L, norm is defined by

_ Iz,
Wl = 122(1 N/

We will use repeatedly that, for any g > 2, [|f]l, < 1l g < Iflly,- As shown in [51], the graded y-
type functionals that we now define serve as key parameters to characterize the complexity of the typical
coordinate projection of F.

DeriNiTION 4.1 (Graded y-type functionals). Given a class of functions F on a probability space (£2, i),
constants # > 1 and s, > 0, set

Ay, (F) := inf sup Z 25/2 ||f — nsf” 225 >

€S 5>50

where the infimum is taken over all admissible sequences, and 7 f is the nearest point in F to f with
respect to the (1%2%)-norm. Also set

Ay F) 1= Ay ((F) + 27 2;3]1; |70 1| 2200, -

The following lemma shows that A ,(F) is upper bounded by y (F, ¥,) up to an absolute constant.
Lemma 4.1. Forany u > 1 and s, > 0, ASO’M(}') Sy (F ¥,).

Proof. For any admissible sequence (F);>o C F, any f € F and s > 0, let 7 f be the nearest point in
F, to f with respect to the ¥, norm. By the definition of 7 f, we have

2 2P = wf oy = 222 W = A oy S 22272 M = S,

§>50 §>50 5>50

Thus,

Ay (F) < inf sup Z 75/2 ||f — 7'_L'Sf||l//2 <infs

up
feF $>50 feF

D22 =7, = v(F.

5s>0
U

To analyze (conditioned) Bernoulli processes, we will use a chaining argument combined with the
following Hoffding’s inequality.
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16 O. AL-GHATTAS ET AL.

Lemma 4.2 (Hoffding’s Inequality, [60]). Let &, ..., ey be independent symmetric Bernoulli random
variables (that is, P(¢, = +1) = P(¢,, = —1) = 1/2). For any fixed I C {1,...,N},z € RN, it holds
with probability at least 1 — 2 exp(—#>/2) that

se(z)

iel iel¢

N
2 €i%;
=1

In particular, for every 1 < k < N, it holds with probability at least 1 — 2 exp(—r2/2) that

172

k N
<> | +t( > (z?‘)z) ,
i=1

i=k+1

N
Zk%
i=1

N . . N . . . .
where (z*) | denotes the non-increasing rearrangement of ( ‘Zi|),~:1 . This estimate is optimal when

1 /)1=
k= 1>

According to Lemma 4.2, the influence of z on the Bernoulli process depends on the £;-norm of
the largest k coordinates of (|zi|){.v | and the £,-norm of the smallest N — k coordinates. As noted in
[51], the graded L, norm plays a key role in analyzing the monotone non-increasing rearrangement of
N independent copies of Z. In particular, [51, Corollary 3.6] provides a useful way to decompose a
collection of random vectors into their largest and smallest coordinate components, a technique central
to [51]. Below, we present the statement obtained by setting ¢ = 2r and 8 = 1/2 in their notation.

Lemma 4.3 ([51, Corollary 3.6]). There exist absolute constants ¢, ¢, and for every r > 1, there exist
constants ¢,, c3, ¢, and c¢5 depending only on r, such that the following holds. Set

i = mi 2’ N+1 42)
= min , )
Js log (4 + eN/u?2%)

foru > c¢,. Let H C L,, be a function class with cardinality at most 22" Then, with probability at

least 1 — 2 exp (—c;3u?2°), the following holds: for every h € H, the random vector (h (Xl-))i,v=1 can be

decomposed as (h (Xl))ivz , = U, + V), where U, € RY is supported on the largest j, — 1 coordinates of

(|h (Xl-) \)N while V,, € RY is supported on the complement, and

i=1

” Uy, = C4”25/2”h”(csu22")’ ” Vi = ClNl/r”h”Lzr'

I, le,

Let (]:s)szo C F be an admissible sequence. For f € F and s > 0, we define Af := T f —m . To
analyze L, empirical processes, we apply Lemma 4.3 to the classes F and {Af : f € F} with carefully
chosen values of r that depend on p, leading to the following corollary.

CoroLLARY 4.4. Let (ﬂ)s>0 be an admissible sequence of ., and let (j) -, be the sequence defined
in (4.2). Let s, be a fixed index and p > 1. Denote A f := m ,f — mf. There are constants ¢, ¢, and

c5 that depend only on p and for u > c(p) where c(p) is a constant depending only on p, an event of
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 17

probability at least 1 — 2 exp (—c] u22s") on which the following holds. For every f € F and s > s,
1/2

= Czuzs/z HAsf”(qu) )

>[4 (x)

i<jg

q*

1/4
(Z (A )] ) =eaNlagl,.

i2]s

i<jg

1/2
(Z [(”sf)z (x;) ) < cu2'? “”sf“(cgu?%) ’

1
-1

SlEN @] ) s eN T g, -

=]

Proof of Corollary 4.4. By definition of an admissible sequence, we have |F | < 22 Further, | Fl -
1 Fopyl < 222227 < 22" which implies that for Af = 7 \f — 7f, HAS < f € F)| < 227
Therefore, the result follows by applying Lemma 4.3, for every s > s, to the class F, with the choice
r =4( —1) > 1 and to the class {Af : f € F} with r = 4, and taking a union bound to get the
probability estimate

1-2> 2exp(—cu?2’) - 227 = 1 — 2exp(—c,u?2),

5=50

where ¢ is a constant depending only on p. U

4.2 Proof of Theorem 2.2

This subsection contains the proof of our second main result, Theorem 2.2. The proof relies on the next
result, Theorem 4.5, which establishes a uniform bound on the £,,-norm of the coordinate projection
vector of the function class F and improves upon the estimates in [48,(3.8)].

d.d. . .
Tueorem 4.5. Let Xq,..., Xy = w be a sequence of random variables and let F be a function class.

For any m > 1,

N 1/m
;u}i(z 1" (X,-)) S V(F ) + Ny, (F) + N2 D Gy M E )
€ i=1

+ N2, (P~ @),

where

o(x) = 2minl(WADP) s g,
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18 O. AL-GHATTAS ET AL.

and ¢! (x) denotes its inverse function. Here, Z is a nonnegative random variable satisfying EZ < C
for some absolute constant C > 0. Moreover, if m > 2, then

1/m

fsuﬁ(Zlfl’" ) S V(Fowy) + NV, (F) + NV, (F) e~ 2)'m.
€

RemMark 4.1. An application of Markov’s inequality to Theorem 4.5 yields the following high-
probability bound: for any m > 2 and w > 0, it holds with probability at least 1 — 2 exp(— min
{(W/Nw)?/™, w?}) that

1/m
sup (Z F1™ (X ) S V(F ) + NV, (F) + N'V2"d,, (Fyw'/™.
fe

An alternative formulation of the tail bound states that for any # > 1, with probability at least 1 —
2exp(— u?),

N 1/m
sup (z lf|m (Xt)) Nm V4 (f wz) +N1/md (f) +N1/2md (JT_') ( 1/m + uN—l/zm)
feF \iz

y (Fovny) + N'V"d, (F) + dy, (Fyu+NY"d, (Fyu'/™
=y (Fov) + N7y, (F) +dy, (Fu, (4.3)

where the last step follows from the inequality NY2Zmyl/m < %(Nl/m + u2/my < NYm 4y foru > 1
and m > 2.

We demonstrate the optimality of the bound (4.3) via a simple example. Let H = R? and consider a
symmetric compact set K C R?. Define the function class F = {(-,v) : v € K}, which consists of linear
functions indexed by K. Let X, ..., X)y be i.i.d. standard Gaussian random vectors in RY, and let v € K
be a point attaining the maximal Euclidean norm on R%, i.e., ||[v¥|| ¢, = SUP,ek IIVIlg,- Observe that

1/m 1/m

(%)
Esup(Zm ) —Esup(2| ) 2o Esup (X, )| + NV v,

feF vek vekK
)
= y(Foy) + Ny, (F),

where (x) follows by separately analyzing the case N = 1 and the contribution of the maximal element
v* € K, and (x*) follows by Talagrand’s majorizing-measure theorem [70, Theorem 2.10.1], which gives

E sup, g (X, v) < ¥ (F, ¥,), along with the relation [[v*||,, = sup, ek IVIly, < supse £ Iflly, = dy, (F).
This confirms the necessity of the deterministic terms in (4.3). Furthermore, note that

1/m N 1/m
d
S“,E(Z' ) > (Z|<x,-,v*>|'") = (X, v~ IVl - Iyl
ve i=1

where y is a standard Gaussian random variable. This confirms the sub-Gaussian tail behavior in (4.3).
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 19

We defer the proof of Theorem 4.5 to Subsection 4.3 and proceed now to prove Theorem 2.2.

Proof of Theorem 2.2. We first observe that the condition 0 € F or the symmetry of F (i.e., f € F
implies —f € F) ensures that y (F, ¥,) 2> dy, (F) (Lemma 4.6), a fact that we will use repeatedly in
the proof.

Let (F,),~ be an admissible sequence of 7. Letu > 4 and 5 > 0. Forany f € 7 and s > 0, let 7 .f
denote the nearest point in F to f with respect to the (u*2%)-norm.

The proof is based on a symmetrization argument, an important tool in empirical process theory [74,
Chapter 2.3]. Let (si)é\; | be independent symmetric Bernoulli random variables that are independent of
(Xi)?': |- We seek to establish a high-probability upper bound on the supremum of the Bernoulli process
given by

N

D e X))

i=1

sup
feF

To that end, we first note that any f7(X;) can be represented as a chain, or telescoping sum, of links of
the form (7 1f)P(X;) — (/)P (X;). Namely

X)) =D (I = WX + (P (X)),

§>50
provided that w f — f as s — o00. By the triangle inequality, we have that
N

> eff(X)

i=1

N
D e ) = (L fINX)| + : (4.4)

i=1

=2

§250

N
> e (X))
=1

To ease notation, we write A f := m ,\f — 7w f and (A f); := (Ay)(X;). We use similar notation
throughout the remainder of the proof. For each s > s, we apply Lemma 4.2 with t = u2%/? and a
set I, C {1,...,N} (to be specified later) to the summand indexed by s in (4.4). This implies that, with
probability at least 1 — 2 exp(—u>2°~1), the following holds:

1/2

< D (e af Y = PP+ u2 [ D (G fY = D]

i€l iel¢

N
> e ) — (TP

i=1

2o 1A (gt + i)

i€l

i
1/2
2
+u2p [ 3 (ADF (1t P!+ I 1)

i€l
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20 O. AL-GHATTAS ET AL.
1/2

Sp Z |(Asf)i||(77s+1f)i|p_l +u2'? Z(Asf)zg(”sﬂf)iz(”_l)

i€l ielt
1/2
— 2(p—1
+ 37 1Al P a2 [ S @i
i€l ielf

=10+ 17,

where in the inequality (x) we used that [x* — y’| < p|x — y|(|x[P~! + [y|P~1), which follows directly
from applying the mean value theorem to the function h(x) = x”: for x > y, there exists some & with
y <& < xsuchthat ¥ —y’ = (x — y)W'(§) = plx — y)EP~", thus [ — | = plx — y||EPP~" <
plx = ylmax{lxP~!, |y~ < plx — (P! 4+ 1yPPh).

Let (jy) =, be the sequence defined in (4.2). For each s > s, we choose /; to be the union of the j; — 1

largest coordinates of (|(Af) i|)?’:1, the j, — 1 largest coordinates of (| (7, f); |)f.V:1,
N

: N . .
coordinates of (|(,/);|)}_,. For a vector x = (x,)), € RV, we denote by (x*)" the non-increasing

and the j, — 1 largest

rearrangement of (|xl’)i\;1 By Cauchy—Schwarz inequality,

1/2
_ 2(p—1
T = > AN D +u2s? [ D (Aha, i7"
iel, iel¢
1/2 1/2 1/4 1/4
2(p-1 4(p—1
<[ 2@ni) (a2 ([ ant] | i
i€l i€l iel¢ iel¢
1/2 1/2 1/4 1/4
21" c 2(p-1) s/2 41" 4p-n*
s(X[@n’]) s> +2 (S [ap' ] (Z[eante]
i<js A A = ’ = ’

*
where in the last step we have used that >, (Af)7 <3 i<, [(Asf)z] since 1| < 3(j, — 1), and
» » ;

172 N 1/2 N 1/2
2(p—1 2(p—1 2(p—1
2 N 5(Z(ns+1f)i(p )) Ssup(Zf,-“’ >) :
iely i=1 feF \iz1
A similar argument shows that
1/2
, _ 2p—1
Y = > 1 ANNIGEN I +u2 [ 3 AR
ielg ielf
1/2 N 12 1/4 1/4
< 21" 2(p—1) 25/2 4" ap-n*
SI2[@n)] | sl XS +u2? (D[t | (X ]@ne]
i< VAN = ’ = ’
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SHARP CONCENTRATION OF SIMPLE RANDOM TENSORS 21

Further, repeating this argument for the last term in (4.4) gives that, with probability at least 1 —
2 exp(—u?2%~1),

N 12 N 1/2 1,2
27* 2(p—1 *
Zei(”sof)f = Z [(ﬂSOf) ]i sup (Zfz > )) + y2%0/2 Z [(ﬂsof)zp]i
i=1 i<js, feF \i=1 =
NN & : \ W
J— P—
=< Z [(nSOf)z]i sup (ZfiZ(P 1)) + u2S0/2N4(p_1) Z [(Trsof)4(p—1)]i ’
i<Jso Je7 \i=1 i=Js,

p—2

—2
where the last step follows by Holder’s inequality and the fact that [N — j; + 1 |h < N#-D,
Observe that [{mf < F)| = 17| < 2, [fmuf i€ 7Y < 1Bl = 27 and
HAsf Hf e }-H = |Fl- 1 Fqal = 22 . 2! < 22S+2. For u > 4, we sum the probabilities for all

s > 5, to obtain that, with (81-)?’: | probability at least

1 — 2exp(—u?2%071) . 220 — Z 2exp(—1221) . 22" > 1 — 2exp(—u?2%/8),

§>50

for every f € F,

N
> el = (T HNX,)

i=1

N
> eff (X))

i=1

S 2 (17 +157) +

53

$=>50

+

N
> e P (X))
i=1

N
> e (X))
i=1

5>50
N 1/2 /2 /2
2(p—1) 27* 27*
Su(2) (2 () (Sl
feF \i=1 szs0 \i<js i<js
1/4 1/4 1/4
ru| 227 (X an'] > [ ] ) + (X [enie]
=50 =y : i=/s ’ = l
P
Ip-D

—2 *
2t (3 [t

iZjs)

On the other hand, we know from Corollary 4.4 that with (Xi)f.V: | probability at least 1 —
2exp(—c u?2%), the four inequalities in Corollary 4.4 hold for every f € F and s > s simultaneously.
Therefore, combining the (si)f.vz | probability and the (Xl-)?]: | probability implies that there exists a
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22 O. AL-GHATTAS ET AL.

constant ¢(p) depending only on p such that, for u > c(p) V 4, it holds with probability at least
1 — 2exp(—u?2%0/8) — 2exp(—c,u*2%) > 1 — 2exp (—E(p)uzz“())

that, for every f € F,

N N 1/2
2p—1 ~
D &l | Sp sup (Zf" ! )) ”(Z 221 Af ey + 22 m f ||(C3u22s0))
i=1 feF \i=1 5250
+u(z ZS/2N1/4|Abf||L8N1/4(|nAf||L8(p_l) (5 s+1f||Lg(p 1>))
5>50

+ M2'Y0/2N44p(1’121) Nﬁ(pl*l) ”7_[ Of” P
N Lg(p_l)

1/2
sup(Zf2(p ”) u/TXO’CM(}')—i—uNl/zdﬁ/;l(}')(Z 23/2||Asf||,/,2)

f eF 5250

(*)

- u250/2N1/2d{;,2 (F)

1/2
(**) - _ ]
€

Where (x) follows by choosing an almost 0pt1rna1 adm1551ble sequence in F and using the deﬁnmon of
Ay (), and the fact that 2,1, <, w1, < db, () lmfIf, S, Img fIl, < df, (P
(»x) follows by

D 2PAS Ny, < D2 = 7 flly, + I = 7 ifllyy) S v (F ).

5>50 $>580

Now we apply Theorem 4.5 and Remark 4.1 with m = 2(p — 1) > 2 to obtain the high-probability
bound: for any w > 0, it holds with probability at least 1 — 2 exp(— min{(v/Nw)!/?=D »?2}) that

1/2
sup (Z liFa ”) <, VPN F ) + N2 () + NVA ().
€

Moreover, by Lemma 4.1, A, (F) <y (]-' , wz), thus

50U

so cu(]:) so,u(]:) + 2s0/2;:—£_ ||7T50f||(u2250) 5 y(F, 102) + 2s0/2d1/,2 (F).
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Consequently, we have shown that there exists constants c(p) and ¢(p) such that for any u > c(p) Vv 4, it
holds with probability at least 1 — 2 exp(—Z(p)u2%0) — 2 exp(— min{(~/Nw)"/®~1_y2}) that

1/2

N N
S sup (Zfzv’—l)(x,»)) Ul yy o(F) +uN'2dl, (F) (y(f, vo) +27%d,, (f))
i=1

> af'(X)

i=1

sup
feF

Sp u (v Fv) +2224,, (D) (v~ Fowry) + N2 )+ N (P)vw).

2
For u > c¢(p) v 4, we set s such that 2% =< (y (F, ) /dy, (]-")) and take

2(1)y2250)P—1 2p=h
G R L N 2(,,])(y(f,w2>) .

+ —u
4y ()

_ (= 25
w= (C(P)Lt 2 O) NG =, U 4.5 v

Then, with probability at least 1 — 4 exp(—c’(p)u?(y (F, I/IZ)/sz (F)?),
N

}V > ef'X)

i=1

sup
feF

S 5 (P Fov) #2924, (D) (v Fovy) + NN F)+ NV )i

(e Vo, () LYPE) ) L e PRE Yoy, ) LY YD)
S N N N3/ N

—1 —3/2
_ yFEaud ]\ F) R ENdE) e Eay)
<u +u + u ,
/N N3/4 N

where in the last step we used that # < u” since u > 1 and p > 2. Observe that for p > 2,

—-3/2 —1
sV PF P JEWE) |y F o)
N3/4 - VN N

ie., /% < t4+PNP/2~1 witht = uy(Foin) > 0. Therefore, for any u > c(p) V4, it holds with probability
‘/Nd‘ﬁz (F)

at least 1 — 4exp(—c’ (p)u* (y (F, ¥,)/d,, (F))?) that

v (F ¥y, (F) LoV F)

JN N

N

}\, > ef (X))

i=1

sup

< u
feF ’
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By the symmetrization inequality for empirical processes [51, Theorem 1.14], see also [21] and [74,
Chapter 2.3], we have with probability at least 1 — C exp(—c'(p) u?(y (F, ¥y)/ dm (F))?) that

ST F) oy F )

P(X) — Eff (X
Zf() P X)| S NG TR

sup |—
feF

where C > 4 is some absolute constant. Finally, the high-probability bound in Theorem 2.2 follows from
a simple and standard modification using Lemma 4.7. Furthermore, integrating out the tail bound (note
that y (F, v¥,) 2 dy, (F)) gives that

N p—1
1 J/(]:, Vddy, (F)  yP(F, )
E sup 1) —EffX)| < L 2
fe]-' Z VN N
which completes the proof. g

We conclude this subsection with two lemmas that were used in the proof of Theorem 2.2. The proofs
can be found in Appendix A.

Lemma 4.6. If 0 € F or F is symmetric, then y (F, ¥,) 2 dwz (F).

Lemma 4.7. Suppose that for any u > C| (p), it holds with probability at least 1 — C, (p) exp(—c; (P)’w)
that

() S, uA + u’B,

where (x) is some random variable, C;(p) > 1,C,(p) > 1,c3(p) > 0,0 > 1,A > 0,B > 0 are
constants. Then, for any u > 1, it holds with probability at least 1 — exp(—uza)) that

(%) Sp uA + u’B.

4.3  Proof of Theorem 4.5

This subsection presents the proof of Theorem 4.5, which establishes a uniform bound on the ¢,,-norm
of the coordinate projection vector of the function class F. The proof leverages generic chaining and
builds upon ideas from Bednorz [11, Section 5] for analyzing quadratic processes, while also addressing
new challenges that arise when handling arbitrary m > 1. A key component of our approach is the use
of a different Young function, defined as ¢(x) = min{(VNX)?/" a2 1, along with o-sub-exponential
inequalities [22] to precisely characterize the tail behavior. This leads to a distinct cut-off point in the
chaining process —depending on m— that separates sub-Gaussian and sub-exponential regimes. Similar
cut-off phenomena between these two regimes first appeared in the analysis of quadratic empirical
processes (see, e.g., [48, Section 5], [17, Theorem 5.5] and [70, Theorem 14.2.6]). However, our primary
focus here is to control the non-centralized ¢, -norm of the coordinate projection vector for any m > 1.
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F 0| =
1, |]-'S| < 22 _1fors > 1,and U?io F,isdensein F. Note that here we slightly change the requirement
of the size of F, (see Definition 2.1) for technical reasons. For any f € F and s > 0, f is the nearest
point in F to f with respect to the y,-norm. We further assume that (F),., is an almost optimal
admissible sequence, ensuring that -

Proof of Theorem 4.5. Let (F)~o C F be an increasing sequence which satisfies 7, C F,

o
sup D22\ = mflly, S v(F. ).
feF s—o

We first focus on the case m > 1. Let N, := 22 _ 1 fors > 1, and let s* be the integer that satisfies
2m=Ds" < N < 2m=DG"+D Recall that ¢(x) = pmin{(VNX)?", %) 1, and its inverse function is

<p_1(x) = max i,/logz(l + x), M} , x>0.

N
Then,
2mN1/2 *
—1 _—1,m28 _ (T) 1fS>S,
N,) = 25 —1) =
o WN) =9 ( ) [2S/2 —

We prove the conclusion by establishing the following two claims:
Claim I.

N 1/m
sup (Z If = mef | " (Xz-)) S V(F ) + NV, (F)+ NV, (F) ez,

where Z, > 0and EZ; < 3.
Claim II.

N 1/m
sup (Z |7 f I’"(X,-)) S NYMdy, (F) + NV =D )y Vi (E, )
€ i=1

+ N2, () (@7 @)+ o7zt

where Z, > 0,Z; > 0and EZ, <3,EZ; < 3.
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Claim I and Claim II together with the triangle inequality imply that

1/m

1/m N
"(X; + sup |7 f 1™ (X,)
m) (B )

S V(F ) + NV (F) + N2 a0y U E )

N 1/m N
sup (Z lfl’”(X,-)) < ;u]r; (Z |f — mf
€ i=1

feF \i=1

N2, (F) (07 @)Y + 07 @)+ (o 2 )
S V(F ) + Ny (F) + N2 a§ D Gy U (E )
+ N2 (F) o™ 2y + 2, + Z) '™
= y(F.¥p) + NY"d,, (F) + N'2ma =D (Fyy VmE ) + NV, (F) e~ @),
where Z := Z, + Z, + Z satisfies EZ = EZ, + EZ, + EZ; < 9. This proves the first inequality in

Theorem 4.5.
For m > 2, note that

NI (Eyy UM ) < y (Fowry) + NYd, (),

or, equivalently,

1/m
1/2m V(‘F’ w2) V(]:7 1/”2) l/m
! ( 4m® ) = am TN

- - - 2 1/2 yFa )™
which can be verified by noting that xy < x> + y” where x = N/ > l and y = ((L/—(]?)) >0
2

This completes the proof.

When m = 1, there is no s* satisfying 2(m—1Ds* <N < 2m=D(s*+1) However, in this case, we have
@(x) = 2minfN?) _ | = 2" _ | and its inverse function is given by ¢! (x) = /log, (I + x). As will
become clear in the proof of Claim II below, Claim II remains valid for any integer s* in this setting.
By taking s* — 0o, we obtain

N N N
sup [f(X;)| = sup lim |raf1(X;) < lim sup |77 f1(X;)
fe]-'; fe]:s*”w; s*ﬁoofe]:;
S Ndy, (F) + N2y (Fouy) + N2y, () (07! @) + (07 23))

< Nd,,, (F) + Ny (F. ) + N2, (Fe~ ' (2),
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where Z := Z, + Z; satisfies EZ = EZ, + E Z; < 6. Consequently,

Y (Foy)  dy,(Fe~'(2)
— z Sdy, (F) + + ,
jer N FE)IS P+ =05 VN

as desired.
Now we prove Claim I and Claim II.
Proof of Claim I: We use the following chaining

(=) (9) =3 (s~ ) (9. 1=,

k=0

where the sequence {Sk}/(:io depends on f and is defined as: s, = s* and
5 = inf{s > sy 20 = flly, < I — nSk_]fn],,z} k=1

Let 2,(f) = 1%, vazl |n5k+1f -, 1" (Xl-). By the triangle inequality,

(32 -t )

i=1

1/m

o0

l /m
Z 2,(H) ™.
k=0
Moreover, since m > 1,

(20)'"" < (|2 —E2N) """ + E2,)"".
Clearly,

1/m

(E2u(N) " = Ny, f =7 fp,, S 175, f = 7Sy,

Observe that

(p(«/ﬁlﬂk(f)_EQk(f)l)g z ¢ (IX1(g, 1),

_ m
Comlizy . f =75/ Ny, gheFy,,
where

>N (g — A" — Elg — hI"™)(X;)
Cm)v/Nlig — hlly,

X1 (g, h) =
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By Lemma 4.9, we have E ¢(|X; (g, h)|) < 3 for any g, h € F. Therefore,

VNI2,(f) — E 2,(f)] <!
Cmimy,  f — 7o Iy, —

> e (X))

g:heFg

1
=¢ (Mo i 22 ¢ (K@)

Skt g,he}—sk+1

(%) _ _ 1
SnoT W D+ [ 20 e (X ml)

Sk+l g heFy

<o 'V, ) +el(2),

Sk+1

where (%) follows from Lemma 4.8 and ¢! (NSSHI) S ! (NSZHI) + ¢! (Ng,..) S 37! (Ng,,,)- In
the last inequality,

o0
1
Zi=2 =5 2, ¢(Xi@n) =20
k=1""k gheF;

satisfiess EZ, <3722, 1% NE =330, NLI{ =3
k

Now we have
120 = BN S, N7 f = 7 flly, (@7 W, 01+ 07 2 ).

Since s > 5, > 5o = 5, we have
k+1 1 0

5 1
-1 _—1,~2%+1 _ Sk+1m/2
o Ny D=9 (2 — 1) = —=2%1"=
s N

k+1

Then,

1/m

(2:0)"™ < (12D —E2,0)"" + (E2,0)
S N7y f = g, (252N 4 (T @) ) D, = T f

= N7V R = flly, g f Ty, (1N ) ).
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We sum over k to get

(’iv é: f = mfl” (Xi))l/m =3 (@)

k=0

oo oo
S N7 (Z 2% 2, f — nskfuwz) + (Z 17 f = nsJ||¢2) (14N 2z ) )
k=0

k=0
(*<) N-VUm, (F _ 14 N=12m =1 (7 y)l/m
Sm Y(F ) + IIf —7weflly, |1+ (o~ (Zy)

SNy (F o) +dy,(F) (14N 2 ) “3)

where in (x) we used two facts

o]

> 2 Py f = flly, Sy F), (4.6)
k=0
and
o0
Dy f = moflly, S = meflly,- 4.7)
k=0

The inequality (4.6) follows by

o0 o0
S [ fly, < 3 2 (||n‘vk+1f —flly, + I, f —f||,,,2)
pa k=0

*) —
= > 2% (g, f = Fllyy + 207, oo = Fly, )

k=0
o0 o0
< D 2P = mflly, +2V2 20D Ly,
n=s* k=0

<4 2"2f = m,flly, S v(F ),

n=0

where (x) follows by the definition of {s;}72: l|7,,f —flly, = 2||71sk+|_1f = flly,-

To prove the inequality (4.7), we observe that by the definition of {s;}72. it holds for every k > 0
that ||f — nSkaHI/,Z < %Hf =75 flly,- 1t is straightforward to show using induction that ||f — o flly, =
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zik I — 75 flly, = 2% If — S Iy, Therefore,

o0 o0
Doy f =7 fllyy < DW= fllyy + W =7, Sy,
k=0

k=0
1
< \f = meflly, (Z — 2,{H) S = mgefly,-
k=0

Consequently, we have shown in (4.5) that
1/m
sup (Z If = 7o | ™ ( A)) S V(F W) + NV, (F)+ N2, (Fy =@z,
€

where Z; > 0 satisfies that E Z; < 3. This completes the proof of Claim L.
Proof of Claim II: For f € F, we define a sequence {Sk}zozo which depends on f as follows: 5, = 0 and

5, = min {inf {s > sy 20 =7 flly, < If — nsk71f||‘//2} ,s*}, k> 1.

Note that s, = s* for a finite k > 0.
Let 2,(f) = % vazl |7, f1™ (Xl) — |, S1" (Xl) We perform the chaining

| X

~ 22 T 1) = Bl f 1" — mof 1" (X)) + Elmof "

i=1

N
S (%) — 1 (%) — B £ + By 1"

i=1

Mg TIME?

|2,() —E2,(0)].

o~
Il

1

Observe that

2.()—EQ
w( VNIZ() — EZ()] )5 > 0 (Xa(e )

Comdy Plinsf =70 flly,) ™ i,
where

i1 (g™ — Il — Elgl™ — ElAI") (X))
Com)/Ndjj, (F)llg — hlly,

Xy(g, h) =
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By Lemma 4.9, we have E ¢(|X5(g, h)|) < 3 for any g, h € F. Then, with the same technique as used in
the proof of Claim I,

VNI2,(f) — E2,(f)] .
<g o (I1Xs(g, M)
C(m)d%*l(}')”r[s]cf -1y flly, g’lg}:}k ( 2 )

—1 —1
Son (Ny) + ¢ (Zy),
where

o0
1
Zyi=2 5 2. ¢(Xe(emD
k=1""k gheF;

satisfiess EZ, <3372, # NP =337, NL;( < 3. Note that (p‘l(NSk) =@ 1(2%*% — 1) = 25%/2 gince
k

5, < s* by definition. Then,

1 N
N z g f 1" (X)) — Elmrgef 1" — |7of 1" (X;) + Elmof|™

i=1

<> 12 —E2,()|
k=1

o0
S DN Pl S — o Sy, (227 + 07 2)
k=1

SNTRAL N F)y (Fo) + N712dy, (F)"e ™ (2y),

where in the last step we used that

o0 o0
D 2P f =y flly, SYF A D lmef =y flly, S —7oflly, S dy,(F).
k=1 k=1

Moreover,

Su N7V (Fye™ ! (23),

1 N
v ; I7of I™(X;) — Elmof|

where

Z = SN (mef 1™ = Elmf I") (X))
3' Clm)/Nd (F)
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and E Z; < 3 by Lemma 4.9. Consequently,
1 N
sup |- > [7f (X)) = Elmgof 1" X)| S N™'2dy7 (F)y (Fo )
f F N Y2
J€ i=1
—1/2 ym -1 —1
+ N7y, (F)(9™ (Zy) + 97 (Z3)).

Since supyc 7 Elmg.f|" < d7 (F), then

~m Iﬁz

N

1 m m —~1/2 im—1 —1/2 m -1 -1
;;gﬁ;mﬂ (X)) S ity (F) + N7V (Fyy (Fogry) + N71V2d0 (F) o~ (Z) + 07 (Z)),

and thus
N 1/m
sup { D 1w "X) ) S Ny, (F) + N2 Yy M E )
feF \i=1
+ N4, (P (@7 @)+ 7 ) ).
This completes the proof of Claim IIL. g

We conclude this subsection with two lemmas that were used in the proof of Theorem 4.5. The proofs
can be found in Appendix B.

Lemma 4.8. Forany x,y > 0, 0~ (xy) <, 7' () + 071 ().

Lemma 4.9. Let X|, ..., Xy be independent random variables. There exists a constant C(m) depending
only on m such that the following holds. For any g, & € F, we define

Sii(g —h" —Elg — A (X,) Y (g™ — [h™ — (Elgl™ — ElA™) (X))

Xi(g.h) = . Xa(gh) =
1 C(m)v/Nlig — hlly, ? Cm)Nd (F)lig - hly,
and
N (g™ — ElgI™ (X,
X, (g) = Zici g ~ Elg X))
Cm)V/Nd2} (F)
It holds that

Ee(Xi(g.hD =3, Ee(Xy(g.M) =3, Ee(X3(9)) =< 3.

5. Conclusions, discussion and future directions

This paper has established sharp dimension-free concentration inequalities for simple random tensors. In
so doing, we have developed the theory of L, empirical processes, leveraging generic chaining methods
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to obtain sharp high-probability upper bounds on their suprema. Our framework extends classical results
on quadratic and product empirical processes to higher-order settings.

Several questions arise from this work. For Gaussian random vectors, Theorem 2.1 provides matching
upper and lower bounds for the deviation of the pth order sample moment tensor from its expectation, up
to a constant that depends only on p. In the special case of p = 2, corresponding to the sample covariance,
the recent work [25] derived a sharp version of the Koltchinskii-Lounici theorem with optimal constants
by exploiting the Gaussian min-max theorem, namely

L c 5 HE)

where C > 0 is some absolute constant. A natural question is whether similarly tight constants, which
should depend on p, can be obtained for sample moment tensors of arbitrary order p > 2 in the Gaussian
setting.

More recently, there has been growing interest in the estimation of smooth functionals of covariance
operators [31-33, 41], including spectral projectors [29, 36, 37, 40], functionals of principal components
[35, 39], and trace functionals and spectral measures of the covariance [34]. An interesting direction for
future research is to explore the estimation of functionals of higher-order moment tensors. We anticipate
that Theorem 2.1 could serve as a first step for further study in this direction.

Another interesting question concerns the rank of random tensors. In this paper, we have studied
the concentration properties of sums of i.i.d. simple (rank-one) tensors. For p = 2, [84, Theorem 1.2]
establishes a general-rank version of Koltchinskii-Lounici theorem using the variational principle and
the PAC-Bayesian method, which provides a dimension-free deviation bound for sums of independent
positive semi-definite matrices that are not necessarily rank one. More recently, [61] obtained dimension-
free bounds for sums of matrices and operators with dependence and arbitrary heavy tails. A natural and
interesting direction for future research is to extend Theorem 2.1 to the general-rank setting, deriving a
concentration inequality for sums of i.i.d. symmetric tensors of arbitrary rank.

The recent work [57] proves the following high-dimensional central limit theorem (CLT): Let
X, Xq,.... Xy i u be random vectors in Rd, where p is either a symmetric uniform log-concave
measure or a product measure. Then,

N
1 ®
— Xer — IEX®p) — Gaussian,
72X
i=1

provided that N > d?’~!. Given the dimension-free nature of our operator norm bound in Theorem 2.1,
an intriguing question is whether a dimension-free CLT can be established for the normalized sum of
rank-one tensors.

For a sub-Gaussian function class F, Theorem 2.2 establishes a sharp concentration inequality for
the supremum of the empirical process

L&
- P(X.) — EIf|P
N ;:1 17X — Elf 1P (X)
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for any p > 2. This result improves existing bounds and lifts classical bounds on the suprema of quadratic
empirical processes to higher-order settings. Additionally, as noted in Remark 2.4, our analysis extends
to the regime p € [3/2,2). A natural direction for future work is to further generalize these results to
any p > 0. More broadly, as discussed in [48], a fundamental objective in empirical process theory is to
analyze the deviation

1 N
~ 2 LX) —ELFX0),
i=1

uniformly in f € F, where £ is a reasonable real-valued function and F is a suitable function class. Our
results in this paper address this question for the cases £(f) = #’ and £(¢) = |¢|’ with any p > 2, when F
is sub-Gaussian.

Another important and closely related line of research in empirical process theory concerns the study
of multiplier empirical processes [42, 74], given by

fr ZSJ(Xi)’

i=1

where f € F for some function class F, and (éi)f': | are random variables called “multipliers”. We refer
to [24, 26, 51, 52] for recent developments. In particular, [24] developed theory and tools for analyzing
multiplier U-processes of the form

fe Z $i|"'§imf(Xi1""’Xim)’

1<ij<--<ipm<N

which is a natural higher-order generalization of the multiplier empirical processes. The framework
developed in this paper provides a natural way for studying an additional generalization:

N
(Froeeofy) > DEAXD £, (X)),

i=1

where f;, € F® (1 < k < p) for some function classes (F®)!_,. We leave a detailed exploration of this
setting as an interesting direction for future research.

In this paper, we focused on Gaussian and sub-Gaussian random variables in developing tensor
concentration inequalities, as well as on sub-Gaussian function classes / in the study of L, empirical
processes. An important direction for future research is to extend these results to more general measures
and weakly bounded empirical processes, such as those associated with isotropic log-concave measures
[23, 47, 48, 51] and Gaussian mixtures [6, Section 4]. We anticipate that our analysis can be extended
to general distributions by further incorporating the powerful framework developed in [51]. As shown
in [51, Section 4.3], the graded version of y-type functionals offers advantages over the yr,-based
complexity measure when analyzing unconditional log-concave ensembles. We expect these favorable
properties to persist as we extend the results to higher-order settings.
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Finally, we highlight several promizing directions for future research in the broader field of
concentration inequalities and statistical applications. An important open problem is to develop a sharp
convex concentration inequality for random symmetric tensors, as proposed by Vershynin in [79, Section
1.5]. We expect that our tensor concentration inequality for sums of simple random tensors can offer
useful insights toward addressing this challenge. In the literature on robust statistics, recent advances have
focused on dimension-free bounds for mean and covariance estimation under adversarial corruption and
heavy-tailed distributions [1, 44, 56, 58, 63]. Our results on dimension-free bounds for simple random
tensors could serve as a foundation for developing dimension-free robust (moment) tensor estimation
methods. Furthermore, we anticipate that Theorem 2.1 may have applications in various tensor-related
statistical problems [3, 13, 46], including tensor estimation [16, 27], tensor completion [80, 81], tensor
regression [45], tensor singular value decomposition [82, 83], and tensor embeddings [28]. Additionally,
our results may be relevant to independent component analysis, where fourth-order moment tensor
(kurtosis) estimation plays a crucial role [4]. More broadly, our findings could contribute to advances in
learning theory and empirical risk minimization [19], and the method of moments [69], with potential
applications to cryo-EM and multi-reference alignment problems [10, 18, 64].
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A. Proofs of auxiliary results in Section 4.2

Proof of Lemma 4.6. Let diamw2 F) = SUPf o F If — glly,- Note first that

. ' (O
¥ (F,¥,) = inf sup 22‘/2|[f — 7 flly, = inf sup |If — 7ofly,
feF 5>0 feF

(xx) . (or) 1
= inf su — > —diam,,_(F),
ge]—'fe]g If—ely, = 3 vy (F)
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where (x) follows by the positivity of the terms in the sum for s > 1, (*x) holds by the fact that the
infimum is over all admissible sequences with |F,| = 1, and (x x x) holds by a standard bound on
inf,c 7 supse 7 IIf — &lly,» which is referred to in the literature as the Chebyshev radius of F. Now, in the
symmetric case, we have

1 1 1 1
dy, (F) = sup |12flly, = s sup If — (=H)ly, < 5 sup IIf —gll,, = sdiam (F).
¥ ) feF V2 2 feF V2 = FReF Y2 2 Y2
In the case that 0 € F
dy, (F) =sup|f —O0l,, < sup |f —gl,, =diam, (F).
1) feF 1) FoeF 1) Y2

Therefore, in either case we have y (F, ¥,) 2 dy, (F). O

Proof of Lemma 4.7. Without loss of generality, we assume C; (p) > ,/ 21‘1?3—%)(”) Vv 1.Foru > C,(p), let

. \/ e3 (Pt — log Cy(p)

w

Then, exp(—vza)) = C,(p) exp(—c; (p)uza)). Observe that

y = \/63(1?)142 _ log CCUz(P) > \/C3;p) u = /#u

where the inequality follows since %c3 (p)u* > %c3 ®») Cf () = log Cy(p) > IOgCTQ(”). Therefore, for any

v\ /e;(Clp) — LD —: ¢, (p, w), it holds with probability at least 1 — exp(—v2w) that

(%) S, uA+u’B S, vA +V'B.

If C4(p, w) < 1, the proof is complete. Otherwise, if C,(p, w) > 1, we further observe that C,(p, w) <
V<3 (p)C%(p) since logCTZ(p) > 0. In this case, for 1 < v < C,(p,w), it holds with probability at least
1 — exp(—C2(p, w)w) > 1 — exp(—v?w) that

< < <
(#) Sp CA+VB)| ¢y < VA vPB)|v:m <, A+B <, vA+B.

Combining the cases v € [C4(p, w),00) and v € [1, C4(p, w)) completes the proof. ([
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B. Proofs of auxiliary results in Section 4.3

Proof of Lemma 4.8. Observe that

N

1 1 m
< Viogy(1 + ) + | PRLLDN

(logy (1 +x) + logy (1 4+ 3))"
N

v~ @) =maxim, M]

Y Jlogy(1 3 + /logy(1 ) +/

S \/logz(l +x) + \/logz(l +y) +

/ (logy(1 +x)" / (log, (1 4 y))™
N N

Sl +e o),

where (x) follows by (1 +xy) < (1 +x)(1 +y) and \/logz(l +x)+log,(14+y) < \/logz(l +x) +
JV1og, (1 +y). O

Proof of Lemma 4.9 We will use the following «-sub-exponential concentration inequality from [22].
For @ > 0, we define the Orlicz (quasi-norm) of a random variable X by

— . X1
X1l ;= inf C>O‘EX~M exp e <2t.

LemMA B1 (a-sub-exponential concentration, [22,Corollary 1.4]). Let X,,...,X, be independent,
centered random variables with 1X;lly, =M for a € (0, 1]. Then for a € RY and any u > 0,

| u? u“
>u)<2exp| —— min s .
C, M2||a||(2 M®* max; |a;|*

We apply Lemma Bl witha =2/manda; =a, = --- =ay = 1/+/N to obtain that: if Yi,....Yy
are independent random variables with [|Y; — EY; ||¢2/m < M forevery 1 <i < N, then for any u > O,

P(} éaixi

N
Y, —EY;
]P(| 21:1 i [| > (Bl)

v u) < 2exp(—5 min{u?, (v/Nu)*™}) <

2
pu)?’
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where ¢ > 1 is some constant depending only on m and ¢ (1) = omin{(VNw?",u?} _ Therefore,

1>, Y, - EY)| /°° | SN, Y, —EY
Eopl == L )= P d
g0( c(m)~/NM ) 0 v c(m)v/NM =)
© (12X, Y, —EY| _1
= pf &=t i — =41 d
/0 ( c(m)~/NM = ¢ () du
© (12L,Y,—EY 1
1 Pl =="__L d
= +[ ( W A A

B * 2
< 1+/ Sdu=3. (B.2)
1 u

For any g,h € F, using that ¥, ,, is a quasi-norm [22, Lemma A.1, A.3] we have

lg = A"l S llg = I,

and

g =A™ = Elg = hl"lly,,,, Sm g = A" lly,,, Sm g = hlly,- (B.3)
Similarly,

gl = 1" = Elgl™ = 1k, S Nel™ = 1A,

m—1
= ’ (gl — |h|)(z |g|@|h|’"—1—e)
£=0

m—1
S gl = 1Allly,

Ya/m

> lgl“hm e

£=0 ¥2/m—1)
m—1
S lg—hlly, (Z ||g||f;2||h||2;;1‘f)
=0
S llg = Rlly,dy (F). (B.4)
We also have
181"y S 1811, < i, (F). (B.5)

The proof is completed by applying (B.2) with ¥; = |g — A|"(X;),1 < i < N and the upper bound of
V2, quasi-norm (B.3), applying (B.2) with ¥; = (|g|" — |A[")(X;),1 < i < N and the upper bound
(B.4), and applying (B.2) with ¥; = |g|"™(X;),1 < i < N and the upper bound (B.5). O
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